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Truncated Parameter Estimation of AR(1)
Process with Additive Noise !

Burkatovskaya Yu. B., Vasiliev V. A.

Tomsk Polytechnical University, Tomsk
Tomsk State University, Tomsk
e-mail: vas@mail.tsu.ru

Abstract

This paper presents a truncated estimator of the dynamic
parameter of a stable AR(1) process by observations with addi-
tive noise. The estimator is constructed by sample of a fixed size
and it has a known upper bound of the mean square deviation.
Cases of known and unknown variance of observation noise are
considered.

Keywords: autoregressive process, observations with noise,
fixed sample size, guaranteed accuracy.

Introduction and problem statement. Development of parame-
ter estimation methods of dynamic systems by samples of finite or fixed
size is very important in statistical problems such that model construc-
tion and various adaptive problems (prediction, control, filtration etc.).
One of the possibilities for finding estimators with the guaranteed
quality of inference using a sample of fixed size is provided by the ap-
proach of truncated estimation. Truncated estimators were constructed
in [10] for ratio type multivariate functionals by a fixed-size sample.
They have guaranteed accuracy in the sense of the Ly,,-norm, m > 1.
This fact allows one to obtain desired non-asymptotic and asymptotic
properties of the estimators. The truncated estimation method was de-
veloped in [2] and others for parameter estimation problems in discrete-
time dynamic models. Solutions of some non-asymptotic parametric
and non-parametric problems can be found also in [1], [5], [9], [6], 7],
among others. In particular, [9] established the minimax optimality of
the least-squares estimator of the dynamic parameter in AR(1) model.
In this paper, the truncated estimation method introduced in [10]
is applied for the parameter estimation of AR(1) by additively-noised
observations with unknown noise variance (another applications of this
method can be found, e.g., in [3], [4]).
Consider the estimation problem of the parameter A of the scalar
first-order autoregressive process (y )n>0 satisfying the equation
Ty = )\xnfl +£n7 n > 1 <1>

1 The work was supported by the RSF, Project No. 17-11-01049.
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by observations

Process (1) is supposed to be stable, i.e. |A| < 1. Introduce the
notation ¢ = (x0,&1,7m0.) The processes (&), (,) and zp are supposed
to be mutually independent; noises &, and 7, form sequences of i.i.d.
random variables such that F¢ = 0, E|[¢]|* < co. Denote o2 = End.
We assume that the variance of & is known. Then without loss of
generality we put F¢) = 1.

The main aim of the paper is to construct truncated estimators
of A € (—1,1) with guaranteed accuracy in the mean square sense by
sample of fixed size. Cases of both known and unknown values of o2
will be considered.

A similar problem has been solved in, e.g., [11] on the basis of the se-
quential approach (when the sample size is a random value determined
by a special stopping rule) for A € (—=1,0) N (0, 1)

Parameter estimation of AR(1) with known noise variance.
To estimate the parameter A, we use the correlation method. To this
end, we obtain from the system (1), (2) the recurrent equation for the
observed process y = (Y, )n>0
Yn = AYn—1+0pn, n>1, (3)
571 = gn +nn — )‘777171~

Due to the dependence of noises é,, the least squares estimator
(LSE) of A obtained from equation (3) is asymptotically biased, see,
e.g., [8], [11]. Equation (3) implies the following formula for correlations
of the process (yn):

Extynyn—1 =AEx(yp_1 —0%), n>1.

Hence, the consistent correlation estimator A, of A has the following
form (see [8])

n
> YkYk-1
W = R 1)
kz:l(y]%71 —o?)
It is easy to verify that
"

1 2 2 !
nli}r& E ;(ykfl — T ) = m >1 P\ —a.s. (5)
Thus, according to the general procedure described in [10], it is

reasonable to construct the truncated estimator A, of A as follows:
rn

S = X — 0P = hn), n >, (6)
k=1
where h € (0,1) and x(A) is the indicator of the set A.



The following Theorem 1 gives the first main result of this paper.
Theorem 1. Assume the model (1), (2). Then for every |A| < 1 and
n > 1, estimator (6) has the property

© C
E\x(A, =N < —. (7)
n

Parameter estimation of AR(1) with unknown noise variance.
To estimate A € (—1,1), we use an adaptive modification of estimator

(4):

% Z YEYr—1

Mok (8)

% kzl Yi1— O
Taking into account (5) we construct the estimator o2 of o as follows
Zyk 1 )\2 , N> 1 <9>

where X, is the pilot estlmator of )\
Ap = Proji_y, })\ n>1, (10)
> YkYk—2 n

A= 22— ] Zykflykfﬂ > Hy,), n>1 (11)

rn
> Yh—1Yk—2 k=2
k=2

Here we put H,, = n(logn)~'. According to the general truncated
estimation method [10], the multiplier (logn)~! in the definition of
H,, can be any other slowly-decreasing function.

It should be noted that the estimator (10) is constructed on the
bases of the correlation (Yule-Walker type) estimator which can not be
used if A =0 (see Lemma 1 1 below). Our main aim is to construct an
estimator of A without this restriction.

Taking into account (9), estimator (8) can be written in the form

A= (1=X2)= Zykyk 1, n>1L (12)

Lemma 1. Assume that in model (1), (2), E||¢||® < co. Then esti-
mator (10) for every A € (—1,0) U (0,1) and n > 1 has the following

property
1 log*
Ex(w — N2 <C (- 2% ”) .
n

n2

This Im makes possible to obtain the main result of the section.



Theorem 2. Assume that in model (1), (2), E||C||® < co. Then for
every [N < 1 andn > 1, estimator (12) satisfies the following condition

1 log*
BEx(A\: — \)? gc<—+ Og2”>.
n n

Simulation Results and Discussion. We conducted numerical sim-
ulation of the proposed estimation algorithm.

For every set of the parameters, the experiment was performed 100
times, the number of observations is equal to 100, the parameter of the
procedure h = 0,5. Table 1 presents the results of simulation.

Here A and o are the parameters of model (1), A, and A} are the
mean estimators of the parameter A when the noise variance a? is sup-
posed to be known and unknown, correspondingly; d,, and d;, are sam-
ple standard errors of the corresponding estimators.

Table 1. Simulation results
X o2 | A, d, A d

0,5 | 0,09 | 0,477 | 0,0092 | 0,452 | 0,0294
0,510,251 0,492 | 0,0111 | 0,490 | 0,0314
0,5 | 0,49 | 0,487 | 0,0150 | 0,470 | 0,0488
0,5 | 0,81 | 0,475 | 0,0229 | 0,418 | 0,0795
05| 1 |0473 00419 | 0424 | 0,0953
0,8 [ 0,09 | 0,786 | 0,0046 | 0,796 | 0,0465
0,8 | 0,25 | 0,794 | 0,0054 | 0,854 | 0,0793
0,8 | 0,49 | 0,786 | 0,0054 | 0,789 | 0,0737
0,8 | 0,81 | 0,772 | 0,0120 | 0,765 | 0,1435
0,8 | 1 |0788 00122 | 0,797 | 0,1590
0,0 [ 0,09 | 0,876 | 0,0038 | 0,865 | 0,0772
0,9 | 0,25 | 0,889 | 0,0018 | 0,913 | 0,0596
0,9 | 0,49 | 0,888 | 0,0030 | 0,910 | 0,1044
0,9 | 0,81 | 0,874 | 0,0044 | 0,886 | 0,1822
0,9 1 |0891 00028 | 0,891 | 0,1780

One can see that d, < dy in all experiments; thus, if the noise
variance is unknown then the standard error increases at least twice (if
A =0,5); but d% can be fully ten times larger than d,,, if A = 0, 9. Both
deviations increase with the grow of o2, as one should expect; besides,
dy, decreases and d;, increases with the increase of A.
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Bypkaroeckas FO.B., BacuaseB B. A. (Tomckuil nojsmrexuu-
qecKuii yHuBepCcUTeT, TOMCKIIT TOCYTaPCTBEHHEBIN YHUBEPCUTET, TOMCK,
2019) YceuenHoe oneHuBaHue napamerpa npomnecca AP(1) c aj-
JUTUBHBIM Iy MOM.

Annoramusa. B pamnoit pabore mpecTaB/ieHa yCedeHHAS OIEHKA
napamerpa JUHAMUKU ycToituusoro npotecca AP(1) no nabionenusiv
¢ aaauTuBHBIM 1ryMoM. OIEeHKa TOCTPOEHA 0 BRIDOPKE (DUKCHPOBAH-
HOro 0O'beEMa M MMEET U3BECTHYIO BEPXHIOID IPAHUILY CPEIHEKBAJPATH-
YeCKOr0 OTKJIOHEHHUsi. PacCMOTPEHBI C/Tyvuan W3BECTHON M HEM3BECTHOM
JUCIEPCUN TIIYMOB B HAOTFOIEHISX.

KumtoueBble citoBa: mpoIecc aBTOPETrPECCHM, 3allyMJIEHHBIE Ha-
6ronenns, (PUKCHPOBAHHBIN Pa3MeD BBIDOPKHU, TAPAHTUPOBAHHAS TOY-
HOCTb.
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On Hypotheses Testing for Poisson
Processes: Regular and Singular Cases

Dachian S., Kutoyants Yu., Yang L.

University of Lille, Lille, France
Le Mans University, Le Mans, France
Tomsk State University, Tomsk, Russia
Fuzhou University, Fuzhou, China
e-mail: Serguei.Dachian@univ-lille.fr

Abstract

We consider the problem of choosing between two hypothe-
ses concerning an unknown parameter of an observed Poissonian
signal. The first hypothesis is simple and the second one is lo-
cal one-sided composite. The realization and the properties of
the proposed tests turn out to be very different depending on
the (non-)regularity of the intensity function of the signal. We
study three different cases: regular intensity, intensity having a
cusp type singularity and discontinuous intensity (change-point
type singularity). In each case, we describe the choice of the
thresholds and the power functions of the proposed tests both
theoretically and by numerical simulations.

Keywords: hypothesis testing, inhomogeneous Poisson pro-
cesses, asymptotic theory, composite alternatives, regular mod-
els, cusp type singularity, change-point type singularity.

We consider the situation when the observations are n independent
realizations X; = {X;(¢), t € [0,7]}, 7 = 1,...,n, of an inhomogeneous
Poisson process on the interval [0, 7] (the constant 7 > 0 is supposed to
be known) with intensity function A(¥,t), where 9 € © = [, b) is some
unknown parameter. We denote the observation X™ = {X1,..., X, }.

Let us note that this model of observation is equivalent to observa-
tion on [0, n7] of a single realization of a Poisson process with periodic
intensity function (given on the first period by A(¥,t)), as well as to
observation on [0, 7] of a single realization of a Poisson process with
intensity function nA(¥,¢), 0 <t < 7.

We suppose that the intensity function A(",¢) is separated from
zero. Then the measures corresponding to different values of ¢ are
equivalent (and also equivalent to the case A = 1). The likelihood of
our model (with respect to n independent standard Poisson processes
of intensity 1) is given by (see7 for example, [4, 5])

L9, X") = exp{zn:/(; In A(9,¢) dX;(t) — n/OT A9, t) — l]dt}.
=1

11
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We also introduce the likelihood ratio

L9, X™)
L(9,90,X") = —2—~.
X g X0
We have to choose between two hypotheses
Ho : Y= ’1907
H1 : 9 > 190.

A (randomized) test v, = ,(X™) is defined as the probability to
accept the hypothesis H;. B
We denote K. the class of tests v, of asymptotic size € € [0, 1]:
K. = {zzn © lim By, dn(X") = g}.
n—od
The power function of 1, is given B(1,,9) = By, (X™), ¥ > vq.
Since for any reasonable (consistent) test, the power function con-
verges to 1, in order to compare the tests asymptotically we place our-
selves in the framework of Pitman’s approach and consider close (or
contiguous) alternatives. More precisely, we put ¥ = ¥Jg + p,u, where
n = en(P0) \y 0 and u € U} = [0, ¢, (b — o). The rate ¢, must
be chosen so that the normalized likelihood ratio process
L(ﬁo + nu Xn)
Zn - . 3 <€ U+7
g, X et
has a non degenerate limit {on R} ).
Now, we have to choose between
Ho : U = O7
Hiy 0 u>0, -
and the power function of ¥, is S(¥y,u) = By, 1y ¥n(X™), w € U

Definition 1. A test ¢(X"™) € K. is called locally asymptotically
uniformly most powerful (LAUMP) in the class K. if its power function
B(Yrx,u) satisfies

lm inf (B0, u) — B w)] 20

n—oo O0<u<

for any test ¥, (X™) € K. and any K > 0.

In the following section we present the results obtained in [2].

Regular case. We suppose that the following two conditions hold:

Smoothness: the function A(Y,1) is two times continuously differen-
tiable w.r.t. ¢ in ¥ = ¥, and the Fisher information in 9y is positive:

Ty 2
1(190):/0 %dt > 0.

Here \ denotes the derivative of \ w.r.t. ©.

12



Distinguishability: for any v > 0, we have

inf /T (\/A(at) . \/)\(1907t))2dt > 0.

I>90+v Jo

1
\/’nI(’&o)
orem, under the above conditions, the model is locally asymptotically
normal (LAN).

We denote ¢, = @, (¥q) = . As shows the following the-

Theorem 1. Under the above conditions, uniformly on w € [0, K) (for
any K > 0), we have

LYo +ppu, X™) u_2
Zn(u)* L(,ﬁO?Xn) = €Xp UA (1907 ) 9 + b
where
\(¥o,t
A (90, X7) = ! — (9o, 1) dt
(90, X") m}j/ O X 0) = Ad. )]

= A~ N(0,1) (convergence in law under 9g)

and 1y, = 7,90, u, X™) P.0 (convergence in probability under 9 ).

This theorem implies the asymptotic behavior of the likelihood ratio
under the null hypothesis and under the alternative.

Corollary 1. Under ¥ = g, the limit of the normalized likelihood
ratio Zy(u), w € Ul is

mn

2

Z(u)exp{uA—% , u > 0.

Under 9 = 9o+ pnu. (with fized w. > 0), the limit of the normalized
likelihood ratio Z,(u), w € UL, is

n’

2
Z(u7u*)eXp{u(AJru*)—r%}7 u > 0.

Now, we can deduce the thresholds and the properties of the usual
tests.

Score function test (SFT). The SFT is defined by
Yol X™) = 1iA, (90, X7)> 20}

where z. is the (1 — g)-quantile of the standard normal distribution.

The test ¢ belongs to K., for its power function we have

s, un) — B(u) = P{A > 2 —u.},

and it is LAUMP.

Let us briefly explain the idea behind LAUMP property of the test.
It follows from the fact that its limit power S*(u.,) coincides with the
limit power of the (most powerful) Neyman-Pearson test in the problem
of testing v = 0 against v = u, (for any fixed w.).

13



Wald’s test (WT). First, let us recall that the mazimum likelihood es-
timator (MLE) ¥, is given by

9, = argsup L(9,9q, X™). (1)
VE[D,b)
The WT is based on the MLE 4,, and is defined by
Un(X") =110, 9003 (2)

Taking g. = z., the WT belongs to £, its power function converges
to B*, and it is LAUMP.

General likelihood ratio test (GLRT). The GLRT is defined by
n(X") = Liguxmy>ha} (3)

QIX") = sup L(¥,90, X"). (4)
9E[Y0,b)
Taking h, = exp{z2/2}, the GLRT belongs to K., its power function
converges to 8%, and it is LAUMP.

with

First Bayes test (BT1). First, let us recall that the Bayes estimator
(BE) 9,, for a priori density p(6) and quadratic loss function is given
by

— [2 0p(8)L(6, 90, X™) O

T ~ 5
Jo p(6)L(6, 90, X™) db

The (BT1) is a Wald-type test based on the BE ,, and is defined by

Qb’n()(n) - 1{4,0;1(1§n7190)>k5}' <6>
Taking
_ J(=)
If F(Z ) + 67

where f and F' are the density and the distribution function of A,
the BT1 belongs to K., its power function converges to 8*, and it is
LAUMP.

Second Bayes test (BT2). For a test 1, the mean (or averaged) power
is
B(4n) / B(tn, )

The BT2 is the test which maximizes the mean power and is defined
by

Gr(X™) = L p(xmyom. (7)
with
e L e X™) p(6)do (8)
R(X )7]9(190)%071 /190 ( » V0, r .

Taking m, = 1;((;5)), the test BT2 belongs to K., its power function

converges to 8%, and it is LAUMP.

14



In the following two sections we present the results obtained in [3].

First singular case: cusp. Now, we suppose that the intensity func-
tion has the form
AW, ) =alt =9+ h(t), 0<t<7, Y& =1[d0b)C(0,7),
where s € (0, %), a # 0 and the function A is continuously differentiable.
Denoting

__2
ZrF1

_
Pp =mn ZeFI Fﬁo ,

where
9 2a°B(k 4+ 1,k + 1) 1
F,& — |: - 1:|7
0 h(9p) cos(7k)
we have the following asymptotic behavior of the likelihood ratio under
the null hypothesis and under the alternative.

Theorem 2. Under ¢ = ¥, the limit of the normalized likelihood ratio
Zn(u), we U/, is

n’

1 |u|2H+1
2w —ep{ Wb - =z

where WH denotes a fractional Brownian motion of Hurst parame-
ter H. Let us note that if Y9 was not a border of O, the process 7
would be defined for all v € R.

Under 9 = 9o+ pnu. (with fized w. > 0), the limit of the normalized
likelihood ratio Zy(u), w € U, is

n?’
_ 2k+1 2541
O R e e

> 0.

2 + 2

The SFT no longer exist in this singular situation, but the thresh-
olds and the properties of the other four tests can be deduced from the
above theorem.

Wald’s test (WT). As before, the WT ¢ is defined by (1)-(2), but
now, in order for ¢; belong to K., one has to chose g. as solution of
P{u>g.} =¢, 4 = argsup Z(u),
u>0

while its power function converges to 3° givgn by
B (us) = Pli. > g. —u.}, 4, = argsup Z(u),

U — Uy
and/or

B (uy) = P{d" > g.}, @ = argsup Z(u, u. ).
u>0

General Likelihood Ratio test (GLRT). As before, the GLRT 4, is
defined by (3)—(4), but now, in order for v,, belong to K., one has to

15



chose h. as solution of

P{Z>h.}=-¢, Z = sup Z(u),
u>0

while its power function converges to ﬁ given by
Blu) =P{Z. > b},  Z.=(Z(—u.)) " sup Z(u),
U — Uy
and/or

Blu) =P{Z* > h.},  Z% =sup Z(u,u.).
u>0

First Bayes test (BT1). As before, the BT1 v, is defined by (5)—(6),
but now, in order for ¢, belong to K., one has to chose k. as solution

of -
fo vZ(v dv

Jo 2

while its power function converges to B given by

3 * wZ(v)dv
Blu) = Plin > ke —ws}, it — S, vi(v) dv

P{a >k} =¢, U=
sz* Z(v)dv

fooo vZ(v,u, ) dv
fo (v, uy) dv

and/or

Bu.) = Pl{a* > k.}, @t =

Second Bayes test (BT2). As before, the BT2 ¢ is defined by (7)—(8),
but now, in order for ¢} belong to K., one has to chose m. as solution
of

P{Z > m.} =e, Z:/ Z(v) do,
_Jo
while its power function converges to S* given by
B (u)=P{Z. >m.}, Z.= Z(_u*)*l/ Z(v) do,

— Uy

and/or

B (u.) =P{Z* >m.}, Z'= /OOO Z (v, u,) do.

For k = 0.4, some thresholds of GLRT, WT and BT1 obtained by
numerical simulations are given in Table 1. The corresponding limit
power functions, as well as the limit Neyman-Pearson envelop are pre-
sented in Figure 1.

We can observe that the limit power function of the GLRT is the
closest to the limit Neyman-Pearson envelope for small values of w,
while the limit power function of the BT1 is the one that tends to 1
(as u becomes large) the most quickly. Finally, we need to say that all
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€ 0.01 0.05 0.10 0.2 04 0.5
Inh, | 2959 | 1.641 | 1.081 | 0.559 | 0.159 | 0.068

Je 3.041 | 1.996 | 1.521 | 0.950 | 0.333 | 0.166

ke | 2.864 | 2.0776 | 1.720 | 1.365 | 1.005 | 0.885

Table 1. Thresholds in the cusp case

Figure 1. Limit power functions in the cusp case

these limit power functions are perceptibly below the limit Neyman-
Pearson envelope, and that the existence of an asymptotically optimal
test remains an open question.

Second singular case: change-point. Now, we suppose that the
intensity function has the form
A, ) =At—9), 0<t<7, Y€0O=[yb)C(0,7),

where the function A(s), s € [-b,7 — ¥¢], has a jump in a given point
t. € (=9, 7—b) and is continuously differentiable elsewhere. We denote
Ap = AltA), A = A(ta—) and p= 5= # 1.

The results are similar to those of the cusp case, with the difference
that the rate is now

1
$n = m )
while the limit likelihood ratio processes are now defined by
Z(u) — {exp{lnp z.(u) — (p—u}, u >0,
exp{—Inpz,(—u) — (p—1u}, u<0,

where (z,(u), v > 0) and (z,(u), uw > 0) are independent Poisson

17



process of intensities 1 and p respectively (for a more detailed study of
this process we refer to [1]), and by

Z(u,u,) = expi{lnp z.(u,u.) — (p— Du}, u>0,
where (z.(u,u.), u > 0) is a Poisson process of intensity function
plu, i) = p iy, + Lusu,y, w2 0.

For p = 3, some thresholds of GLRT, WT and BT1 obtained by
numerical simulations are given in Table 2. The corresponding limit
power functions, as well as the limit Neyman-Pearson envelop are pre-
sented in Figure 2. The observations made in the cusp case apply here
equally.

£ 0.01 0.05 | 0.10 | 0.20 | 040 | 0.50
Inh, | 4.242 | 2.607 | 1.922 | 1.120 | 0.573 | 0.191
Je 5.990 | 3.556 | 2.078 | 1.045 | 0.329 | 0.099
ke 6.669 | 3.937 | 2.983 | 2.132 | 1.402 | 1.196
Table 2. Thresholds in the change-point case

ir 1 Tl
09r ”
osl 0.9 1,-'[.
X
07t 3
081 f
06l '
Z ost Sorff
0.4t :
3 H
03} : - - —GLRT
------- Wald
0.2 osk ——BTi
0.1 ] —
o 04
0 5 10 0 5 10
©=0.05 u =04 u

Figure 2. Limit power functions in the change-point case
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Hamisu C., Kyrosiaig FO., dur JI. (Vuusepcurer Juwns, JIuiin,
Yuausepcuter Jle-Mana, Jle-Man, @panmus, Tomckuii rocymapcTsen-
BN yHUBepCcUTET, ToMck, Poccus, Yamsepcurer Dy ixoy, Dykoy,
Kuraii, 2019) O mpoBepKe THIIOTE3 Uil IIYACCOHOBCKUX TPOIEC-
COB: PETYJIAPHBIN U CUHTYJISIPHBINA ciydan.

Annorammsa. Paccmarpusaercs npobiaemMa BEIOOPA MEKIY ABYMS
TUMTOTE3AMU OTHOCUTEIHHO HEM3BECTHOTO MTapaMeTpa Hab/TIIaeMOT0 Imy-
accoHOBCKOTO curHaja. [lepBag rumoTe3za mpocTa, a BTOpasd ABISETCS
CJIOYKHOM JIOKAJILHOM OHOCTOpOHHeH. Peasmmzalius u cBoiicTBa Tpej-
JIOYKEHHBIX TECTOB OKA3LIBAIOTCHA OYEHL DPA3HBLIMU B 3aBUCHMOCTH OT
(ne)peryasproctu (hyHKIMU HHTEHCHBHOCTH CUTHAJIA. 3ydaem Tpu pas-
JIMIHBIX CyYast: PEryIspHYI0 WHTEHCUBHOCTh, MHTEHCUBHOCTL, NMETO-
HIyI0 0COOEHHOCTh THIIA, KACIA U PAa3PLIBHYI0 UHTEHCUBHOCTL (0COGEH-
HOCTh THIIA TOYKU WU3MeHeHus ). B KaxKIoM cjiydae OnuChIBaeM BHIGOD
TOPOTOB U CTENNEHHBIX (DYHKITHI MPE/TaraeMbIX UCITBITAHNI KaK Teope-
TUYIECKU, TaK W TYyTEM UHUCJIEHHOTO MOJAETUPOBAHNS.

KumtoueBbie ciioBa: poBepKa TUIIOTES, HEOTHOPOIHBIE TyaCCOHOB-
CKW€e TPOTIECCHl, aCHMITOTAYEeCKas TeOpusi, CJIOKHBIE aJbTEPHATHBHI,
peryJsipHbBIe MOJIETH, 0COOEHHOCTD THUITA KAcH, 0COOEHHOCTH TUITA TOY-
KW TIePEeKAI0UeHN.
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Sharp Oracle Inequalities for Drift
Estimation Problems from Discrete Data !
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Abstract

In this paper we consider the non parametric drift estimation
problem for the ergodic diffusion processes on the basis of the
observations in the fixed discrete time moments in the case when
the diffusion coefficients are unknown. Using the truncated se-
quential point wise kernel estimators we develop a new model
selection method for arbitrary orthonormal basis on the grid.
For the constructed model selection procedure we show sharp
oracle inequalities, i.e. we show, that it is optimal in the sharp
oracle inequalities sense.

Keywords: adaptive non parametric drift estimation; dis-
crete data; non asymptotic estimation; model selection; quadratic
risk; sequential estimation; sharp oracle inequality.

In this paper we consider the diffusion process defined by the fol-

lowing stochastic process

dy, = S(y,) dt + b(y,)dW,, 0<t<T, (1)
where (W,):>0 is a standard Wiener process, the initial value ¥, is a
given constant. The problem is to estimate the nonparametric drift
S(-) on the discrete observations

(ytj)1§j§N7 t; =79, (2)

where the frequency § = d € (0,1) is some function of 7" which will
be specified later and the sample size N = N(1') = [T'/§]. We denote
here by [a] the whole part of a. We consider this problem in the case
when the diffusion coefficient b(-) is unknown, i.e. this is a nuisance
parameter.

These models are very important for various fields in the theory of
stochastic processes such that optimal control, identification problem,
filtration, financial markets, insurance etc (see, for example, [9, 6, 5, 7,
8, 10]). Nonparametric estimation problems of the drift S were studied
in a number of papers in the case of complete observations, i.e. when
the whole trajectory (y,)q<;<7 is observed.

I This work is supported by the RSF Grant no. 17-11-01049.

20


mailto:serge.pergamenchtchikov@univ-rouen.fr

To obtain the uniform ergodicity property for the process (1) we use
the functional class introduced in [2], i.e. for any fixed L > 1, M > 0
and x, > |xg| + |x,| we set

Srv = {s eC'®) : sp (IS@)|+IS@)) < M,

le|<x,

—L < inf S(z)< sup S(z)<—1/Ly . (3)

|| >, lo|>x%,
Moreover, for some fixed parameters0 < b,,,, < b, .. < co we denote

by B the class of the functions b from C?(R) such that
Bosn < Inf [b(@)] < supmax ()], [b(@)] o)) < By (4)
zcR 2ER

Now we set
O=Y,MmxB={(5b) 5 and beB}. (5)
It is easy to see that the functions from Yy, 3 are uniformly bounded
on [Xg,%4], i.e.
s*= sup sup S%(z) <oo. (6)
a<xz<b SEXL M
It should be noted that, for any 9 € ©, there exists an invariant density
for the process (1) which is defined as

qy(z) = ( /]R b2(2) e§<Z>dz>1 b2(z) 5@ | @)

where 5(z) =2 [ b7%(v)S(v)dv (seee.g., [3], Ch4, 18, Th2).
We need the following condition for the observation frequency.

A ) Assume that that the frequency 0 in the observations (2) is of
the following form

where the function lp is such that,
l
lim — = foo. (9)

For example, we can take l; = (In 7)1 for some ¢ > 0.
In this paper for estimation problem we consider the quadratic risk
defined as

R(3,5) = E, /xl 15(2) — §(x)|?dz, (10)

where E; is the expectation with respect to the distribution of the
process (1) with the parameters ¥ € ©.

Remark 1. Note that we consider the problem estimation only for the
drift function S, i.e. in this case the diffusion function b is considered
as a nuisance parameter.
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To construct the model selection procedures first we define the sieve
(Zk)ogkgn as

E(x, —
pmxg LT g ey (11)
n
where n = n(T') is an integer-valued function of T" such that
(1)
lim =1. 12
T—oo /T ( )

Moreover, we fixe some basis (¢;) ;- in L2([xg,X,]) such that for any
l<i,j<n,
X1 — %o

(b5, ¢5)y = Z@(m)%(&) =155 (13)
=1

For example, we can take the trigonometric basis defined as Try(z) =
1/y/X; —X; and for j > 2
9 cos(2n[j/2]ly(z)) for even j;
Tr(x) = (14)
X1 = %0 | sin(2r[i/2)ly(x)) for odd 7,

where [a] denotes integer part of a and {y(z) = (z — xq)/(x; — Xg)-
Note that if » is odd, then this basis is orthonormal for the empirical
inner production, i.e. satisfies the property (13). By making use of
this property we define the discrete Fourier representation for S on the
sieve (11), i.e

= 0,0i(z), 1< k<n, (15)
where

050 = (5, ¢5)n

Zl

To estimate S(-) we will use the p01nt—w1se sequentlal procedure (§k7 )
for S(z;,) proposed in [2]. To this end we set

Y, = SkX{Tng} .
We remind that 7, is the random number (stoping time) of observations
used for the estimation of S(z,). Note that on the set

F=ny_{m <N}
we can write the regression model, i.e.

Yy, = S(z,) + 0(2 )8, + 845 (16)
where (£;)1 <<y, is the i.i.d. Gaussian (0,1) sequence and the sequence
g, is the sufficiently quick vanish sequence when T" — co. Moreover,
using the regression model (16) we estimate the Fourrier coefficients for
S as

Oy = (V.60 = 20 Zm () (17)
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We estimate the values (S(z,))
estimators

1<k<n by the weighted least squares

Z)\ z), 1<k<n, (18)

where the weight vector )\ (A1), ..., A(n)) belongs to some finite set
A from [0, 1]™. In the sequel we denote by v the cardinal number of the
set A, v = card(A), which is a function of 7', i.e. v = vp. Moreover, we

set the norm for A as .

A, = A 19
Tgﬂ,l (4) (19)

which can be a function of T, i.e. A, = A, (T). We assume that the
basis functions and the weights set A satisfy the following condition.

A,)For any a >0

. ¢ntup . AT
Jim P 0 and im0,

where ¢, = MaXy < jop, MAXy <pox, |¢j(x)|

Now one needs to choose a cost function in order to define an optimal
weight A € A. A best candidate for the cost function should be the
empirical squared error given by the relation

Err,,(A) = ||S/\ S)1? — min .

In our case, the emplrlcal squared error is equal to

Err, ( Z)\Q jn—ZZ)\ Jnjn+20. (21)

Since coefﬁments 03 are unknown we need to replace the term Oj nin
by some estimator which we choose as

rn
5 a2 X1 —Xp~ ~ X1 =Xy ~ 2
b, = c9j7n — = Tin and 0, = Z U[¢j(2l)7 (22)

(20)

where &, is the estimator for the coefficient o7 defined through a special
sequential modification for the quadratic characteristic proposed in [4].
Now, to penalize the replacement the term 6, 0. with the estimator

imimn
(22) we are needed the additinal positive term defined as
~ . X1 — Xy - DN~
POy = B2 N, (23)

Finally, we use the following cost fun(?tion
Z)\Q j’ﬂ_2z)\ jn+pp()‘) (24>

where the positive coefﬁment 0<p < 1 will be specified later. We
define the model selection procedure as R R
A= argmin,_,J, (A) and S, = S5. (25)
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Theorem 1. Assume that the conditions A,) — Ay) hold. Then, there
exists ¢* > 0 such that for any 0 < p < 1/6, the estimation procedure

§* defined in (25) satisfies the following inequality

- 1+ p)2(1+4 a 14
R(S,,8) < mmm&(gwg)jL_T (26)
1-3p ACA P
where the term Y is such that for any a >0
v
li L —o. 27
7o TO (27)

Remark 2. It should be noted that similarly to [1] we will use the
inequality (26) to provide the efficiency property in adaptive setting,
i.e. through the sharp oracle inequality without using the regqularity
properties of unknown function we can estimate from above the risk for

the model selection procedure by the risk effective value corresponding
to the Sobolev ball.
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Fanpayk JI., llepramenmmukor C. (Pyanckuii yausepcurer, Py-
an, @paniusi, Tomckuii rocyrapereenniii yuusepeurer, Tomck, 2019)
TouHble opaKyJdbHBIE HEPABEHCTRA JIJIs 33724 OT[EeHUBAHNS CHO-
ca 1o JUCKPEeTHBIM JaHHBIM.

Annorammsa. B pannoit pabore paccMaTpHBAETCS 33/1a9a OIEHU-
BAHUS HEMMAPAMETPUIECKOTO CHOCA JIS SProamdecKknx quddy3noHHBIX
MIPOTIECCOB HA, OCHOBE HAOIFO/IEHN B (DUKCUPOBAHHBIE JUCKPETHBIE MO-
MEHTHI BpEMEHHU B CIydae, Koraa Koy durmerTsl quddy3un Hen3BecT-
Hbl. MCTioib3ys yceueHHbIE TTOC/TEI0BATEIFHBIE TOYEYHBIE SAEPHBIE OTIEH-
KU, pa3pabaTeIBAETCS HOBBIN MeTO BEIOOPA MOAETH I TPOU3BOIBHO-
r'0 OPTOHOPMUPOBAHHOTO Hazuca Ha cerke. Jlyig ocTpoeHHOM nTpoLey-
PBI BRIOODPA MOJIEIN TIOJIYYeHBl TOYHBIE OPAKY/IbHBIE HEPABEHCTBA, T.€.
MTOKA3BIBAETC, YTO OHA ONTUMAJBHA B CMBICJE TOYHBIX OPAKYJIbHBIX
HEPABEHCTRB.

KumtogeBble ciioBa: alalTHBHOE HETTAPAMETPUYECKOE OIIEHUBAHUE,;
JVCKDPETHBIE JAHHBIE, HEACUMIITOTUIECKOE OIEHUBAHUE; BHIOOD MOIe-
JIM; KBAIPATUYHBIN PUCK; TIOC/IEIOBATETFHOE OTIEHUBAHNE; TOYHBIE OPa-
KyJIbHBIE HEPABEHCTBA.
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Abstract

We consider several models of partially observed stochastic
linear systems and discuss the problems of parameter estima-
tion. We describe the asymptotic properties of the MLE, Bayes
estimators and One-step MLE-processes in two different asymp-
totics: small noise and large samples. In all problems we show
the consistency of these estimators, their limit distributions and
define asymptotically efficient estimators.

Keywords: partially observed systems, parameter estima-
tion, asymptotic properties, change-point problems.

Introduction. We consider the following model of observations
dXt :fthdtJratth? XO :()7 0 St ST
where Y; is hidden Gaussian process satisfying the SDE
dY: = —a;Yydt + b, dV3, Yo=w, 0<t<T
The Wiener processes W, and V; are supposed always independent.
We suppose that in the case of diffusion processes the functions f; =
fW,t),a, = a(9,1),by = b(¥9,t) depend on some finite-dimensional
parameter ¥ and we have to estimate it by the observations X7 =
(X,0 <t <T). We describe the properties of the MLE and BE in the
asymptotic of small noise and large samples. Moreover we propose One-
step MLE-processes of this parameter, which have several advantages
w.r.t. MLE and BE.
In the case of diffusion processes the LR function is
T T 2 2
L (5, X7) — exp {/ F@OmG.0) 4 _/ £ @, m (9,1 dt}
0 T 0 20}
where m (9, ¢) = m (¢) is solution of the K-B filtration equations
v (9,1) f(9,1)

?

dm (1) = —a (9, ) m (1) dt + D20 fax, (1) m (0) ]
2 2
Lgf?t) — _2a(9, 1)y (9,1) — LD T (197t)a§ D" |y w,00)

I This research was supported by The Tomsk State University competitiveness
improvement programme grant No 8.1.18.2018.
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with initial values m (9,0) = yo and v (¢,0) = 0. Recall that v (¥,t) =
Ey (Y, —m (9,1))°.
The MLE 4 is defined as solution of the equation
L9, XT) =sup L (9, XT) .
¥e®
Suppose that ¥ is random vector with density p(¢), ¥ € ©. The BE
9 for quadratic loss function is
i JoOp (W) L (¥, X7T) d19.
Jopr(9)L(9,XT)d9
The One-step MLE-process 97,7 <t < T is given by

t
19§:1§T+]It(157)71/ MUn9) 14X, - M(3,,5)ds], 7<t<T,
T O-S

where ¥, = ¥, (X;,0 <t < 7) preliminary estimator,
M, 8) = f(9,s)m (¥,s) and I; (J,) is Fisher information.

We are given the system of linear SDEs

dX, = f(9,8) Yy dt + 10 (¢) AW, Xo=0, 0<t<T,

dY; = —a (9,t) Yo dt +e9b (9,t) dV;, Yo = yp.
Here f (9,t),0(t),a(¥,t),b(Y,t) are known functions, ¥ € © C R? is
unknown parameter.

The equations are called “state equation” for Y7 (hidden Markov)
and “observations equation” for X7 .

The asymptotics are described in terms of parameters £; € (0, 1],
g9 € (0,1],7 > 0.

To construct estimators of ¥ and to describe the properties of these
estimators in different asymptotics.

There are several possibilities for diffusion processes

¢ Small noises, £ = e =¢ — 0.

¢ Small noise, £ =2 — 0,29 = 1.

e Small noise different rates, £; — 0,25 — 0 (not presented).
e Large samples, T — oo.

In all these situations we describe the MLE, BE and One-step MLE-
processes.

Small noise ¢4 = ¢9 = — 0. Model

dX; = f (90,4) Y dt + 0 (1) AW, Xo=0, 0<t<T
dY; = —a(9,1) Yy dt +eb (t)dV;, Yo =yo > 0.
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Equations of K-B for m (9,1) |.=0 = v (¥,1) and v. (¥,t) = L3= are
dy (9,1
P00 a0y 0.0 e (9] 5 (0.0
+ 7+ (9,) he (9) b (Do) 1 (Do),
9. (9,)

It = —2a (197t) e (197 t) - Vs (197t)2 ht (19)2 +b (t)2 ’
with initial values y (¥,t) = yo, v. (¢,0) = 0 and h; (¢) = f(g?t’)t)
~ Introduce the function M (9,t) = f(9,t)y(9,t), vector-function

M (9,t), Fisher information matrix
T

100) = [ 8 (90,0) N (90,0) o (0) .
0
and identifiability condition: for any v > 0
T
int [ 10,0800, £ (00,0 (20 dt >0
[9—=b0l>v Jo

The set ¥ C R? is open, convex and bounded. The function p (9),9 €
© is supposed to be continuous and positive. The functions f (¥,t) and
a(¥,t) have two continuous bounded derivatives on ¢. We have the
Hajek-Le Cam lower bound

lim lim  sup & 2By [[0. —0|° > B, IC]*, ¢~ N (07]1(190)*1) .

v—=0,0 [9—do | <v

Theorem 1. [K. 1994] Suppose that the conditions of regqularity are
fulfilled. Then the MLE and BE are consistent, asymptotically normal

’195 —’190 —1 195 _190 —1
- :,N(omwo) ) . :,,N(omwo) )
for anyp >0
9. — " 9. — "
E190 ET — E190 ”C”p? E190 ET — E190 ”C”p

and the both estimators are asymptotically efficient.

Here ¢ ~ N <O7]I(190)71).

One-step MLE-process. Suppose that the functions f (¢,0), a (9,0)
have two continuous bounded derivatives on ¥ € © = (¢, ) and
t € [0,77] and the following condition is fulfilled

it 17 0,0 >0,  inf [£(,0) >0,

Introduce fun(,;tions .
00 (0) = [ 0,95 0)ds ytw)yoexp{—/ a(&s)ds}.

0 0

and

T () = ég(fa xe (V) < Sgg xp (9) =z (1)
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First we propose a consistent preliminary estimator by observations
X = (X;,0<t <7.), where 7. =¢°,0 < § < 2.
Preliminary estimator 4, we construct as follows
Or. = allipy + pelip.y + Bligsy,
where the sets Be = {am, (1) < X7, < 2ar (1)} B = { X7, <2y (72) ],
B. = {X,. > xp (7o)} and p,. is solution of the equation =, (p.) =
X .

Theorem 2. [K., Zhou, 2019] The estimator 9., is consistent and for
anyp >0

P
_ £
sup Ey ¥, —%|F < C — 0.
1906% 190| O| (\/T_E>

Define Fisher information in the case of observations X, 7 < s <t

. 2
! 9, 8)y (9
L(5.4) :/ F(9,)y (9) 4 1 (9,9)d ( »)] as.
. o (s)
and put I(¥,¢) =15 (9,t). The Hajek-Le Cam lower bound is
lim lim  sup & By (0, — ) >1(00,t) "
v—0.50 [9—d¢|<v
We call the estimator ¥ . asymptotically efficient if
lim lim  sup & 2By (9], —9)° =T (o, 8) .
v—0e—0 ‘197190‘<l/ ’
One-step MLE-process 97, 7. <1 < T is
; 1 t M (D5, 5) ]
9. =Y, + — / = [dX; — M (9,,,s)ds],
t, G ]:[7—5 (197—57t) - . (8)2 [ ( ) ]
where M (9,s) = f (9, 8) ys (9) + f (9, s) g (¥, s) and
M (3, s) = [ (0, s)m (¥, s).

Theorem 3. K., Zhou, 2019] Let 6 € (0, 1), then the estimator J; ., 7. <
t < T is consistent and asymptotically normal

e (05, — o) = G~ N (071(190715)*1) .
The moments converge: for any p >0
e "By, |0}, — Vo|" — Eg, |G|
and it is asymptotically efficient for allt € (0,T].

Small noise £y =2 — 0,29 = 1. The corresponding system of equa-
tions is
dX, = f(9,1) Yidt + co () dW,, Xo =0, 0<t<T,
dY, = —a (0, 0) Yy dt + b (9,0)dV,, Yy =w9yo >0,
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We have to estimate ¢ and describe the properties of estimators as
£ — 0. The limit system is
i

9) = / £ (9, 9) Yads,

dY; = —a (0,t) Yidt + b (9,t)dV;, Yo =1yo >0,
and we are in the situation, where it is possible to estimate ¢ by z;,0 <
t < T without error.
Introduce notation S (9,¢) = f(9,¢)b (9, )
9.t Jo,1)]?
I

[:(
G (9,99) = /o 25 (9.0 (1) .

2
( In[S(9,1) > dt,
and condition: for any v > O
k= inf inf f(d,¢) >0, 1nf a(t) >0, inf inf b(¥,%) >
V€O 0<i<T 0< VES 0<i<T
inf inf G (9, 190) >0, inf Iy (¢) > 0.
D0EO [9—o|>v 9€O
The Hajek-Le Cam’s bound is
lim lim sup & 'Ey ‘55 — 19‘2 > 1 (190)71
=020 9—90|<s

Iy (9) =

Theorem 4. [K.2019] The MLE Y. and BE 9, are consistent, asymp-
totically normal

’195 — ’190 —1 155 - "90
~ N (0,1 () )
NG = ¢ N( Ao (Wa) 7)) 7 = ¢,
the moments converge: for anyp >0
R P ~ P
. 195 - 190 . 195 - 190
lg% E190 \/E - E190 |C|p7 gg% E190 \/g - E190 |C|p

and the both estimators are asymptotically efficient.

Hidden Ergodic O-U Process, 7' — oco. Consider the model of
observations

dX: = c(9) Yrdt + odWWy, Xo, 0<t<T,

dY, = —a () Yidt + b(9)dVi, Yo,
Here W, V; independent Wiener processes, a(-),b(-),c(-) are known
smooth functions and constant ¢ > 0. X7 = (X,,0<t<T) are
observations and Y7 is hidden Markov process. Denote m; (¥) =
Ey (Y:]Xs,0 < s <t). Then Kalman-Bucy filtration is

dmy (V) = —a () m (9) + M [dX; — c(9) my (¥) di],

e (9) c(9)” v (9)°
ot o2

= —2a(9) v () — +b(9)°.
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Introduce Fisher information
a()?  2a(0)r W) 7 (9)?

IO =5 ~ 2@ +r @) T 2 @)
where
2 2
r(9) = \/a (19)2 + b (19)05 (9)
Conditions

‘ﬁjgof\>u(|a(19) B a(ﬁO” + |r (19) B r(ﬁO)D >0

inf (|4 (9)] + 17 (9)]) > 0.
Properties of MLE and BE

Theorem 5. [K. 1984, 2004 The MLE 1§T and the BE 91 are consis-
tent, and asymptotically normal, i.e.,

VT (éT _ 190) AN (07]1(190)*1) . VT (éT _ 190) — ¢
Moreover the moments converge, i.e., for any p > 0
» R P » - p
T§E190 ﬁT_ﬁO‘ _>E190 |C|p7 T2E190 ‘ﬁT_’lgO‘ _>E190 |C|p

and both estimators are asymptotically efficient.

One-step MLE-process. We are given a partially observed linear
system, defined by the equations
dX; = fY,dt + o dW,, Xo=0,
dY; = —aY, dt + bdVj, Yo =&,
The model is defined by the parameters f # 0,02 # 0,a > 0,b #£ 0.
Note that o2 can be estimated without error and the process X, can

be written as
]

t
X, = fb e AV, ds + oW, 4 0(1).

Hence the parameterso f gund b can not be estimated separately. We
consider one-dimensional parameters ¥ = f, 9 = a and ¢ = b and
then we discuss how to estimate ¥ = (f,a) and ¥ = (a,b). where
a# 0,0 #0,b#0 and f > 0 are constants.

Suppose that the unknown parameter is ¢ = a. The random process
m (¥, -) is solution of the Kalman-Bucy filtering equations

dm (9,1) = {19+ (U)fz} ¥, t)dt+MdX

o _219 _ ( ) f2 2 _ 12
= v (9,1) 7+b v (9,0) = d°.
We introduce One-step MLE—procgss Of, 7 <t < T, which has two
advantages. First, its numerical calculation is much more simple than
that of the MLE and, second, this estimator has a recurrent structure
and can be used for the joint estimation of the hidden process Y; and

Oy (9,1)
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the parameter .
Preliminary estimator is constructed using an asymptotically neg-
ligible amount of the observations X% = (X,;,0 <t < K), where K =
70,6 € (1/2,1).
Introduce the statistic Sk and the function ¢ (¢),¢ € ©:
a’b’
Sk KZXk—Xk P — @) = —5

=1
In the cases 19 = b and ¥ = a the counterparts of the latter function are
2 272
a

2
b0 = T [ — 1 ] ot B = S [ -1 4

respectively. .

Note that the functions ® (9),P. (), P (¥),a <9 < 8 are strictly
monotone. Define the preliminary estimator of a as ¥k, base the ob-
servations XX

’I§K = ﬁ%H{AK} +a]I{A;(} +ﬁ]I{A;§}
Here ¥ is the root of equation P (V%) = Sk and Ak, Ay, Ak are the
sets

AK:{w:i(a)<SK<(i>(5)}7 A}:{MZSKS&(Q)}7
A :{wISKZ(i’(ﬁ)}~

[6719 —1+19] + 02

Proposition 1. The estimator Y is consistent, uniformly on com-

pacts [64 ﬁ] C 9, and

C

E,. |9 Y| < =

ﬁSOUP o ‘ K — o‘ I
with some constant C > 0.

The Fisher information for this model of obsegvatlons is
1 27 (¥ 0
oy L 2 r”
20 r(@)+9  2r(9)
and derivative processes m (¥,1) satisfies the equation
9) 2 Y (¥
din (0, 8) = — {19+ (91 } i (9, )dt + LT
a a

¥ () f?
o2

dX;

- {1 +
The One-step MLE-process 97 r, T? <t < T is introduced as follows

_ f v _
’19;T = ’19T6 —+ m /1—,5 m(ﬁTa7 8) [dXS — fm(ﬁTa7 s)ds] .

Let us put ¢t = 71" and denote ¥y p = 95 (1), Tt <7<l

} m (9, ) dt.

Theorem 6. [K. 2019] One-step MLE-process 95 (1), T°~' < 7 <1
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with 6 € (1/2,1) is consistent: for any v > 0 and any 7 € (0,1]
Tlim =Py, (|95 (1) — 9g| > v) =0,
— 00

and asymptotically normal
VT (9 (1) = 90) —= N (0,1 () ")
Moreover, the random process Cp (1) = /T1(00) (95 (1) — Do), & <
7 <1 for any k € (0,1) converges in (C [k, 1], B) to the Wiener process.
Note that the process ¥, 7% < t < T can be written in recurrent

form =
a9 — 7 fm(ﬁ@s?t)
K t—1T° o 2t1(ps )

and we can introduce the adaptive filtering equations as follows

* 2 *
dmt:_ 19*+’7(19t)f dt+ (19 )det7 T5 <t§T7
t 0_2

o 19?02 b2f2 3

with the initial value mys = m (19T57 T5).

Hidden telegraph process. Consider the following model of obser-
vations

dX; = Y.dt + dW;, Xo=0, 0<t<T,
where Y; is a hidden telegraph process with two states: y1, y» and rate

matrix
<_)\ ; >
wo =)

The unknown parameter is ¥ = (A, ) and we have to estimate it by
the observations X7 = (X;,0 <t <T). The One-step MLE-process
we construct in two steps. First we define the method of moments
estimator ¥ps obtained by the observations X T (X, 0 <t <T9),
where 6 € (1/2,1), verify its consistency and then we introduce the
One-step estimator-process by thte relation

ﬁ?T = ’l§T6 —+ til]lt(’lgTé)il/ M(5T57 8) [dXS — m(’l§T67 s)ds] .
, T

Here the vector

) B omx(s,9) o (s,9) O (st,9)\"
(0, s) = (y1 —y2) — 57— = 1 —y2) | =55 o
and the empirical Fisher information matrix I,(¢) is
1 12

L) = / (9, s)m(d, s)"ds — I(9)

T
as { — oo by the law of large numbers. We denoted
m(0,t) = By (V] X;,0 <5 <), 7((,9) = Py (Vs = 91| X,,0 < s < 1)
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We show that [6] the one-step MLE-process is consistent and it is
asymptotically normal
VT (95 = ¥) == N (0,1(%) ).
Remark. Note that extended review including the mentioned in
this work results and several other results for the same models of ob-
servations is given in the work [13].
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Kyrosiam FO.A. (Vuusepcurer Jle-Mana, Jle-Mau, @pannus, Tom-
ckuit rocygapersennsiii yausepceurer, Tomck, Poccust, 2019) O6 uaen-
TUPUKAIUU CKPBITBIX MAPKOBCKHUX IPOIECCOB € HEIpepbhIB-
HBIM BpeMeHeM: 0630p.

Anrorammusa. Mer paccMaTpuBaeM HECKOIBKO MOZETed 9aCTUYHO
HaBJTIOIAEMBIX CTOXACTUIECKUX JIMHEWHBIX CHCTEM U 0DCYKIAeM 33,13~
91 OTEHKH TapaMeTPOB ITUX Mozeseii. Mbl ONMCHIBaEM aCHUMIITOTHIE-
CKHe CBOUCTBA OIEHOK MAKCHMAJIBLHOTO MPaBAONOnobus, HaiiecoBeKkux
onerok Oamomaroseix OMII B caydae AByX acCHMITOTHK: MAJIOTO IITy-
Ma 1 HOIBITX BEIOOPOK. Bo Beex 3a/1adax MBI yCTAHABINBAEM COCTOS-
TEJIBHOCTH YTUX OIEHOK, UX MPEeEbHBIE PDACIIPENEEHIS U OTIPEIe/IsieM
acuMOTOTHYeCKN 3(hPEKTUBHBIE OIEHKH.

KumtoueBbie citoBa: 9acTuvHO HAOJIFOIAEMBIE CHCTEMBI, OTIEHKA A~
PaMeTPOB, ACUMITOTUIECKUE CBOHCTBA, TTPODIEMBI PDABTAIKH.
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Improved model selection for estimation in
semimartingale regression from discrete

data !
Pchelintsev E. A.

Tomsk State University, Tomsk
e-mail: evgen-pch@yandex.ru

Abstract

We consider the adaptive nonparametric estimation problem
for a function of a continuous time regression model with semi-
martingale noises by incomplete observations. We consider the
regression model defined by non-Gaussian Ornstein—Uhlenbeck
processes. A model selection procedure, based on the shrink-
age weighted least squares estimates, is proposed. The sharp
oracle inequalities for the robust risks are obtained. the robust
efficiency property has been established in adaptive setting.

Keywords: improved estimation, least squares estimates,
robust quadratic risk, Ornstein—Uhlenbeck process, semimartin-
gale regression, model selection, sharp oracle inequality, asymp-
totic efficiency.

Introduction. Statement of a problem. In this paper we consider
the following continuous time regression model
where S is an unknown 1-periodic R — R function from L, [0, 1], (§,):>¢
is an unobservable noise which is defined by a non-Gaussian Ornstein—
Uhlenbeck process with the Lévy subordinator
d¢, = a,dt +du,, &, =0, (2)

where

up=o0yw;+0y2 and z =z (p—f);. (3)
Here (w,),~¢ is a standard Brownian motion, "+" denotes the stochastic
integral with respect to the compensated jump measure p(ds, dz) with
deterministic compensator ji(dsdz) = dsll(dz), i.e.

am [ [ et-msdo) and R -R\{0),
0o Jr,

[1{-) is the Lévy measure on R, = R\ {0}, (see, for example in [1]),
such that
H(z?) =1 and II(2®) < . (4)

1 The work was supported by the RSF, the project No 17-11-01049.
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We use the notation I1{]z|™) = f |z|™ I1(dz). Moreover, we assume
that the nuisance parameters a < O 0y and o, satlsfy the conditions

—lypn <a <0, O<Q<Q1 and UQ*91+92<§7 (5)
where the bounds a,,,,, ¢ and ¢* are functions of n, ie. a,,, =
Umaz(n), @ = 0, and ¢* = ¢, such that for any e > 0

a n)+¢’
lim Omaa(?) S =0 and hmlnf n‘e >0. (6)

n—oo ne
We denote by @, the family of all dlstrlbutlons of process (1) — (2)
on the Skorokhod space DJ0, n] satisfying the conditions (5) — (6). It
should be noted that the process (2) is conditionally-Gaussian square
integrated semimartingale with respect to o-algebra G = o{z,, ¢ > 0}
which is generated by jump process (z;)i>0.

The problem is to estimate the unknown function S in the model
(1) on the basis of observations

(ytj)Ogjgn;w tj = ]% ) <7>

where the observations frequency p is some fixed integer number. For
this problem we use the quadratic risk, which for any estimate S, is
defined as

1
Ro(8,8) = Eq 4| — 517 and [f]? = / Pod,  (®)

where Eg, ¢ stands for the expectation with respect to the distribution
P, s of the process (1) with a fixed distribution @) of the noise (&, )g<;<,
and a given function S. Moreover, in the case when the distribution Q
is unknown we use also the robust risk R
R*(S,8) = sup Ry(S5,5). (9)
QEQ,
To study the estimation problem for non-Gaussian observations

(1) in the papers [2, 8, 7, 5, 6] it was introduced impulse noises de-
fined through the semi-Markov or compound Poisson processes with
unknown impulse distributions. However, the semi-Markov or com-
pound Poisson processes can describe the impulse influence of only one
fixed frequency. It should be noted that in the telecommunication sys-
tems, the noise impulses are without limitations on frequencies and,
therefore, such models are too restricted for practical applications. To
include all possible impulse noises, in [3, 4] it was proposed to use gen-
eral non-Gaussian semimartingale processes. Later, for semimartingale
models in the papers [9, 10, 11, 12] the authors developed the improved
(shrinkage) nonparametric estimation methods. It should be empha-
sized, that in all these papers the improved estimation problems are
studied only for the complete observations cases, i.e. when the all tra-
jectory (y,)o<i<n is accessed to be observed.

Our main goal in this paper is to develop improved estimation meth-
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ods for the incomplete observations, i.e. when the process (1) can be
observed only in the fixed time moments (7). As an example, we con-
sider the regression model (1) with the noise defined by non-Gaussian
Ornstein—Uhlenbeck process with unknown distribution.

Improved estimation. For estimating the unknown function S in
(1) we will use it’s Fourier expansion with respect to an orthonormal
basis (¢;),~1 in Ly[0,1]. We extend these functions by the periodic
way on R, ie. ¢;(t)=¢;(t + 1) for any ¢ € R. Assume that the basis
functions are uniformly bounded, i.e. for some constant ¢, > 1, which
may be depend on n,

sup sup [6,(0)] < 6, < o0, (10)
0<j<n 0<t<1

Moreover we will use such basis that the restrictions of the functions
(#;)1<j<p> O the sampling lattice

To={t1, -tpt, t;=3/p,
form an orthonormal basis in the Hilbert space R7» with the inner
product

1 &L
= Calty)y(ty) for z,y R, (11)
ie. (¢, ¢5)p = Ly—jp. We put the norm ||z, = /(x7x)p.

We write the discrete Fourier expansion of the unknown function S

on the lattice 7, in the form
P

S =D 0;83(0);
j=1
where the corresponding Fourier coefficients

0,,=(S,d;)p (12)

can be estimated from the discrete data by the formulae

/ Vip(t) dyy, ¥y p(t) Z¢J te) Lo,y () - (13)

As in [6] we define a class of weighted least squares estimates for S(t)

as v
= 00,05, (14)
=1

=
where the weights v = (v(J))1<j<p € RP belong to some finite set I'
from [0, 1]P. We will use here the set I' from [10].

For the first d > 6 Fourier coefficients in (14) we will use the improved
estimation method proposed for parametric models in [8]. To this end
we set 0 (eg,p)légéd In the sequel we will use the norm |z|2 =

25:1 ? for any vector @ = (z;);<;<4 from R?. Now we define the
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shrinkage estimators as

8, = (=gl B, (15)
where g(j) - (Cn/|0p|d)1{1§j§d}7
4 (d—6)
c, = " and s = sup »xg.

2<r+ \/m) n QEQ,

The positive parameter » may be dependent of », i.e. » = r,, and such
that

lim n ¢r, =0 forany e>0. (16)
n—od

Now we set shrinkage estimates for S

Zv MOR (17)

We compare the estlmators (14) and (17) through the difference
Now we obtain the non asymptotic bound for this comparative risk.

Let now we set /i
C(l:(b*L+17 I — sup |S(t)—5(8)|

0<si<t [t —s]

Po — (18)

Theorem 1. Assume that the conditions D) — D,) hold. Moreover,
assume that the function S is Lipschitzian. Then for any p > po

sup sup Ag(S) <0. (19)
QeQ, |8]<r

Model selection. Main results. In order to obtain a good esti-
mate, we will use a rule to choose a weight vector v € [’ in (17) as in
[10]. We denote the improved model selection procedure
St = S;* , (20)
where v* is defined in [10].
Theorem 2. Under some conditions for anyn > 2 and 0 < p < 1/2
1+5 1
R*(5",5) < —2L minR:(SY,S) 4 — U, |
1—p qer Y pn
where the coefficient U,, is such that for any ¢ >0
U
lim —2 =0. (21)

This sharp oracle inequality allows us to prove the asymptotic effi-
ciency property for proposed model selection procedure.

In order to study the asymptotic efficiency we need the functional
Sobolev ball W  that is defined in [10]. We denote by Y3, all estimators

S, ie. any o{y,, 0 <t < n} measurable functions. In the sequel we
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denote by @* the distribution of the process (y;)q<;<,, With &, = ¢*w,,
i.e. white noise model with the intensity ¢*.

Theorem 3. Assume that Q* € Q,,. The robust risk (9) admils the
following lower bound R

liminf inf vik/(%H) sup R*(S,,S5) > (r),

n—co § exm. SeW,
where 1, (r) = ((2k + Dr)YCD (k/(x(k + 1)) Y gnd v, =
nfs*.

We show that this lower bound is sharp in the following sense.

Theorem 4. Assume that Q" € Q, and there exists € > 0 such that
lim,, oo n5/6+6/p = 0. Then the robust risk of the model selection
procedure (20) satisfies the following upper bound

lim sup vik/(%H) sup R*(S*,S) <I.(r).

n—oo SEVVk’r
It is clear that these theorems imply the following efficient property.

Corollary 1. Assume that Qx € Q,. Then the model selection proce-
dure (20) is asymptotically efficient, i.e.
lim o2*/ G qup R*(S*,S) =1, (r).

n—oo M
SEWk,r
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IMTuemunnes E. A. (Tomckuii rocynapersentsiii ynusepeurer, TOMCK,
2019) VuyurieHHbI MeTOT BBIOOpA MOJIEJN JIJis OIEHUBAHUS B
CEMUMAPTUHTAJILHON perpeccum Mo JUCKPeTHBIM JaHHBIM.

Annorammnsa. PaccmarpuBaercs 3a/1a4da aalTHBHOTO HETIAPAMET-
PUYECKOrO OlleHNBaHNs (DYHKINH B MOJIE/TN HEMPEPHIBHON CEMIMADTIH-
TaJILHOIT Perpeccun Mo HemoJIHBIM HAOMoaeHnsaM. PaccMaTpiuBaeTcst Mo-
JeTb PETPECCUN ¢ TITyMaMd, OIPeJleNiieMaMy HETayCCOBCKIUMH TTPOTIECCA-
vu Oparrreiina - Yaenbeka. [pempmoxkena mporeaypa BEIOOPa MOJIETH,
OCHOBaHHasA Ha YIYYINICHHLIX B3BCHICHHBLIX OIEHKAX HaMMEHLINNX KBa/I-
paToB. HO.HyLIeHI)I TOYHBIE OPAKYJLHLIE HEPABEHCTBaA JIJId pO6aCTHbIX
PUCKOB. YCTAHOBJIEHO CBOHCTBO pobacTHoM 3 HEeKTUBHOCTH B aJAITTHB-
HO#T 06CTAHOBKE.
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Square-integrable Functions in Continuous
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Abstract

In this paper we study an asymptotic efficiency property of
the weighted least squares estimates for unknown square inte-
grable functions in Gaussian regression models. We use the
Pinsker approach. It is established that it is impossible to di-
rectly use the Pinsker method. Some conditions and an a priori
distribution for the Fourier coefficients are obtained under which
the asymptotic lower bound for the mean square risk was proved.

Keywords: regression model, weighted least squares esti-
mates, asymptotic efficiency, Pinsker method.

We will observe the following process
dy, =0(t)dt +edW,, 0<t<1. (1)
This model is a non-parametric regression in continuous time with
noises of small intensity, where 6(t) € £2[0,1] — unknown function,
(W,)g<r<q is Brownian motions and £ > 0 is the noise intensity. An-
other words we have got a "signal +white noise" model. Such models
are widely used in statistical radio-physics and financial mathematics.

Our goal is to study an asymptotic efficiency property of estimate
the unknown function 6(¢) as € — 0, i.e. in the case when the ratio
"signal /noise" tends to infinity.

The asymptotically efficient estimates for Gaussian models have
been constructed in [3, 6, 9]. In [I, 2] was proposed a new approach
to study an asymptotic efficiency for estimating problem in the non-
parametric models via sharp oracle inequalities method. This method
has been developed for semimartingale regression models in continuous
time by [4, 5]. For improved estimates of unknown regression functions
was expanded such approach in [7, 8].

Estimation of the function will be considered in the sense of mean-
square accuracy:

1
R(0,0) = E||0 — 0>  and ||o||2:/ 0%(t)dt . (2)
0

1 The work was supported by the RSF, the project No 17-11-01049.
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Let (¢;) be an orthonormal basis, (¢;) € £2[0, 1] and we represent
0(t) as

0(t) =Y 0505(), (3)
j=1
where the Fourier coefficients can be represented as
0= [ otweyierat.

0
Further we need the following set

© =L 0(t) € £5[0,1]: D a;05 <r o, (4)
j=1

where r > 0.

In order to construct the estimate, one needs to know how many pa-

rameters should be choosing. In the sequel we will use the following

threshold

! !
r
n. = Tax \/a—zz;/aj—z;aj<g—2 . (5)
j= j=
Note that n, is finite, since the sums, in view of (4), are bounded by
the constant r.
So, we turn on from the non-parametric estimation problem to the
parametric one. The Fourier coefficients in (3) can be estimated as

1
%:Awﬁm%:%+%» (6)

where

1
&~ [ waw,
0

Now we consider projection estimates in the following form:
where (o;);>1 is a non-random sequence.

We find such a case that the difference between the estimate and
the true value of the function will be minimal.
We set

(o)

. 2
v? = infsup Z Ey (ijej - '9j) . (7)
v ogce =1

where inf is taken take out all coefficients v = (v;);>1. Using Lemma
of Pinscer [?] we can find that

Ny * 2 Tk 2

2 2 032 - 2 € (Zj:l \/aj)
VS =€ E '9*272 = N4E" — o~ (8)

peefl2 r/e? + 3200 aj
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where optimal points (07)1<j<n, are defined as:

r/e? 4+ 3" ay
,9;%2 _ 2 (L _ 1) and p=— # (9)
NG 2521V

The parameter p is taken from the next condition

> a0 =r. (10)
J=1

In the future, we will need important conditions for the proof of the
theorems:

A1) A sequence (a;);>1 increasing numbers such that a; > a;_1 and
> VAV = ) = +oo;
j=1
For a fixed A > 0
Ny =max{a; < h}. (11)
jz1
Ay) Forany 0 < v < 1,

1 N
Z ‘/aj — Q.
VANL j N 1

Without these conditions, Pinsker theorem cannot be proved.
First we obtain the lower bound.

Theorem 1. For the model (1) the following lower bound holds

R(8,0
lim sup it %)
e—~060ce 0 v

where inf is taken over all possible estimates 0.

Np— Ny —

> 1. (12)

Moreover, consider v/2 in the following form

ni 9&262
2 J
= —— . 13
=no

This is a key property, which is necessary for the proof of the lower
bound.

Proposition 1. The condition Ao imply
2

) 1%
iy Ty = e, <14>
where 9 2q?
. B 1q
O O SR CA UL =28
(15)
If a; = €%, then conditions A1) — —As) are not satisfied, so
. V/Z
iy o < e o
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It means that the theorem of Pinsker without conditions is not true. To
confirm the obtained results, we consider the following example. Let
a; = 7** and k is fixed. Also fix some ¢ > 0. Check the condition A,):

S VRGP ) = o
j=1

As you can see, this condition is satisfied. Next, we check the condition
Ag):

Np ] E Ny j k
M=) v (w) e
j=1 j=1

we obtain the condition A, satisfy. Thus, this coefficients can be used
for estimation procedure. Next, we calculate some more characteristics.
Note that, in equation (5) for n,

1 _k
( r ) 2k T1 q 1\ 2R+
Nney ~ | — an ~ — .
g2 " g2

Note that if we take a; = €?7, we get a counter—example. So, conditions
Ay and Ay are not satisfied for this.
We estimate the function 8(¢) as

50 = S niei, N = (1-X2). a7)
=1

I
Let us proceed to the formulation of the theorem on the upper bound-
ary.

Theorem 2. The estimator (17) ad~mit8 the following upper bound

—  R(6,0)
< 1.
LT S )

Using these theorems, we can formulate the efficiency property of
estimates.

Corollary 1. The theorems 2 and 1 imply

. R(0,0)
lim sup ——
e—00c@ 14

—1. (19)

In this paper we constructed an estimator for which we showed effi-
ciency property. To this end we use the approach proposed by Pingker
(1980) for this problem. Unfortunately, we cannot use directly the
Pinsker method for since his main theorem about lower bound is not
true without conditions on the coefficient of the Sobolev ball. We found
this conditions for which we provide the efficiency property. The main
difficulty is to find the prior distribution for Fourier coefficient. More-
over, we gave the constrictive sufficient conditions for which this prop-
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erty holds. And as example we checked the obtained conditions for
Sobolev coefficients which goes to infinity power function.
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Ilos3yn M. A., ITuermunes E. A., Ilepramermmkos C. M.
(Tomckuii rocynapersennniii yuusepeurer, Tomck, Pyaunckuii Y Husep-
curet, Pyan, 2019) Dd dekruBHOE HElTapaMeTpUIecKoe OIeHNBA-
HUe KBaJ[PATUIHO WHTerpUpyeMbIX OYHKINI B MOIeJIsiX Helmpe-
PBIBHOIT perpeccun.

Annorammsa. B pannoii pabore n3y4eHO CBOWCTBO aCHMITOTHYE-
ckoit 9P PEeKTUBHOCTH B3BEIIEHHBIX OIEHOK HAMMEHBINX KBAJIPATOB
JJIs HEM3BECTHBIX KBAJIPATUYHO HHTErPUPYEMBIX (DYHKIINI B PErPeccu-
OHHBIX MOJIETIAX ¢ rayccopckumu mymamu. [lpumensercs moaxon [Tus-
cKepa. YCTAHOBJIEHO, 9TO HAITPSMYEO UCIIOJIB30BATE JAHHBIN METOT HEBO3-
MOzKHO. [losyueHbl HEKOTODBIE YCIOBHUS U ANPHUOPHOE PACIIPEIE/IEHIE
st Koapdurmertor Oyphe, TPH KOTOPHIX JTOKA3aHA ACUMIITOTHIECKAST
HUZKHSIST OIEHKA, JJI8 CPETHEKBAIPATHIHOTO PUCKA.

KumtoueBble ciloBa: perpeccroHHasi MOJIEb, B3BEIIEHHBIE OIEH-
KU HAMMEHBITIX KBAIPATOB, aCUMIITOTHYIECKAS 3PDEKTUBHOCTE, METO/T
ITunckepa.
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The Hedging Problem for Asian Options in
Financial Markets with Transaction Costs !

Shishkova A. A.
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Abstract

In this paper we study asymptotic property for the portfolio
value with transaction cost in the Black-Scholes model with risky
asset without drift and risk-free asset with interest rate » = 0.
We use the modification of Leland’s strategy. Main result of
study is obtained sufficient conditions, which provide asymptotic
hedging.

Keywords: Asian option, hedging strategy, Brownian mo-
tion, stochastic differential equations, Black and Scholes model.

Introduction. Models with proportional transaction costs were con-
sidered as early as the 1970s. Magill and Constantinides [1] suggested
in 1976 the consumption-investment model which is generalization of
the Merton model of 1973 [2]. However, the article written by H. Leland
[3] in 1985 became more important for practical application. Leland’s
strategy provides an easy way to effectively eliminate the risks asso-
ciated with transaction costs. This method is based on the idea that
transaction costs can be offset by increasing the volatility parameter in
the Black-Scholes strategy, that is the delta strategy obtained from a
changed Black-Scholes equation with an appropriate modified volatility
ensures an approximately complete replication as expected. The major
goal in Leland’s algorithm is to explore the asymptotic behavior of the
hedging error (difference between the terminal value of portfolio and
the payofl function) as the number of transaction goes to infinity.

For a trader or an investor the main task is not only the saving
but also the multiplication of its capital. Many risks can be avoided
with the help of one popular and very effective technique hedging. The
option is hedged to protect its value from the risk of price movement
of the underlying asset in an unfavorable direction. Our goal is to
extend hedging methods for the hedging problem of Asian option for
the financial markets with transaction costs. To this end we use the
approximative hedging approach proposed Leland, Kabanov, Safarian,

1The work was supported by the Ministry of Science and Higher Education of
the Russian Federation, Goszadanie No 2.3208.2017/4.6.
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Pergamenshchikov, Lepinette [3, 4, 5, 6]. Note that is all this paper the
hedging strategy is based on the delta-strategy. But for Asian option
one need to change basic strategy, i.e. to pass from delta-strategy to
Asian hedging strategy constructed in [7].

Market model and settings. We consider the continuous time
classical Black-Scholes model on financial market with risk-free asset
(bond) and risky asset (stock). For simplicity we suppose that the
risk-free rate » = 0, i.e. the bond price is constant over time B; = 1
throughout this article. Let (€, Fi, (Ft)o<i<1, P) be the standard fil-
tered probability space with 7, = o(W,,0 < s <t) and W is a Wiener
process. The asset price process S; given by
dSt = O'Stth7 0 S t S 1 (1)
and admit the following explicit form
S, = Soeo'Wtfo'Zt/Z.
Remark that S; is a martingale under measure P. The model is con-
sidered on the interval [0, 1] where 1 is a maturity of the Asian option
with payoff function
1
fi= / Spdu — K
0 +
The hedging problem for the Asian call option with the terminal
payofl fi is to choose the admissible self-financing strategy (5, v:) such

that
1

Vi = Vot / edSy > f1, as.

0
Here V4 is an initial capital, 5; and v, are quantity of the risk-free asset
and risk asset respectively.

To construct a hedging strategy in the case of model (1) without
transaction costs apply the representation theorem for quadratic inte-
grated martingale to the following martingale

M, = B(fi|F)). (2)
We will find the square integrable process (oy)o<:<1 adapted w.r.t. Fe

such that for all ¢ € [0,1]
12

M, — M, + / oredW,. (3)

0
In [7] we obtained the formulas for strategy 11 = (8;, v:)o<i<1
Ve = /oSt

t
B —Ef + / asdW, — .S,
0
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and we found the formula for calculating martingale coefficients in (3)
oy = aG;(u &, S¢)Se,
where
G(t7$7y) - E($+yﬁv - K)+

and
i v

& :/Svclv7 T :/exp {aWu —azu/2}du.

0 0
Moreover G(t, z,y) is the unique solution of the following equation
Gyt w,y) +yCL(ta,y) + Gyt wy) =0 @
G(l,z,y) = (z — K) 4.
Definition of strategies for the Asian options with transaction
costs. Suppose that traders have to pay for a successful transaction
some fee which is proportional to the trading volume. We assume that
the cost proportion &, = xkgn™®. To compensate the transaction cost
Leland [3] suggested to correct the volatility. The new parameter 6 we
have to put in the PDE (4) and calculate the strategy again with a
new volatility. Applying the Leland approach we modify the strategy
as follows

rn
'Ytn - Z G/y(tj*h gtj—l ) Stj—l )X(tj,l,tj] (t)7
i=1
where é/y (t,z,y) is the solution of the equation (4) with parameter &.

Moreover é/y(t7 z,y) has the following form
A R (K —z)+
G;(u z,y) = / z24(v,2)dz, b=-—""-

b
here (v, z) is a density of random variable 7, with new parameter &

and given by
o fog(&(t%)))?
i(0,2) (K(u&(u 2)

v ~2
~

K(v,a(t,z)) = &/ ueXp{&Wu—%qL&u&(t? ), W = Wy —ully.

0
This form of density has been received in the article [7]. The portfolio
value at ¢ with the initial capital Vy = G(0, &, So) has the form

12

Vi = G(0, &, So) +/ Y dSy — KnJn, (5)
0

where the total trading volume is given by
n
o= 2 Sl =1
i—1

J
In order to keep the hedging strategy it is necessary to satisfy the
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following condition
Vi —— f.
n—od
For this we need to consider a hedglng error

1
Vln—flz/('yf—%)dSmL /G (t, &, S)S2dt — ki J,,.
0

Main result. Recall that we need to choose new parameter volatility
as

8
6% = 0% + o/nknt| =, kn = kon %, (6)
V

Then the following theorem is hold.

Theorem 1. For oo = 1/2 in (6) the portfolio value V{* converges in
probability to the payoff f1 as n — ©.

The proof of this theorem is based on the following lemmas.

Lemma 1. Let

Bn = Rp Zst |H tj7£tJ7St ) H(tj717£tj—175tj)|7 <7>
j=1
Knp — 0
n—00
Then
P — lim B, =0 (8)
n—00

Lemma 2. Let .
_ (y)
D 3
j=1

dEy) St |H( Jj— 17&3 175 ) _H(tjfhgtj*“‘stj*l)

- Hy( j*l?gtj—175tj—l)(5tj - Stj—1)|'
Then
P — lim DWW =o. (9)

n—odo

Lemma 3. Let 8(t) is continuous consistent function almost sure.

Then .
1 & p \/5 /
— DS, =8, |22 S, B(t)dt
\/ﬁ;:lﬁ(tg OISt = St | o=y [ —o j (B(t)
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IMMumkosa A.A. (ToMmckuii rocyapcTBeHHBIN yHUBEpCHTeT, TOMCK,
2019) 3amaua XeKUPOBAHUS JIJIsl A3UATCKUX OMIIUOHOB Ha (dhu-
HAHCOBBIX PBhIHKAX ¢ TPaH3aKIMOHHBIMA U3/IepP>KKaMMH.

Annorammsa. B 1aHHOIW cTaThe M3yYeHBI ACUMIITOTUYECKUE CBOII-
cTBa, moprdesis ¢ TPAH3AKIMOHHBIMUA HU3IEPKKAMU B MOJEIN DJrIka-
Mloysca ¢ puckoBeIM akTUBOM He3 apudra 1 HE3PUCKOBBEIM AKTHBOM C
MPOTIEHTHOM cTaBkoit 7 = 0. Mb1 ncnoas3yemM MOAUQUKAIAIO CTPATErUH
Jlenauna. OCHOBHBIM PE3YIBTATOM SBJISFOTCS TIOJTyYEHHBIE TOCTATOY-
HBIE YCJIOBHS, KOTODPBIE ODECITEYNBAIOT ACUMIITOTHYECKOE X€/ZKUPOBA-
HUE.

KumtoueBble ciioBa: a3maTCKUil OMIUOH, XEKUPYIONas CTPaTe-
rusg, BpoyHoBCcKOe aBuzKenne, Mojienb biaska-Illoymca, croxacTuieckme
b depeHInaIbHbIE YPABHEHIS.

33



AcumMmnToTndeckasi MOIITHOCTDb U
KadeCcTBEeHHAasi poOaCTHOCTh KPUTEPUS

ITupcona nJjist TpOBEPKU HOPMAJbHOCTH
aBTOperpeccun

Boaaun M. B.

MockoBcKmit rocynapcTBeHHBI yHUBepceuTeT uM. M.B. JlomoHOCOBA,
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e-mail: boldin_m@hotmail.com

AnaHOTaN U

Mel paccMaTpuBaeM cTanmoHapyio muaelinyio AR(p) mo-
Iefb B CUTYAIMH, KOTAa HAGMIONeHnsT colepKaT rpybbie omms-
K (BBIGPOCHI WU 3acopemmsi). Pacmpesenenne BEIGPOCOB HEM3-
BECTHO H IIPOM3BOJIBLHO, UX MHTEHCHBHOCTDL 'ynfl/ 2 ~ > 0 mens-
BECTHO, N-00beM JaHHEIX. [lapaMeTphl aBTOperpeccnn HEMm3BeCT-
HEBI, paclpelesieHne WHHOBammii Toxke. 1lo ocraTkam or nt/2
COCTOSITETLHEBIX ONEHOK MAapaMETPOB CTPOHTCS MOH00He SMITHPH-
gecKoil DYHKIUU pacupelieieHnsi W Ha Heil OCHOBBIBAETCS TECT
THIa XH-KBagpaT lImpcoHa masg TpoBepKH HOPMAILHOCTH pPac-
npefenenns nHHOBanmit. HajiTena acHMIOITOTHYeCKasT MOITHOCTD
TecTa IMPH JOKAJLHLIX aJLTEPHATHBAX. YCTAHOBIEHA KaTeCTBEH-
Has poGaCTHOCTL TECTa MPH THIOTE3E H AJLTEPHATHBAX.

KirroueBrblie cioBa: aBTOPETPECCH S, BEIOPOCEHI, OCTATKH, M-
nupumaecKas QYHKIUS pacupeesaenns, TecT Xu-kaapar [Tupco-
Ha, POOACTHOCTE, JOKAJILHLIE aJbTEPHATHBEL.

Beefenue u nmocraHoBka 3ajadu. PaccMorpum juHeiinyio AR(p)
MOZEITh

Uy :ﬁlut71+"'+ﬁput7p+gt7 t €Z7 (1)
rje {£;} — HE3aBUCUMBIE OIMHAKOBO PacCIpPEeIeHHbIE C/lydailHbie Be-
JIMYUHBL (H.0.D.C.B.) ¢ HeusBecTHOH (yukimeil paciupenenenus (d.p.)
G(z); Ee1 = 0,0 < Ee} < o0; B = (Bi,...,8p)1 — Bekrop Hewssect-
HBLIX IAPAMETPORB, TAKUX 9TO KOPHU COOTBETCTBYIOIIETO XaPAKTEPUCTH-
YECKOTO yPABHEHUS TI0 MOJLYJIE0 MEHBIIE €TMHAITEL.

B sroit 3aMerke MBI paccMarpuBaeM Mojes (1) ¢ BeibpocaMu B Ha-
OMIOIeHNAX. A UMEHHO, IPEAIO/IAraeTcsd, YT0 HabIIONAIOTCI IIEPeMeH-
HBIE

ye=ur+ 2", t=1—p,.. . n, (2)
TJE Ul_p, . .., Uy — BBIOOPKA M3 CTAIMOHADHOIO PeleHns {u;} ypaBHe-
ms (1), {2/"} — m.0.p.c.B., pacupenenentbe O 3aKOHy BepHy/TH €
APAMETPOM VY,

Yy, = min(1, l)7 v > 0 HeM3BECTHO.

Vn
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Kpowme toro, {£;} — H.0.p.C.B. ¢ HEU3BECTHBIM ¥ IPOUZBOJILHBIM PaCIpe-
nenernem 1. IMocnenosarensuocta {u,}, {z/™}, {{;} npeamonaraiorcs
HE33BUCHMBIMH.

Cayuaiiabie Beuaunnl {€;} MHTEPIPETUPYIOTCS Kak BRIOPOCH (3acope-
HUs), YV, — yPOBeHb 3acopenus. [Ipu v = 0 moayuaem moznens (1) 6es
3aCOPEHUli.

Cxema Trna (2) ¢ MOCTOSHHBIM HE 3aBUCAIINM OT 7 YPOBHEM 3aCO-
penusi BBeAeHa B [4], rue ucnoabsyerca Jijisi XapakTepusanuu pobacr-
HOCTH OLEHOK (pyHKImoHaIaMu Biushusa. Cxema (2) ¢ 3aBUCAIIUM 0T
7 yPOBHEM 3aCOPEHUs] — JIOKAJILHBII BADUAHT CXeMBI 3acopenus us [4].

M1 unTepecyemcs B 3Toil pabore npoBepkoil o HabaoaeHusaM (2)
TUTIOTESEI

He: G(z) € {P(x/0), 6 > 0},

rie $(z) cranpapraas sHopMasibHas ¢.p. l'unoresa He, HanoMHuM, 5K-
BHUBAJICHTHA HOPMAJIBHOCTH CaMOI aBTOPErpeCCUOHHON MOCIIEI0BATEIb-
HOCTH {w}.
[Ipemmomoxenne 0 HOPMAJIBLHOCTH ABTOPErPECCHE ODECTIEINBAET OMTH-
MaJIbHOCTE 0OIIEYIOTPEOUTEILHBIX TIPOLELYD HAUMEHBIINX KBAaADATOB
OlLIEHUBAHUS ¥ [IPOBEPKH THIIOTES B ABTOPErPECCUr. DTO 00bACHIET aK-
TYaJIbHOCTD JIJIsl CTATUCTHYECKOH TeOpUN U IPUIOKEHNIT paccMaTpUBa-
eMOil J1asee 3a/1a4u.
Dra 3azada (HOMUMO TpouNx) yxe pemajiack B [1]. B s10it pabore B
cxeme (1) — (2) maydanach ocTaTouHas sMuMpudeckas (QYHKIHSA Dac-
upejieiennust (0.9.(b.p.) U OCHOBAHHBIE Ha Hell TeCTHI Jis POBEPKH T'H-
HOTe3 OTHOCHTENBHO G ().

Bor kak crpourcs 0.9.¢.p. Pacemorpum cxemy (1) —(2). Ilycrs Bn =

(Bin, - .. ﬁpn)T Gymer miobast pasHOMepHO 10 v < I' < 0o n!/%-cocros-
TenpHas orenka (3. Bemmanae
ét:yt_ﬁlnytfl_"'_ﬁpnytfjw t:17"'7n7 <3>
HA3BIBAIOTCA OCTATKAMU, & (DYHKITHS
rn
Cu(z)=n > I(6 <), zeR! (4)
t=1

— OCTATOYHAS IMIHUpHUecKas DYHKIH DACIpeIeeHus. 31eCh U Tajiee
1(-) obosravaeT MHIUKATOD COOBITHS.
QOyukuus Gy (z) — aHAIOT THIOTETHYECKOH 3.d.D.

Cl@)=n1Y I(e, < )
t=1

HEeHAOIIOOAEMBIX BEINUNH £1, . . ., Ep.
B [1] nokazano: ecim G(z) apaxkapl guddepeHiupyeMa ¢ Ipous-
BoaHOI g(x) = G'(z) u sup, |¢'(z)| < oo, TO

sglgpunl/?[én(x) — G (2)] —yA(z, )| >38) =0, n—oo, (5)
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npu mobeix 0 < I' < 00, § > 0. 3mech C¢OBHUT, BOSHUKAIOIIII M3-32

3acOopeHuii, nMeeT BUJ;
P

Az, 1) = Y [EG(z + B;¢1) — Gl(x)], fo = —1.
§=0
[MockosbKy cTaTHCTUKN THITA XU-KBaApar [Tupcona SBASIOTCS TPOCTHI-
Mu (PYHKIMOHAIAMU COOTBETCTBYIOMIE 9.(b.p., yrBepxaeuus (5) mo-
CTATOYHO, YTOOBI IOCTPOUTD T10 £1, . . . , £, TECTHI THMA XU-KBaApaT [lup-
COHA, JI/TsT TIPOBEPKH TUTIOTE3bI Hg.

COOTBeTCTBYIOMAS CTATHCTHKA, X2, OyZIeT Onpe/eeHa B CIeayfomeM
Paznene 2. Ee acuMmmToTmyeckoe pacupejie/ieHne MPU TUMOTe3e OBLIO
Hafineno B [1]. PasymeeTcs, npesesibHOe pacipesieieHie o TP TUTIO-
Teze 3apucuT OT v u Il. BaxkHo, 9T0 mpenenbHBIN yPOBEHb 3HATUMO-
cru oy, Il) coorBercrByiomero recra TakoB, 4To eciau g 0 < « <
1 «0,II) = a, To

s%p |ee(v, 1) —a] =0, v —0. (6)

Coorromenue (6) 03Ha4aeT PABHOCTENEHHYIO HEIPEPHIBHOCTL CeMeli-
crBa {a(v,I)} mo v B Toure v = 0. MBI HHTEPIPETHPYEM €r0 Kak
ACHMIITOTHYECKYF0 KAYeCTBEHHYIO YCTOIYHBOCTE TPEIETHFHOrO YDOBHS
3HAYNMOCTH HAIIEr0 TeCTa XW-KBAJpAT OTHOCHTEIBbHO 3acopenuii. Ta-
Kasi yCTOHYHMBOCTh O3HAYAET, YTO MPH MajbIX v Tunoresy Hg MOXKHO
POBEPSATH TPUMEPHO HA ACHMIITOTHYIECKOM YDOBHE ¢ HE3ABUCHMO OT
I1. DTum croiicTBOM, KeTaTH, He 0bIaga0T TecTh Trma Koamoroposa
u omera-kBajpar st He, nocrpoentsie B cxeme (1) — (2). Cuv. 3ame-
ganne 2.3 B [1].

Eme pa3 momdepkHEM: yIOMSHYTHIE DE3YIBTATHl OBUIHM MOy 9€Hb
TOJIBKO TPH THIOTE3e Hg, MOIHOCTD TECTa TP JIOKAJBHBIX (GIH3KIX )
aJIbTEPHATHBAX HE HCCIIEOBATACE. A 3HAYHT, HE HCC/IE0BATACE H Kade-
CTBeHHAsT POBACTHOCTL TECTA TIPH TAKHUX aJbTepHATHBAX. B 910t pafore
MBI YCTPAHUM OTMeYeHHBI mpo6es U HCCIelyeM MOITHOCTL TECTa, TPH
aJbTEPHATHBAX, COMMMKAIOIIMXCA ¢ THIIOTE30H 1TPU 7 — 00 €O CKOPO-
cteio O(nt/?).

Hewseectuyto mpu Hg aucnepcuro maHOBaImMiT Hynem 0603HAYATH
03. Torna pu He &.p. G(z) = ®(x/6;). Jlamee Byaem u3y4aTs aib-
TepHATHBHYIO K Hg curyarmo. A nmeHHO, 6y/ieM TpeAnoiaraTb, 9To
b.p. naHOBaM G(x) ABASETCS CMECHIO:

Glz) € {(1 = pu)®(e/60) + puH ()}, )
H(z) = d.p po—min(l, 2=), p >0,
NLD

Ipeanonoxkenue (7) GyzaeM MOHUMAThL KAk aJbTEPHATUBHYIO K He ru-
noTe3y u 06o3HauaTh Ag. Pagymeercs, nipu p = 0 Hg 1 Ag COBITAIAIOT.
T'unoTesy Ag OyleM HA3LIBATE JOKAJIBLHON AJILTEPHATHROM ( XOTS HUKa-
KO MOCIIENOBATETBHOCTH PETYIAPHBIX CTATHC THIECKUX SKCTIEPUMEHTOR

56



MBI He OTIPEEIsieM).

[esb mHacrostieit paboTel — HAfiTH TPH Ag ACUMITOTHYECKYTO MOIIT-
HOCTDL TeCTa CO CTATUCTHKOH X2 W YCTAHOBHTH ACHMITOTHIECKYIO Ka-
YECTBEHHYIO POBGACTHOCTD TECTa NPU JIOKAJIBHBIX ajbrepHaruBax (7).

Pazymeercst, mjist perenust 310l 381891 HAM MOHAIOOUTCS aHAJIOT
pazJsioxkenus (5) npu ajabrepraruBe Ag. Heobxomumblii pesyabrar Gbi1
HOJIy9eH B [2], M MBI IDUBEJIEM €r0 JTajiee.

B zaxmiovenne pazzena 3aMeTUM, UTO B JUHEHHBIX W HEJTUHEIHBIX
ABTOPETPECCUOHHBIX cXeMax De3 3acopenuii 0.3.¢h.p. UccaeI0BaIach BO
muorux paborax, cM. 6ubmuorpaduio B [1]. B cxemax 6e3 3acopenuii
yAAeTCs TOAYYNUTh Jayke PABHOMEDHBLIE M0 X PazokeHus 0.3.Q.p. u
MOCTPOUTL TecThl THa KoaMoropoea u omera-kKagpar s He, oM.
[3]. Ho MOIIHOCTE 9THX TECTOB NPU JIOKAJIBHBIX aJIETEPHATUBAX HE UC-
CIETOBATIACK.

OcHOBHBIE PE3YJIBTATH PAOOTH TPEACTABJ/IEHBT B PA3ese 2.

OcHoBHbIe pesyiabrarbl. OfosHaunM §.p. uHHOBaIM pn Ag u3
(7) gepes Ay (x), Torma
An(@) = (1= p)®(2/00) + poH () (8)

[IPYU HEKOTOPBIX HEU3BECTHBIX Oy > 0, p > 0 u d.p. H(z).
Hawm moTpebytorcs jiBa yCIOBHS.

VYenosue (i). Cayuaiinas senuuuna ¢ ¢.p. H(x) umeer nynesoe
cpesHee M KOHETHYIO AUCTIEPCHIO.

VYenosue (ii). @.p. H(z) apaxas auddepenimpyema ¢ orpasu-
YEHHOI BTOPOI TPOU3BOAHOIA.

OnureM CTATUCTUKY THITA, XU-KBaApaT [upcona mis nposepku Hg

Hycrs B, 6yner mobas pasHomepro mo p < R u v < I' nl/2-
cocrogreabHas npu Ag onenka 3. ( R, 3necs u ganee — yiobbie Ko-
HedHble HEOTpHIATe/IbHEIE uncia.) Hanpumep, romqurcs GM-onenka u3
Paznena 2.3 B [1].

ycrs ocrarku {£;¢ = 1,...,n} oupeuesensl coorHomenueM (3).
Pazofnem JeiicTBUTEMRHYO TIPAMYIO HA M HETEPECEKATOTTIXCH MOJTY-
unaTepBaJioB By, ..., By,

By =(zj_1,z5], j=1,...,m, m>2, —co=1a7 <21 <...<Ty =00,
1 IIOJOZKUM

p;i(0) == P(z;/0) — P(x;-1/0).
Obo3raunM depe3 I/; IHCI0 OCTATKOB CPEAM €1, . . ., £y, IOMABIINX B B;.

Onenky 6y (0603Ha4mM ee 6,,) GyJaeM OCHOBBIBATH Ha, PEIIEHUN yDaB-
HEHUs

i) =0, (9)
1 P7

n ~
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B KOTOPOM I[ITPUX O3HAYAET NPOU3BOAHYIO. ToUHee, OIEHKY MOJIAraeM
paBHoii pasroMepHO 10 p < R, v < I' n!/2-cocrosirensroMy perrennto
(9) (oHO cyiecTBYeT ¢ BEPOSTHOCTBIO, CTPEMSIIeics K eIuHuIEe Py
n — 00), ¥ NPOU3BOJLHOMY IOJIOKHUTELHOMY HYUCTY, €CJIU YIOMSIHY-
Toro pemerns Her. Takas OneHka 0, ACHMITOTHYECKH HOPMAJTBHA W
citabasi CXOAUMOCTD K IIPEJIEIbHOMY rayCCOBCKOMY 3aKOHY PABHOMEPHA
m p < R,v<T.

Vpaguenue (9) — aHaaor 06LI9HOrO ypaBHEHUsT BULOUZMEHEHHOIO METO-

Jla MUHUMYMa XU-KBaJIPAT, B KOTOPOM HEM3BECTHBIE YACTOTHI V1, - . ., Vp,
3aMEHEHBI Ha, OLEHKH D1, . . ., Up. (37€Ch 1V — 9UCIIO C.B. CPESM £, . . ., Ep,
nonaBsIx B B;.)
OdeBusHoO, . .
Uy =n[Gplay) — Gulz;—1)], j=1,...,m. (10)

0.5.b.p. Gy (z) onpenenena B (4).
Unurepecyrommas HaC CTaTHCTHKA THMA XU-KBaapar llupcoma mis
nposepku Hg mMmeer BuI

m ~ A 2
62 _ (05 — np; (0n)) 11

j=1 npj( n)
ITO aHAJIOT CTAHZAPTHOMN cTaTHCTHKE [THPCOHA ¢ OTIEHEHHBIM METOIOM
MHUHUMYMa XH-KBaJpaT napamerpom 6.
B enny (9) - (11) crarucrika X2 sBnserca (DyHKIMOHATIOM OT
G (2). TIoaToMy ee aCHMIOTOTHYECKOE HCCIEN0BAHIE OCHOBBIBAETCS HA
CIIEIYIOMIEM CTOXACTHIECKOM PA3I0ZKeHNH.

Teopema 1. [Tycmb eepra asvmepnamuea Ag, m.e. Gyrwuus pacnpe-
denerun. unnosayutlt Any(x) sadaemes coommowenuem (8). Ipednono-
orcum, wmo dan H(x) eonoaneno Yeaosua (i) —(i1). Hyemv Golz) ==

P(x/00), ,
Ao(z,11) := > [EGo(z + B;61) — Go()], Bo = —

5=0
Tozda npu aobom 6 > 0

sup  P(|n'/?@,(z) — G, (x)] — vAg(z, IT)| > 6) = 0, n — co.
p<Ry<I

Hanomuum, G, () — 3.¢p.p. BeMUuH €1, . . ., &y
CdopmynmupoBannas 37ech Teopema 1 ciremyer u3 reopemsr 2.1 u et
crBus 2.1, MOKa3aHHBIX B [2].

Yrobsr ¢chopMyMpPOBATE OCHOBHONW PE3YJ/IBTAT HACTOSIIENR pPabOTHI
— TeopeMy 2, HaM TTOTPeOYIOTCHS HEKOTOPBIE 0D0O3HAYEHNSI.

OnpefennM IUArOHATBHYIO MATPHITY

Py = diag{p1(60), ..., pm(00)},
u sexTopwr do(I1) = (§P(I0),..., 82 (1) ¢ xommomenTamu (5?(1_[) =
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Ao, 1) = Ag(z;—1,11),
Dby = (p1(90)7 e 7pm('90))T7
A/ / T _ p—1/2 4 _
Py = P1(00), ..., pp(00))", bo=PF, '"py, eq=bo/|bol,
pr = (.. pDTc KOMHOHeHTaMﬂpf = H(z;) — H(zj_1).

OTMeruM, 9TO BEKTOD Py UMEET HEHYJ/IEBble KOMIOHEHTHI, a BeKTOD bg
HEHyJIeBOI, TaK YTO MATPUII Pofl/ ? 1 BEKTOD €( OIIPEIe/IeHbL.

Janee Fy,_o(z, XN*(p,v,11)) o6o3nagaer ¢.p. HEIMEHTPATIBHOTO XH-KBaI-
para ¢ m — 2 creneHsMu CBOOOALI M NAPAMETPOM HElEHTPAIBHOCTH
A2(p,~,11). Yepes | - | 6ymem obosHauaTh EBKIMIOBY HOPMY BEKTODA
wian MaTpuipl, a depes E,, — e MHUUHYIO0 MATPHILY TIOPSI/IKa 7.

Teopema 2. [Ipednoaosicum, wmo eepna asvmepramusa Ag. Tozda
npu Yeaosuax (i) — (i) dan mobox wonewnorr B > 0,1 > 0 u dan
a106020 5 >0

sup |P(>A<i SZE)—meg(ZIQ)\Z(p/)/?H)”—)()7 n — 0.
z€RY, p<R,y<T
Hapamemp neuenmpasvrocmu

N (p, 7 1) = |(Enm — e0ed )Py 2 [p(p1r — po) +100(1D)] .

Teopema 2 ozrauaer papaoMepHyio 10 p < R, v < I' crabyro cxo-
JMOCTB X2 K caydaiinoit semmamme ¢ G.p. F,_2(z, A2(p, v, 11)).

JlokazaTesbCTBO TeOPEMBI 2 JIOBOJIBLHO KPOTIOT/IMBO U 3JI€CH HE TIPH-
Bogutrcs. OHO ocHoBaHO Ha Teopeme 1 u cxeMa pacCyKIEHUH aHAJIO-
IUYHA JTOKA3ATeNBCTBY TeopeMsl 2.3 B [1].

Oboznaunm ¢.p. XU-KBaJApaTa ¢ M — 2 CTENEHAMH CBODOJBI Yepes
Fo_o(x), m nycrs (1 — «)-kBantuas sroit G.p. ¢ 0 < o < 1 Hyger
Xm—2(1 — ).

Bynem oreeprates Hg, ecin

> Xmoa(1 - ). (12)
MoTmTHOCTEh TAKOTO TECTa PaBHA
Walp, v, 11) = P(f(?z > Xm—2(1 — a)).
B cumy Teopembl 2 3Ta MOTTHOCTEH CXOAUTCS TIPU 7 — 0O DABHOMEPHO
mo p < R, v <T K aCUMOTOTHYECKOH MOTIHOCTH
W(p, v, 1) =1 = Fp a(xm—2(1 — a), )‘2(p7 7, 10)),  W(0,0,1I) = o
Hcnons3ysa HepaBeHCTBO
|Fk(x7 )‘%) - Fk(x7 )‘3” <2 Suﬂlg)l ¢(95)|)\1 - )\2|7
T
e ¢(r) cTaHgapTHas rayCCOBCKas MIOTHOCTD, i onpeaenente A2 (p, v, I1)
B TeopeMe 2, MBI TTOTyIaeM:
sup |W(p7 7 H) - W(p7 07 H)|
p=0,11
< 2/7|(Ep, — ecel )Py 2| sup |8°(IT)] = 0, ~—0.  (13)
i

Coorrommenue (13) o3Hauaer paBHOCTENEHHYIO HEIIPEPBIBHOCTL CeMeri-
crea {W(p,v, 1)} o v B Touke v = 0. MbI unTepuperupyeM 510 CBOi-
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CTBO KaK ACHMITOTHYECKYIO) KAa4eCTBEHHYIO pobacTHOCTH Tecta (12).
Taxas poHACTHOCTL O3HAYAET, UTO MPU MAJBIX 7Y HE3ABUCUMO OT Pac-
npeenenns 3acopenwii [ ruoresy He Bce elie MOYKHO ITPOBEDPSITE IPH-
MEPHO € aCHMIITOTUYECKIM YPOBHEM &, U TECT Oy/IeT UMETH MPUMEPHO
TaKYI0 YK€ aCUMITOTUYIECKYIO MOIIHOCTE pu Ag ¢ p > 0, Kak B cxeme
6e3 zacopennii. BecbMa TPUBIEKATEIHFHOE CBOWCTBO.
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Boldin M. V. (Lomonosov Moscow State University, Moscow, 2019)
Asymptotic Power and Qualitative Robustness of Pearson’s
Test for Testing the Normality Hypothesis in Autoregression.

Abstract. We consider a stationary linear AR(p) model with ob-
servations subject to gross errors (outliers). The distribution of outliers
is unknown and arbitrary, their intensity is yn~'/2 with an unknown
v, n is the sample size. The autoregression parameters are unknown,
they are estimated by any estimator which is n'/?-consistent. Using
the residuals from the estimated autoregression, we construct a kind
of empirical distribution function, which enables us to construct a test
of Pearson’s chi- square type for testing of normality of autoregression.
We establish qualitative robustness of this test and their asymptotic
power under local alternatives.

Key words: autoregression, residuals, empirical distribution func-
tion, outliers, Pearson’s chi-square test, robustness, close alternatives.

60



CermenTanus n300pakeHnii Ha OCHOBE
aJITOPUTMa OOHAPYKEHUS Pa3IajaKl |

BopobGeiiunkos C. 9., ¥ao1 B. A.

Hammonanbabiit nccnegoBaTenbekmuiit ToMcKuit TOCy1apCTBEHHDII
yHHUBepcuTer, ToMCK
e-mail: sev@mail.tsu.ru

AnaHOTaN U

PaccmaTpuBaeTca 3a7ada cerMeHTAINN MU POBOTO W300pa-~
XKeHWsS Ha ONHOPOJHBIE B CMBICJE TOCTOSHHOTO 3HAUEHWS SIp-
KocTh dbparMenTH. J7g ompelleennsd TpaHnt pparMeHTOB HC-
TOMB3YETCST AJITOPUTM OOHAPYKEHUST PA3MAIKA [2], KOTOPBIH MO-
IUUATAPOBAH NI OOHAPYKEHUST MHOTOKPATHBIX Pa3aloK ¢ Pa3-
JUIHBIMA YPOBHSIMHU CPeNHETO 3HAUEHNS SPKOCTH Ha OTAETBHBIX
yaacTKax. llocTpoeHHBIII MHOTOYPOBHEBEIN aJTOPUTM TTPUMEHS-
eTcsl TOCHeNOBATENRHO K KaXKJIoM CTpOKe W CTOMOIY m300pa-
XKeHnd. B KaxkJIOM U3 MONYUYEeHHBIX PPArMEHTOB BRITUCISIETCS
cpeJlHee 3HaUeHNe TPKOCTH W BCe 3JIEMeHTH pparMeHTa MOTIyda-
TOT 9TO 3HadeHue. | [puBOAATCS pe3yabTaTH YUCIEHHOTO MOJETH-
poBaHUS.

KirroueBbie ciroBa: aqropuT™ ceTMeHTAINN , TR POBOe N300~
paXkeHWe, OOHAPYXKeHNEe MOMEHTA PA3IaIKH.

IMocranoBka 3amauu. OjHON U3 3a/a49, BO3HUKAONIUX TpH 0Opa-
6oTKe n300paXKeHNUit, sIBJISETCI UX CErMEHTAIINS HA HETIEPECEKAOITNECS
bparMenThI, OJHOPOAHBIE TI0 HEKOTOPOMY IPU3HAKY (IBETY, sipKOCTH
n T,ZL) STaH CErMEHTAIINN ABJIACTCA IIPpEABAPDHUTEIIBHBEIM 1 MOZKET MC-
HOJIb30BATHCA B IabHEleM B 3aa9ax aedexrockonnu [1, 3].

IIpeamonaraercs:, 9To mudPoBOe N30OpaKEHNE PasMepa 1 X m OIH-
ChIBAECTCA YPaBHCHUAMN

Bli,j) = By + F(i,j) + Buli,j) i=Tm: j=Tm. (1)

3aecs By - dow; F(i,j) -byukmus "aproctn"uzobpazxerns (CUrHaIL-
Has COCTABJISIONMAst), 0OYC/I0BIeHHAs HAIUIHeM OOBEKTOB Ha U300pa-
skenuu; By (7, 7)- mym. 3ajada — NpOU3BECTH CErMEHTAIMIO n300pazke-
HUs Ha, OJTHOPOJHBIE TT0 TPKOCTH hbparMeHTs. [ljis 9Toro nperaraercs
HCIIOIB30BATE MOAM(DUIMPOBAHHBIN aJITOPUTM 0OHADY KEHUS PA3IAIKH
(KyMyngTUBHBIX cymM) [2].

1PaGota BeimonHeHa Tpu GUHAHCOBOH HOAepkKKe MUHUCTEPCTBa 06Gpa30BaHuUS
u nayku P®, Toczananue 2.3208.2017/4.6
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ANropmnTMm obHapy>XeHUs pasnagku. PaccMoTpuM CUTyaumio, Ko-
rga nocnefoBaTeNlbHOCTb HabNOAEHNI XN ABASeTCA noc/efoBaTe/lbHO-
CTbI0 HE3aBMCMMbIX FayCCOBCKMX CMyYaliHbIX BE/INYMH, Y KOTOPbIX AUC-
nepcus SAABASeTCA MOCTOAHHOM BENMYMHOW, a cpefHee 3Ha4YeHWe B MO-
MEHT pa3fiafikKm MeHsleTca C¢ ao Ha & Torpga cornacHo [2 anroputm
KYyMYynAaTuBHbIX cyMMm (AKC) onpefensertca crnegyowmm o6pas3om: Bbl-
YUCNAKTCA MocnefosaTesibHO CyMMbl
Sn+i =max(Sn + Xn+i- r,0), So=0, r = (ai + ao)/2, ai > ao, (2)
W peLleHre 0 HalMumMn pasnagkv NpuHUMaeTcs, Korja sHayeHme Sn npe-
BbICUT HEKOTOpbIA nopor h, asnswwmiica napameTpom anroputma. B
cnydae al < a0 mvcnonb3yeTtca gpyras cymma
Cn+i = max(Cn - Xn+i + r,0), Co=0. 3
B KayecTBe OLEHKM MOMEHTa pasfnafku NPUHUMaEeTcs 3HayveHne K +1,
rge K - TO 3HayeHue n, Npu KoTopom cymma Sn (unu Cn) nocnegHui
pa3 paBHANaCb Hy/0 nepes NPUHATUEM PELLEHUSA 0 HANUYMN pa3naiku.
OtmeTuMm, uTo AKC 0opueHTMpoBaH Ha 06Hapy>XeHWe 0AHOKPaTHOW
pasnagkn, CBA3aHHOW C yBesiMyeHWem (WM yMeHbLUeHMEM) CpegHero
3HayeHUs B HabnwgaeMon nocnefoBaTesibHOCTU. MNpu cermeHTauUmn oT-
[eNbHOW CTPOKM N300padKeEHNA MOXXET MPOUCXOANTb MHOFOKpPaTHOe U3-
MeHeHWe cpegHero 3HavyeHuUs. PaccMoTpum cnegyowmin npumep. MNyctb
npouecc x(n) onucbiBaeTcA YpaBHEHUSAMN
Xn= Sn + Cn _ Onh ~ N(,0.5), n=1,.., 500,
1, n < 300, n> 400
2, 301 < n < 400.
Takum 06pa3oM, cpefHee 3Ha4YeHWE npouecca XN U3MeHSAeTCA ABaXKAbl:
yBenMymBaeTca Ha eanHuuy npu n = 300 M yMeHbLUIaeTCa Ha efuHULY
B Touke N = 401 1 Ha MHTepBasie HabNOAEHNI NMeeTCA ABa MOMeHTa
pasnagkn. Mpaunk npouecca xn npefcrasneH Ha pucyHke 1. fanee

Puc. 1. Habnwogaemblii npouecc xn
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MOCTPOUM FpaKu KyMYMSTUBHBLIX CyMM
Sn+l = max(Sn + xn+l - 1.5, 0),
Cn+i = max(Cn - Xn+i + 1.5, 0), h= 10.0.

Puc. 2. KymynatnsHble cymmbl Sn 1 Cn

OTMeTVMM, 4TO MpuW MpeBbIeHN N6or cymmori nopora h ee 3Have-
HVe 06HyNseTcs M CyMMMpOBaHMe MPOA0/HKAETCA CO C/eAyHoLLero 3Ha-
yeHUs Xn. V13 pyCyHKOB 2 BUAHO, YTO cymMMa Sn, opyeHTUpoBaHHasA Ha
o6Hapy>keHune yBe/IMYeHNS cpegHero, NpUHMMaeT 3HadeHus, 6n11M3kme K
Hy/0 Ha nHTepBanax [1,300) n (401,500] v HeckKo/ibKO pa3 gocTuraer
nopora h Ha otpe3ske [300,400], rge cpefHee 3HayeHWe Habnwgaemoro
npouecca nmeeTt 6osnbliee 3HadeHMe. COOTBETCTBEHHO, cymma Cn MHoO-
rokpaTtHo npesblwaeT nopor h Ha mHTepBanax [1,300) mn (401,500] wn
NPpUHUMaET 3HadeHus, 6IM3KMe K Hyn Ha oTpeske [300,400].

[Ansa obHapy>eHVs MHOTOKPaTHOW pa3fiafKy Ha uHTepBasie Habnio-
JeHunii byaem 1Mcnonb3oBaTh 0AHOBPEMEHHO ABe CyMMbl Sn u Cn n uk-
cupoBaTb BCe MOMEHThI ti NpeBbIweHUi A cymmamm nopora h. Ecnn B no-
criefoBaTesibHOCTU ti HECKO/IbKO 3HayeHWn noapsg noay4veHbl 3a cyeT
MpeBbILLEHNSA MOpOora OAHOM W TOW >Xe CyMMOW, To 6yaem oCTaBsATb
TO/IbKO MepBOe U3 3TUX 3HaYeHWA. B pe3ynibTaTe B noc/iefo0BaTeIbHOCTU
ti 6yayT ocTaBNeHbl TO/IbKO Te 3HAYEHUS, B KOTOPbIX COCEAHUE 3/IEMEH-
Tbl MOJ/ly4eHbl MPW MPEBbILLIEHNM MOpPOra pas/INYHbIMU TUMaMKU CyMM.
Mpu 3TOM 6yAYyT NOAYYeEHbI OLLEHKN MOMEHTOB pasnagku. OTMeTUM, 4TO
anropuTm 06Hapy>XXeHMA MHOrFOKpPaTHOW pasfiafgku C UCN0/Ib30BaHUEM
TO/IbKO 0fHOlM cyMMbl Sn paccmatpuBasics B [4]. MNpu aTom TpeboBanochb
MMeTb BCIO peanun3auunio npouecca xn. [LoCTOMHCTBOM MpPeasio>KEHHOro
B JaHHOW paboTe anropmtma 06HapPY>XeHUS1 MHOFOKpaTHbIX pasfafok
AB/ISETCA BO3MOXXHOCTb MCMO/Ib30BaHMSA ero npm nocsegoBaTesibHOM Mo-
CTYNJ/IEHNSA AaHHbIX.
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CermenTanusa msoOpaxxkeumii. ONHUCAHHBIN aJrOPUTM OOHADYZKE-
HUsT MHOTOKPATHOW PAa3JIaIKHU UCIOJIB3YEM sl BBIJEIEHUS OIHOPOI-
HBIX TI0 SPKOCTU yYACTKOB IHU(PPOBOTO M300PAKEHUs. 33aJUM BO3-
pacTaroIne TPaHUYHbBIE 3HAaYeHusi spkocreit By, k& = 0,..., N. Ha-
pUMeD, T 3HAYEHUs] MOTYT BHIOUPATHLCS PABHOMEPHO B AUATA30HE OT
MHUHUMAJIBHOTO JI0 MAKCHMAJIBHOTO 3HAYEHUS PKOCTEH TOUYeK n300pa-
sxenust. Jlajiee BEIJIETSIOTCS T€ YIACTKY H300PasKeHrsl, KOTOPbIe MOYKHO
CUNTATH OAHOPOAHBIMU Jyis Auaa3ona aprocreil (B i, By]. Cuagasa
3HadeHne k mojaraercss pasubiM N. Mzobpaxkenne "mpocmarpusaer-
cst"MOCTPOYHO U Ha, KaxKJOH CTPOKE BBIIEISIOTCS YIACTKH OJIHOPOIHO-
ctu "k-ro yposusa"(crpounsie cermentn "k-ro yposas") ¢ HOMOMIBIO
OTIMCAHHOTO BHIIIE AJTOPUTMa ODHAPYKEHUsT MHOTOKPATHON PazIaIKu
Sj — maX(Sj,1+xj—rk70)7 SO — 07 T — (Bk+Bk,1)/27 j — 17 N U
Cj = maX(Cj,1 —z;+7k, 0)7 Co=0, 7=1,..m, h= 2(Bk—Bk,1).
3aeck x; TpeAcTaBiIAeT coDoW j—i# sJIeMeHT TeKymel CTPOKH m300-
paxkenus. Jlanee yuactku omHopomHocTu "k-ro yposusi"BeimensroTcs
AHAJIOTUIHBIM 00Pa3OM Ha KaxKJIOM ¢Tojbue uzobpazkerus (cTosbio-
Boie cermenThl "k-ro yposus"). B pesysbrare 00beuHEHHs T10/1yYeH-
HBIX CEIMEHTOB IMOJTydTaeM MHOMKECTBO (.

BareMm 3HaueHWE k YMEHBITAETCS Ha | U 9TAll BBIIEIEHUS OJHOPO/I-
HBIX CEIMEHTOB CJIEIYIONIEr0 YPOBHST MOBTOPsieTcst. [Ipu 91oM BO MHO-
JKeCTBO (J BKJIIOYAEM TOJBKO T€ TOYKHM M300paskeHrsi, KOTOPLIE He BO-
MITH BO MHOYKeCTBA (Jp, p = k-+1,..., N, KOTOPBIe OBLIN TOTyIeHB! Ha
MPEIBITY KX arax. B pe3ybrare Kaxkaas TOYKa n300pazkerus Oyaer
BKJIIOYEHA, TOJBKO B OJIHO U3 MHOXKECTB (.

Ha cremyromem 1mare aJropuTMa KayKIoe U3 MHOKECTB () pasbu-
BAETCsT Ha, HETIEPECEKAIONTHEC ST TTOIMHOKeCcTBa. Ha KazKIoM 3 moJydeH-
HBIX TTOJMHOYKECTB BEIYUCIISIETCST CPEeHee 3HAYEHNE SIPKOCTH U KAXKIast
TOYKA CEMMEHTUPOBAHHOTO TOAMHOXKECTBA MOIYIAeT 3HAUEHIE, PABHOE
BBIYHCIEHHOMY cpefiHeMy. B pesysibrate Hymer moTydeH0 CerMeHTHPO-
BaHHOE M300PaKEHUE.

PesyabraTtel MogeaupoBanus. g wumocrpanun paboThl ajro-
pUTMa CerMEHTAITNN PACCMOTPHUM CJieaytommuii mpumep. CMoIe TupoBaH-
Hoe m300paskeHne umeer pazmep 100x100. 3uauenume doma By B (1)
pasuo 100. O6bekTOM HA W30ODAYKEHUN SB/ISETCHS KBAAPAT C TPEMsi
YPOBHSIMU SIPKOCTU BHYTPH BJIOXKEHHBIX KBAJIPATOB, OTJINYAOIIAMU-
Csl 10 APKOCTH JPYr OT japyra u ot ¢oua Ha 10 equnurn (or 110 mo
130). N3obpazkenne nckaxkeno mymom By (4, 7), npeacraB/isiomum co-
601l He3aBUCHMBIE TayCCOBCKIE CIIyUAMHbIE BEJIMYUHBI C HYJIEBBIM CPe/I-
HUM U CPEJHEKBAJIPATHIECKUM OTKJOHeHHeM o = 5.56. Mcxonmoe u
BAITY MJIEHHOE M300ParKeHsl MPEeICTaBIeHbI Ha PUCYHKE 3.
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Puc. 3. VcxogHoe 1 3allyMieHHoe M306parkeHne

PesynbTaTbl NpUMeEHeHUA anropuTMa cerMeHTauum npuBefeHbl Ha
pUCYyHKe 4.

Puc. 4. CermeHTUpoOBaHHOe M306parkeHne

Mo pe3ynbTaram MoAeIMpoBaHNA MOXHO cAenaTb BbIBOA, YTO Npea-
NOXKEHHbI anropnTm cerMmeHTaumnm obecneymBaeTt A0CTaTo4YHO BbICOKOE
Ka4yeCTBO MNMpn BbICOKOM ypOBHE LUYMOB.
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Vorobeychikov S. E., Udod V. A. (Tomsk State University, Tomsk,
2019) Image segmentation on the base of change point algo-
rithm.

Abstract. The problem of image segmentation is considered. A
change-point detection algorithm ([2]) is applied to detect the edges of
segments homogeneous in brightness. This algorithm has been modified
to detect the multiple change-points with different levels of brightness.
The constructed algorithm is repeatedly applying to every row and
every column of the image. The average value of the brightness over
each fragment is calculated and each point of the fragment gets this
value. The results of simulation are presented.

Key words: segmentation algorithm, digital image, change-point
detection.
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OneHunBaHNe HeMapaMeTPUIeCKOil perpeccun
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AnaHOTaN U

B nammoit paboTe paccMaTpuBaeTCs 33/1a9a ONEHNBAHN ST HEW3-
BeCcTHOM PYHKNNY B HEMPEPHIBHON PETPECCUN ¢ TONYMaPKOBCKH-
MU TmyMamu. lIpuBomsaTcss pe3ynbTaThl YUCIEHHOTO MOMETHPO-
BaHWS SMITUPHIECKAX PUCKOB B3BENIEHHBIX OTEHOK HaNMeHBINX
KBaJPaTOB U MX yAYUNIEHHBIX BePCHil, a TAK¥XKe UCCAeNYETCS BIU-
SHWEe MeTTAIONIX MapaMeTPOB IITyMa Ha KauecTBO MPOTEYP Ole-
HUBAHWS.

KiroueBnie ciioBa: HemapaMeTpWdecKas PeTPecchsi, B3Be-
TITeHHEBIE OIeHKN HANMEHBITTNX KBaIPATOB, TOTYMapKOBCKHI PO~
1mecc, cpeIHeKBaIpaTHdecKas TOTHOCTb.

IMocTatnoBKa 3ajaan. PaccMOTPHUM CIEIyIONIY 0 PErPECCHOHHY ) MO-
JIETH ¢ HEMPEPBIBHBIM BPEMEHEM

dyy = S(t)dt + d&, 0 <t <m, (1)
rue S(-) — weuspecrHas l-nepuognueckas R — R dyukuus us npo-
crpanctBa Ls[0,1], nponecc (&;),~, — KBaJApPaTUIHO MHTEIPUPYEMEIil
CeMUMAPTUHIAJILHLIN [TyM, OIPeeIaeMElil PABEHCTBOM

& = prwe + paze, (2)

TIe p1, p2 — HEUBBECTHLIE KOI(DQHUIUEHTEL, (w;),~ — BHHEPOBCKHI IPO-
ece, (2¢),~¢ — HOLYMAPKOBCKUIl IPOLIECC BUAA

Ny
Zt :ZE7 <3>
i=1

rye (Y;)i>1 — mocse[oBaTebHOCTh HE3aBHCHMBIX O/TMHAKOBO DACTIpe/ie-
JeHHbIX cayvaiinex emmans ¢ BY; =0, EY,? = 1 u EY* < 0o . 3necn
nporiecc N; — 0606ImeH BT CYNTAONINIT TTPOIIECC, OTPeIe/IEHHBIN KaK

0 k
Ne=> lpey n Ti=>_m, (4)
k=1 1=1

rae (77),~, — IOC/AENOBATENBLHOCTL HE3ABHCUMBIX OJUHAKOBO DACIpe-
JACJICHHBIX CﬂyqaﬁHbIX BEJIMYMH ¢ MATEMATHYCCKUM OXKNJIJHHUEM T =
Er > 0. TIpouecce (2) noapofHo usyuen B pabore [1].

1 The work was supported by the RSF, the project No 17-11-01049.
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3asa4a cocrouT B TOM, 9T00BI OLEHUTH HEU3BECTHYIO Dy HKIMIO S| -)
B Mojienn (1) na ocHoBe HAbMIOAEHUH (Yt )y, U HUCCIIEIOBATH BIUAHIE
MEIAIIMX MapaMeTPOB ITyMOBOTO TIpoliecca (2) Ha Ka4ecTBO OlEHU-
BaHUA.

OrMeTuM, YTO PErpecCHOHHBIE MOJIeTH THIR (1) MUPOKO MpUMeHsi-
0TCs B 33J1a9ax 06paboTKU CUTHAIOB U Ha (DUHAHCOBBIX PHIHKAX [2, 3].

BsBelrieHHBIC OTICHKN HAMMEHBIINX KBaJgpaToB. [lns onenusa-
Husi HeuspecTHOi pyHkimu S(-) B Mogenu (1) ucnoas3yeM ee pasioxe-
uue B psj Qypbe TI0 TPUTOHOMETPHIECKOMY Ha3ncy (¢j)j>1 B Ls[0, 1],
KOTOPBIH ONPEETaeTcs Kak
$p1=1, ¢ =V2Tr;(2n[j/2]z), j=2, (5)

rae dyuknus Tr;(-) = cos(-) mns weTHHX j u Tr () = sin(-) s
HEYeTHLIX j, [2] — 1enas 4acThb z.

st adpdekTHBHOTO OMeHNBaHNs HEOOXOIUMO HUCIOIB30BATH B3BE-
IICHHbIE OLICHKH HAMMEHDIIIX KBAJPATOB, ONPEesembLe dopmynoit

EZA )05 (t), (6)
rae

s ™)
a K03 DUIMeHTH A = ()\(j))1 < j<n TIPUHAJTIEXKAT HEKOTOPOMY KOHEH-
HOMY MHOXKecTBY A w3 [0,1]™.
Ompenennm Becossie KodddurenTsl (A(f)), - j<n - PacCMOTPEM JUIs
HEKOTOPOTO (buKcupoBaHHOTO 0 < £ < 1 4UCIOBYIO CETKY BUIIA
A=11,.,k"} x{e,...,me}, (8)
rie m = [1/¢%]. Ilpemnonaraem, 4ro o6a mapamerpa k* > 0 u & —
dbyuximn or n, ve. k¥ = k*(n) n £ = £(n) Taxkue, 410
lim,, oo k" (n) = +o0,

=

lim,, .., n°c(n) = +oo
ans joboro 6 > 0.
Jis kaxporo « = (8,1) € A BBeseM N0C/IE10BATELHOCTD BECOB

Ao = ()‘(j))lgjgn C dJIEMEHTaMN

Nal) = Lazgzay + (1= (/wa)”) Lacgzen (10)
(B+DES+D

e d = [Inwv,], w, = (dglvn)l/(25+1), dg = 255 ) Un =

o = gt + 3/7 1]
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ViydiieHHbIe B3BENIEHHBIE ONEHKM HAWMEHBIITNX KBaIpaToB.
Tenepb paccMOTPUM METO, YJIy UIIEHHOTO OleHUBaHus s Moaesn (1),
IpeIOKEHHEI B [2].

IIpennoxenune 1. Cywecmsyem maxoe ng > 1, wmo das awboezo
n > ng cywecmeyem o-aneebpa Gy, 0af KomMopotll cayatlineit sexmop
Ean = (§jn)1<j<d ABAACMCA YCAOBHO 2GYCCOBCKUM OMHOCUMENLHO Gy
na R? ¢ mampuueti xosapuauud

Gn = (E(&n&inl9n))i<; j<q (11)
U das HEKOMOPOTL Hecay atinot kornemarmat [y > 0
Qincg tr G, — A (Gr) 2 00 (12)
€Qn

20e Ao (Gr) — marcumaavnoe cobemeennoe snanenue mampuiot Gy, .
Jist mozienn (1) — (2) uMeeM CaenyroNuii pe3yabTar.

IIpeanoxenne 2. [Tycmv 6 modeau (1) wymosots npovece onucoiea-
emea kax 6 (3), mozda li, = (d — 1)o, 2de 0 < o < pi.

JlokazaTesbCTBa NAHHBIX TPE/JIOKEHNI MOKHO HaWTH B [3].
Teneps a5 1epBrIxX d ko3hPunnentos Pypbe UCIIONBIYEM YIIYH-
IIEHHbIE OUEHKH BHIA

050 = (1= 9050 (13)
. Cp, ~ A d
= Lij<icqy, Op = (.9n) ; = Ll
e gl) = o losss i)y [Ela = 525 0
d I
Cn = (14)

"

(r;; + \/d/vn) n

TooKuTe/IbHBI TAPAMETpP 7, VAOBIETBOPSET CAEYIONIUM YCIOBUSIM
. .o

lim 7, =00 m V§>0 lim ¢ =0. (15)
n—oo n—oo N,

Torma Kaace yaydiIeHHbIX B3BEIIEHHBIX OMEHOK HANMEHBITNX KBa/I-

paros s byukiuu S(-) uz (1) upumer caeayonmii Bu,L
n

S3() =D NG, 5(0). (16)
j=1

Yucaennoe mogenupoBanue. B (1) Beifepem 1-nepuoauyeckyio QyHK-
mmro, onpenenerayio mpu 0 <7 < 1, Kak
S(t) = tsin(2nt) + t2(1 — t) cos(4nt). (17)
Jist ocyiecrsienust cumysisiiin Mogen (1) Heob6xoauMo nepeiitu
K ee auckperusanuu (cM., Hanpumep, [4])
Ay; = S(t;)At + prAw; + paAzy,  j =1, np, (18)

Aw; = VAL 1 Az; = { 0, ecma Bk : ti1 <Typ <ty (19)

Y, wHadge,
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rae (1;), (Y;) — B3aHMHO HE3ABHCHMEIE MOCIEIOBATEILHOCTH HE3ABH-
CUMBIX CIyYafiHBIX BEJIMYNH, MEFOTTNX CTAHIAPTHOE HOPMAJTBLHOE Pac-
npenenenne, 15, = Zle 71, (1) — HOCAEI0BATENBHOCTE HE3ABUCUMBIX
OJIMHAKOBO PACTPENETEHHBIX CAYIAHBIX BEJUINH, UMEROIUX Pacipe-
JeqeHne XU-KBaapaT ¢ k CTEIeHsIMU CBOOOIHI.

st BeIAmC/IeHNsS BeCOBBIX KO durmenTtoB nomoxum k% = 100 4
Vinn, e = L, m = [lnzn].

Inn

Onenky MHK 6ynem crpouts 110 chopmyse (6). Takzke Gymem cTpo-
uth ape yiayuamennse oneakn MHK. Jlis mepsoit onenkn B hopmysie
(14) B xagectse [ Gynem 6pats [} = (d —1)p? w3 npeayoxenns 2, nyis
BTOpOIl oteHku Bo3bMeM [1* = tr Gy, — Apax(Gr) coryacuo npemyio-
skennto 1. Torma B coorsercrun ¢ (16) nostydum yiydiieHHbIe OLEHKH
BUIA

Si(t):ZA(j)0§,n¢j(t) u s;*(t):ZA(j)e;;%(t) (20)
COOTBGTCTBGH%:O? Jj=1

,ZLHH CpaBHECHUA YHUCJICHHLIX DPE3YJILTATOB WCIOJB3YEM IMIIUPDUYEC-
CKuil PUCK, KOTOPHII Onpeneasercs o ceayomnei popmyie

R 1 M 1 np . 9
1.9 = 572 | 2 (st =sw) |,
rae p = 1000 u M = 100. AnajoruysbiM 00Pa30M OIPEIesITIOTCS

R(5*,8)u R(5*",9).

O6osmaumy Ay — R(S,S) — R(S*,S), Ay = R(S,8) — R(5**,8).
Wccnenyem BiansHue MEIAOIIIX TADAMETPOB Ha KaUeCTBO OIleHKH. Pac-
CMOTPUM CJIEYIONINE CAyHan.

1. Nzmenenne mapamerpa n upu p1 = pa = 0.5, 7 = k = 3. Suadge-
HUsT KBAIPATUIHBIX PUCKOB npeacTapiensl B Tabauie 1. Ha pucynke 1
POIEMOHCTPUPOBAHb! Tpaduku Ay, Ag, The CIIoNHAsS KPUBas COOT-
BercTByeT (byHrimn Aj, a TyHKTUPHAs KpuBasi — (pyHkimu Aj.

2. Nsmenenne napamerpa 7 = k mpu p; = py = 0.5, n = 100.
SHayeHNs KBAIPATHYHBIX PUCKOB MIPEICTABIEHBI B TabuIe 2.

3. Nsmenenne mapamerpa p1 upu 7 = k = 3, ps = 0.5, n = 1000.
SHayeHNsT KBAIPATUYHBIX PUCKOB TpeacTaBiens B Tabymie 3. Ha pu-
CYHKe 2 TpoaeMOHCTPpUpOoBaHbl rpadukn A, As.

4. Namenenne mapamerpa po pu 7 = k = 3, p; = 0.5, n = 1000.
SHayeHNsT KBAIPATUYHBIX PUCKOB TpeacTaBiens B Tabsmre 4. Ha pu-
cyHKe 3 mpoaeMOHCTPpUpOoBaHbl rpadukn A, Ag.
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Tabnuma 1 — Keagpatuyssie pUCKY TPU U3MEHEHUN TIAPAMETPA 1

n R(S,S) R(S*.S) | R(S™.9)
20 | 0.06612133 | 0.06351045 | 0.06293257
50 | 0.03259358 | 0.03193463 | 0.03174086
100 | 0.0172123 | 0.01706185 | 0.01702013
200 | 0.01118756 | 0.01113515 | 0.01111913
500 | 0.005962003 | 0.005946709 | 0.005941997

Tabnumna 2 — Kpagparuydsbie pUCKy TPH W3MeHEHUH mapamerpa 7 = k

k 3 4 ) 6
R(5,8) | 0.01721230 | 0.01644610 | 0.01664828 | 0.01612601
R(5*,5) | 0.01706185 | 0.01631981 | 0.01650714 | 0.01600129
R(5*,5) | 0.01702013 | 0.01629527 | 0.01648733 | 0.01598728

k 7 8 9 10
R(5,8) | 0.01563492 | 0.01595340 | 0.01542107 | 0.01592017
R(5*,5) | 0.01550909 | 0.01581666 | 0.01527805 | 0.01578663
R(5*,5) | 0.01549431 | 0.01580341 | 0.01526778 | 0.01577674

Tabnumna 3 — KpagpaTtuydnbie pUCKY TPU M3MEHEHUN TTAPAMETPA 1

£1 0.5 1 1.5 2 25
R(S5,5) | 0.003005 | 0.007384 | 0.014434 | 0.020801 | 0.031100
R(5*,5) | 0.003001 | 0.007360 | 0.014329 | 0.020597 | 0.030640
R(5**,8) | 0.003000 | 0.007358 | 0.014325 | 0.020594 | 0.030635

£1 3 3.5 4 4.5 5
R(S5,5) | 0.037657 | 0.050111 | 0.064565 | 0.068434 | 0.082685
R(5*,5) | 0.037080 | 0.049101 | 0.062929 | 0.067214 | 0.080897
R(5**,8) | 0.037075 | 0.049094 | 0.062921 | 0.067209 | 0.080892

Ha ocHOBe pe3y/ibTaTOB, IPEICTABIEHHBIX B Tabuax 1 - 4, a Takxke
Ha pucyHkax 1 - 3, MOXKHO CAeNIATh CeIYIONIe BEIBO/IBI:

o [Ipu yBenuuennn napaverpa n HabJIIOJAETCST MOHOTOHHOE YMEHb-
MeHne IMIUPUIECKAX PUCKOB.

e [lpu yBenuuenun napamerpa 7 = k HAOIIOIAETCH yMEHBITIEHHE
IMITUPUIECKUX PUCKOB, HO OTCYTCTBYET MOHOTOHHOCTb.
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Tabnuua 4 - KeagpaTuuHble PUCKM NPU U3MEHeHUM napameTtpa p2

P2
R(S, S)
R(S*,S)
R(S**,S)

P2
R(S, S)
R(S*,S)
R(S**, S)

0.5
0.003005
0.003001
0.003000

3
0.012472
0.012464
0.012381

Puc. 1. F'padvkn A1, O,2 Nnpy N3MEHEHUN NapameTpa n

Puc. 2. Fpadvkn A1, 0,2 npy n3MeHeHUN napameTpa pi

1
0.003738
0.003735
0.003731

35
0.016252
0.016242
0.016096

72

15
0.005140
0.005136
0.005125

4
0.020559
0.020546
0.020307

2
0.007241
0.007235
0.007208

4.5
0.024985
0.024974
0.024693

25
0.009970
0.009962
0.009904

5
0.030338
0.030325
0.029908



Puc. 3. Fpadvukn A1, A2 npn N3MeHEHUN NapameTpa p2

< [pu yBennueHUM napameTpoB pi U p2 Ha6MwAaeTcs MOHOTOHHOe
yBeNINYEHNE IMMUPUYECKUX PUCKOB.

e MMpu yBenuueHun napameTpa p2 HabNwAAETCS YBe/IMUeHME pas-
HULBI MEXAY Y/TyULIEHHbIMU OLIEHKAMU.

= Bo Bcex paccMOTPeHHbIX Cllydasix oueHKa S** aBnsieTcsa Haumbo-
nee 3PPEKTUBHOW B CMbIC/Ie CPEAHEKBAAPATUYECKO/ TOUHOCTW.
DTO 03HAYaAEeT, YTO MPW MOCTPOEHUUN YJIYULLIEHHOW OLEHKM PEKO-
MeH/yeTcsl UCM0/1b30BaTb AOCTYMHYK anpuopHy MHGOopMaLuio
0 MellawnLWux napameTpax LWYMOBOro mnpoLecca.
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Abstract. In this paper, we consider the problem of estimating an
unknown function in continuous regression with semi-Markov noises.
The results of numerical modeling of empirical risks of weighted least
squares estimates and their improved modifications are presented, and
the effect of interfering noise parameters on the quality of estimation
procedures is studied.

Key words: nonparametric regression, weighted least squares es-
timates, semi-Markov process, mean-square accuracy.
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AcummnTornyecku 3¢dpHeKTUBHOE
oleHnBaHMe KO3(duUIimeHTa CHOCA B

AN Py3nOHHBIX MPOIleccax
Ilepenenckuii C. C., ITuemmunen E. A.

Tomckuit TocyTapcTBEHHBIN yHUBEPpCUTET, TOMCK
e-mail: slavaperelevskiy@mail.ru

AnaHOTaN U

B cTathe nccnenyroTed acuMITOTHYECKHE CBOMCTBA TTPOTIENY~
PHL BRIOOpa MOMENW NJS ONMeHKH HeM3BeCTHOTO Ko3dduimenTa
cHoca B nuddy3noHHBIX Tpomneccax. [[okazaHo, 9To mporeaypa
ACHMNOTOTHYeCKH 3beKTUBHA, T.e. YCTAHOBIEHO, YTO ACHMIITO-
TUYeCKU KBaJAPATHIHBI PUCK TPOTNEAYPH COBNANAET C MOCTO-
auaroit [ImaCcKepa, KoTopas obecieunBaeT TOUYHYIO HIKHIOIO Tpa-
HUIY KBaJpPaTHIHOTO PHUCKA MO BCEM BO3MOXKHBIM OTEHKAM.

KiroueBrnie citoBa: yaydlienHasi oreHKa, Tudpys3noHHBIH
TPOIECC, CPeTHEKBAIPATHIHAS TOTHOCTD, OpaKyIbHOEe HEpABEH-
CTBO, KOHCTaHTa |ImHCKepa, achMITOTHYeCcKas 3PpDEKTUBHOCT.

Beegenme. PaccmarpuBaercs 3amada aCHMITOTHYIECKH P PEKTHB-
HOTO OIEHWBAHNS Hem3BecTHOro Koy dunmenta cHoca B qudpy3mnon-
HOM TIPOIIECCE, OTTHUCHIBAEMOM CJIEIYIONNM CTOXaCTUIeCKuM auddepen-
ITHAJILHBIM YPABHEHUEM:

dy, = S(y,)dt + dw,, 0<t<T, (1)
rue (wt)tzo — CKaJIAPHBIN CTaHIAPTHBIN BUHEPOBCKUIT IPOIECC, HAYaTb-
HOe 3HAYEHWE Y, - HEKOTOpas 3aJlaHHas KOHCTaHTa, W S(-) — Hems-
BecTHBIH KO3 durmenT caoca. Takme MOIETN MIUPOKO WCIIOJIB3YHOTCS
Ha (PUHAHCOBBIX PhIHKAX, B paguodusuke u t.j. [1]. Samaua cocront
B TOM, 4T0OBI OlleHuTh pyHKIWoO S(z), = € [a,b], 10 HabIONEHUsSIM
(yt)o<t<r. OCHOBHAA TIEb ITOH CTATHY - TOKA3ATh CBOHCTBO ACHMIITO-
THYecKol 3 pekTUBHOCTH yIYUINEHHON TTPOTEIy PRI BEIOOPA MOJIEH,
npeioKenHoil B [2] ayis onenupanus byukimu S B (1).

[Mousitwe acuMIITOTHYECKOH 3DPHEKTHBHOCTH CBA3AHO ¢ ONTUMAIhb-
HOM CKOPOCTBI) CXOAWMOCTH MHUHMMAKCHOI'O PUCKA, T.€. BaXKHON IIPO-
6.1eMOT B PE3Y/IBTATAX ONITUMAJIBLHOCTH SIBJISETCS MCC/TEI0BAHNE TOYHOMN
ACUMIOTOTHKN MUHUMAKCHOTO PUCKa. Takue 3a/1a49a, HATPUMED, U3y da-
JIUCE JJis MOJIEJIU TeTepocKeaacTuyaHoi perpeccun Edpoiimosuyem [3]
u Tunckepow [4]. Yrobel 1oka3aTh acHMITOTHIECKYO 3D DEKTUBHOCTD

1PaGora BrimonHena pu dpuHarCcOBOH Hoaepxkke PHD, npoext No 17-11-01049.
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MPOTIEY PHI, HEOOXOIMMO MOKA3ATh, 9TO €€ ACUMITOTHYIECKHH KBaIpa-
TUYHBIIT PUCK COBHAJIAET ¢ HUZKHEN rpaHulleii, onpeaeasaeMoil KOHCTaH-
roit [Inrckepa [3, 6]. B naHHOI cTaThe 3a/a49a PENIAeTCs ¢ UCIOMB30Ba-
HHEM TIOJXO/Ia, OCHOBAHHOTO HA METOJAX BRIDOPA MOJEell U OpaKy/ib-
HBIX HepapeHcTB. HamomuamM, 910 MeTos BhIOOpA MOJENN TIOSBUJICS B
HOBaTOpCcKUX paborax [7] u [8]. Kpome Toro, Bappon, Bupxe u Maccap
[9], Maccap [10] u Kuaiin [11] paspaboraiu 10T METoI, j1jis MOy YeHusi
HEACUMIITOTHIECKIX OPAKYJbHBIX HEPABEHCTEB B MOJIEISX HEMApaMer-
PUYECKOW PETrPecCui ¢ TayCCOBCKUM TITYMOM B AWCKPETHOM BPEMEHN.
K coxanennto, 9T0T METOS HE MOXKET OBITH TPUMEHEH B HAIEM CJIy-
qae g 0KA3aTeThCTBA CBOMCTBA aCHMIITOTHYIECKOH 3¢hHeKTUBHOCTH,
MOCKOJIBKY KOIPUITHEHT B OCHOBHOM CJIAraeMOM B MOy IE€HHBIX HEPA-
BeHcTBaxX Gosibine equaunpl. [1o 9ot npuunie B marHO# cTarhe Gymem
HCIIOIB30BATH METOJ, PeIoKeHHEI B [12].

Crarbsi IOCBdIEHA OlieHKe HeusBecTHO byukimnu S(x), a <z < b,
B CMBIC/IE CPEJIHEKBAIPATHIECKOTO PUCKA,

b
R(57,5) = Esl|Sp =517, S|P :/ 5% (x)de, (2)

rae §T — HEKOTOpasi OIeHKa S 1o HabmomeHuaM (y,)gcicp, @ < b —
HEKOTODBIE [eficTBUTeTbHBIE TicIa. 37ech By — MaTeMaTHHaeckoe K-
JIaHVEe OTHOCHTENTLHO pactpesenenus P ¢ ciywaitroro nporiecca (y; Jo<i<T-
Yr0obb! MOAYYNThL HAJIEYKHYIO OlIeHKY DyHKINN S, HEOOX0MMO, ITOOLI
nporece (1) obaanan cBORCTBOM 3ProaudaHocTH. Jjisi 9TOro mpeamno/io-
JKHM, 9TO Hen3BecTHas (pyHKINS S TPUHAIJIEKUT CieayiomemMy (hyHK-
[IHOHAJILHOMY KJIACCY: .
S — {5 € Lipy(R) : |S(N)| < L; ¥lz| > N, 3 8(x) € C(R)

rakas, uro — L < inf S(z) < sup S(z) < —1/L}, (3)
|| =N |w|>N
rme L > 1, N > |a| + |b|, S(z)— npomsommas S(zx). Ins orneHkn
cuoca S B (1) Danpayk u [epramenmmkos [13] npemioxuam npume-
HUTH TOCae0BaTebHEBI oaxo. [lepBhlil mar — mepexosn, K MOJAEN
perpeccuu ¢ JUCKPETHBIM BPEMEHEM C MCIIOJIBF30BAHUEM yCEYeHHON 1o-
CJIIOBATEIBLHOl poneAypsl, npeacrasiaeduoii B [5]. C 510ii neibio B
b0l ToUKe x, paBHOMepHOrO pasbueHns orpeska [a,b], onpemennm
MOCTIEI0BATENBHYT0 TTPOTIeAYPY (74,.S;) ¢ TPABUIOM OCTAHOBKH T), M
onenkn S;. Jna Y, = S; ¢ 1 <k < n, npuxoanM K ypaBHEHUIO Derpec-
cun Ha HeKOTOpOM MmHOkectBe ' C Q) (supSEEL N Py(I¢) < Iy, tme
limy 7711, = 0 pus aoboro m > 0): ’
Y, = S(zp) + G (4)
31ech, B OTINYHRE OT KJIACCHIECKOI PerpeccHonHOi MOIETH, TOCTe-
JIOBATEIBHOCTD MIyMOB (), )1 < <, UMEET CJIOKHYIO CTPYKTYDY, & UMEH-
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HO,

G =0 & 1 0 (5)
tiie (0) < p<n — MOCTENIOBATENBFHOCTE HEKOTOPBIX HAOJIIOAEMBIX CJIy-
GAHHEIX BEIIHH, (0}, ) | <<, — TOCTEI0BATETLHOCTh OTPAHNYEHHEIX CTy-
JAHHEIX BeTmTnH U (&))<, — TOCTE0BATETLHOCTD H.0.P. CyaiiHBIX
pemmand m3 N0, 1), KOTOpBIe He 3aBHUCAT OT (7)) <<y

Yro6e! oneHnTh GyHKIHIO S B Mogeau (4), MBI HCIIOIB3yeM METOI
BBIOOpA MOJEJH, OCHOBAHHBIN Ha YJIyUIIEHHBIX B3BEIIEHHBIX OIMEHKAX
HAUMEHBIINX KBAJIPATOB, NPeIIoKeHHbIX B [14]. VcosepineHcTBOBAH-
HBI METOJT OIEHUBAHUS B HEMAPAMETPUUIECKUX PErPECCHOHHBIX MOJIe-
Jsx 6eut paspaboran B [15, 16, 17].

OpakyiapHOe HepaBeHCTBO. Jlng Toro 9Tofbl ONEHUTH HEN3BECT-
Hy10 QYHKIMIO B MOgesu (4), UCHO/Ib3yeM YIIyUlleHHbIE B3BEIIEHHBIE
OTIEHKHU HAUMEHBITHX KB&,ZLpaTOB onpejiesieHHsie B [2],

Si(z)) = Z)\ ¢;(x) 1y, 1<1<n, (6)

e (¢;)j<1 ABNAETCHA CI/ICTGMOI/I OPTOHOPMUPOBAHHBIX (DYHKITHI, BEK-
TOp BeCOoBBIX KO3(QGuimenToB A = (A1, ..., Ay, ) IPUHAJIEKUT HEKOTO-
poMy KoHeduHOMY MHO)KecTBY A 13 [0, 1]
d
£ C(d) a a2 n2
n

j=1
~ b—a
Ojm = ——— D _Yidy(x)

3aecy xovdpdburment d ~ ne/lnn,B < e < 1, ¢(d) =~ d/n. Tenepn
onpegenum onenky fyisi S in (1). Tlosoxum g sioboro a < z < b
rn

S;(ZE) = S;(xl)l{agzgzl} + ZS;(xl)l{zlfl<z§zl} . <7>

1=2
Y1661 BEIOPATH U3 9TOIO CEMENCTBA HANIYHINYIO OIEHKY, MbI JI0JI?KHbBI

HAIIUCATE IPABUJIO JAJId OIPEIe/IEHHA BEKTOPa BECOBEIX KO3 dummen-
ToB A € A B (7). OueBnnHo, 910 Jydrmuii cnocod — MHUHHMH3HPOBATh
IMIIMPUHUECKYIO KBAIPATHHECKYIO OMUOKY 10 A:

Err, (A) = [|IS} — S||2 — min .
Ucnonezys (7) u Hpeo6pa303aHHe CDypbe s S, HoJLy aeM

Err,,( Z)\Q )02, —22)\ O Z
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Hockomeky KO3 durment 6, HeN3BECTEH, HAM HyZKHO 3aMEHHTDH Be-

*
JITIHHBT c9j7n 0; , HEKOTOPMH OLCHKAMH, KOTOPBIC BBIONPAEM KaK

"
5 i o b—a b—a 9 9
in — YinYin T 84 Sin = E ol o (x;).
Jim Jntgm n dm € Sin n — l ¢g( l)
3a 9Ty 3aMeHy B SMIUPUYIECKON KBAIPATUYIHON OMMOKE HYKHO 3aILIa-
tuth "trrpad”. OHpG,ZLe.HHGM H.H&TG)KHyIO byHKITIO

2 2
Z)\ 052, 22)\ 0;n + PPN,
rae HGH&HI/IB&L{I/IOHHOG CJIaraemMoe OHpe,ZLeﬂHeTCH KaK

Py ="

n

u 0 < p < 1 — HEKOTOPAs TIOJIOKUTEIbHAS TOCTOSHHAS, KOTOPasd OyaeT
BBIOpana noszke. llomoknm
A = argmin, _, Jn(A)
u onpeaeaum oneHky S B suge (7):
S*(z)=55(x) mma a<wz<b. (8)
Teneppb 1oJIyUUM HEACUMITOTHYECKYIO BEPXHIOK OLEHKY JIJIsl KBaJipa-
TUYECKOrO pucka (8).

Teopema 1. ITycmv A C [0, 1]" a0boe xoneurnoe MHoocecmeo, maxoe,
4mo nepesvte d < n KoMNoHeEwmM 6eco6ozo sexmopa A pacrot 1. Tozda dan
amobozon >3 u0 < p < 1/6, ouenka (8) ydosaemesopaem ciedyrowemy

OPAKYALHOMY HEPAGEHCTNEY

R 1+6p v, (p)
EgllS —5||2 —(mgnngsHS,\ 5||2+T

?

ede limy, oo ¥, (p)/n = 0.

Teneps paccMOTPHM 33Jady OlleHuBaHus B Mojese (1) uepes Mo-
genb (4). [puvennm npoteaypy oleHuBadusi (&) co CrenuaIbHBIM MHO-
JKeCTBOM BECOB, BBeLeHHBIM B [5] K cxeme perpeccun (4). O6ozHauas
St = S;a, BaIUTIIEM

§*=8 ¢ a= argming, ., In(Ag) -

Teopema 2. [Ipednoaoorcum, wmo S € X n U KOAUHECTIEO MOUEK
n=n(T) = o npuT — oo 6 moderu (4). Tozda npouedypa S*
ydosaemesopaem OnA /L106oag T > 32, caedyrouemy HepaseHcmasy
R(S*,8) < A +p)° +6p) min R(5*7S)+8T_(p)
1—6p afA « n
ede limy_ oo By(p)/n(T) =

?
€

Acmvmnrorndeckasi 3 deKTuBHOCTL. Jljisi m3yveHnst acUMIITOTH-
qeckoit 9pPEeKTUBHOCTH ONIPEIETNM CJIE YOIl (DYHKIMOHAJIBHBIH TITap
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Cobosera.
= {f € Ck([a,b]) Z IFO)? <7}, 9)

rae v > 0 u k > 1 — HEKOTOPbIe HEM3BECTHBIE MTAPAMETDHI, C’g([a7 b)) —
npoctpancTeo k pa3 muddepentmpyemerx dyukimii f : R — R raxwnx,
91O
fD@)=0, g 0<i<k—1 u z¢]ab.

Bynem HazbiBaTh Takue QyHKIMU Nepuoduveckumy 1a ompeske [a, b).
[Iycte S, 6yner duxcuposannoii k+ 1 pa3 HenpepsiBHO- I dbeperIy-
pyemoii pynkumeit uz Xy . Homoxum

Ouy — (S = So+ £, FeWL,}. (10)
Y1066 cHOPMYIUPOBATE ACHMIITOTHIECKIE DPE3YIBLTATHI, OMPEIeuM
CIIEAY O HOPMUPYONNH KOI(DPUITHEHT

2/ (2k+1)
Y(S) = ((1+ 2k)r)H/C+D (%)

b
1 exp{2 dz}
J(S) :/ ——dz, qg5(z) = —= Jy S
o qs(@) ' exp{2 fo 2)dz}dy
Xopomo M3BeCTHO, 9TO A7 Joboro S m@,” ONTUMAJILHAs CKOPOCTh

(11)

rie

exommmocta T 2%/ R+ (en | manpumep, [18]). Mmeem cieaymomtyio
aCHMHTOTquCKyIO BEPXHIOKO OHeHKy IJIsA KBaAPaTHYIECKOrO PHUCKaA.

Teopema 3. Keadpamuueckut puck (2) das npouedypo, oueHuearus

S* umeem caedyrouyro acuMNMOMUYECKYIO 6EPTHIOND 2DAHULY

8
limsup T2 k1) qup RS 5) <1. (12)
T—co seo,, v(S)

D1a BEPXHAA T'DaHUIla TOYHA B CJACAYIOIEM CMBICJIE.
TeopeMa 4. ,ﬂ./L.ﬂ 210601 QUEHKU S us S USMCPUJ\/LOlZ OMHOCUMEADHO
]_-y

T

R(S,S
liminfinf 72/ G0 qup R5,9) >1,
T—oo g seo, . v(S)
ede FY — o— anzebpa, noposicoennan nabaodenuamu (Y )o<i<r.

(13)

Bameuanme 1. Hepasencmea (14) v (13) osnanarom, wmo dynxuun
(11) - xwonemanma Iunckepa 6 danrom caysae [4].

Cuencrue 1. Hs meopem 2 u 3 caedyem, wmo npouedypa svibopa
modeau S*, onpedesennan 6 (8), asasemes acumnmomusecky sdger-

MueHot, m.e.

5
lim 726/ k1 qup RS, 5) =1. (14)
T—eo seo, . v(5)
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Yucnennoe mojesmpoBanne. [Ipeanonoxum, 4o B Mogean (1)
S(z) = 2 sin(2nz) + 2°(1 — z) cos(4nz).
st BecoBBIX KO3 PuimenTor Beibupaem n =T,
* 1 2 _1
k" =100+ VInn, &= o M= In“n, w, =100+ (Agtn)?#¥t .
nn

DOMIUPUYIECKHI PUCK:
1000

* _ 2
R(S,8) = oo Z 157, = SI2.

B Tabnune 1 npuseeHs! peSyHbTaTbI NIOBEICHUA SMIINPUYIECKUX CPeJI-
HEKBA/IPATHIECKHX PHCKOB JJA NPEIOKEHHON IPOIeAyPEl OLCHUBA-
uust (8). W3 tabmmrer 1 BUAHO, 9TO ¢ yBEJHYEHHEM KOJHYECTBA Ha-

Ta6n1/1ua 1. SMHI/IPI/I‘IGCKI/IG KBaJpaTU4eCKUue aCuMIITOTUYECKHE PUCKU

n 501 | 1001 | 2001 | 10001
TR/ GRS 7257 | 2.0856 | 1.0072 | 0.9012

OIFOIeHMIT . HOPMAJIM30BAHHBIE IMITNPUYECKIE CPETHEKBAIPATHIECKIE

PHUCKN CTPEMATCA K € JUHHUIIE, YTO YUCJICHHO IIOATBEPZKIaCT CJIACACTBUE
1.
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AnaHOTaN U

B pa6ote pasBuT moaxo IJisT TPOTHOSWPOBAHUS OOHLEMHOTO
Ko3bdurmenTa HepTH, KOTOPHIH SABIgeTCS OUeHEL BaXKHBIM Ta-
pamMeTpoM HedTerazoBoit oTpacian. J1g aHamn3a ACIOTL30BAHBL
JaHHBIE C D pa3lmYHBIX MeCTOPOXKIeHUH obimM obbeMoM 573
HaboneHnit. JIJIst onmucanus 3aBUCHMOCTH 06beMHOTO K03 du-
nueATa HePTH OT Ta30COMAepPKAHWUS W IJIOTHOCTH Tas3a MpeNo-
JKeHa HelTWHeliHAS perpecCHOHHAS MOMeNb. YCTAHOBIEHO CTATH-
CTUYECKN 3HAUMMOE KAadecTBO MMOCTPOSHHON MOJENH.

KiroueBrnie ciioBa: HennHelHAS perpeccusi, 00beMHBIN KO-
spbunmment HedTHO Teopema l'aycca-Mapkora, omerkn MHK,
TeTepOCKeTaCTHIHOCTD.

Beegenne. llpobHaema KOJTHIECTBEHHOTO OMMCAHNS (DU3UKO-XUMIIEC-
KUX CBOWMCTB HedTel n ra3oB SBIAETCH OYeHb AKTYAJBHOW MPU ILIa-
HUDPOBAHUH U aHAJIN3e Pa3paboTku pas3paboTkn HeTEra30BBIX MECTO-
poxaennii. OT JOCTOBEPHOCTH OIEHKH TTAPAMETPOB ILIACTOBBIX (DJTFO-
WJIOB 3aBUCHT HE TOJIBKO KOPPEKTHOCTH OIEHKH HAYAJIBHBIX 3aI1acCOB
HeDTIHBIX 3aJIeXKell, HO U TPUHATHE Pelrenns: 0 Hanbosee s derTrs-
HOM criocobe ux paspaborku. KonmnmdecTBenHOe onmcanne CBOWCTE TO-
3eMHBIX (DJIONI0B SBISETCS BasKHEHIeH COCTABIAIONE MOIEIN TPex-
MEPHOH MOA3eMHON (DUIBTPAINH, OIMCHIBAOINE MPOIECCH B YIJIEBO-
JOPOAHBIX 3ajexkax. OIHaKO, BBUAY TPYIHOCTEH CBA3AHHBIX ¢ OTOO-
DPOM IPEACTABUTE/IHHOM (Ka4ecTBEHHOI ) mPOOHI I1acToBOrO (hJIIOH A U
TPYI0EMKOCTH ITOJTHOMACIITAOHBIX JIAO0PATOPHBIX UCCIIETOBAHIH, 3a4a-
CTYIO TOJIYYAETCS 9TO HA HAYAJIBLHOM STAlle TIAHUPOBAHUS Pas3paboT-
KW OTCyTCTBYeT AeTa bHas JabopaTopHas uH(GOPMAIMs O ILJIACTOBBIX
dbrounax [5]. B maHHOM ¢/lyuae UHKEHEPAM, [LIAHUPYIONIM pa3pabor-
Ky BaJiezKell, TPUXOAUTCS [e/TaTh OY€Hb CEPhE3HBIE TTPEIIIOIOKEHUS O

1CTaThst Hamvcana B paMKax Hayuanoro npoekra (No 8.1.18.2018), BBINIOIHEHHOTIO
npu noaaepikke [IporpamMMer noBeimenns Koukypentocrnocobuocru TIY.
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cBoficTBax (DJIFOMIOB, HAIPUMED MIPEANOAraTh UX AHAJOTHIHBIMU CO-
CeIHNIM MECTOPOXKIACHUAM HWJIN ILIaCTaM, 9YTO HETaTHUBHO CKa3BIBACTCHA
Ha KOPPEKTHOCTH IIPUHATHA peLHeHHfI. O,ZLHI/IM n3 IIEPCIEKTUBHEBIX Ha-
npaBJieHuil pernennsi IToH TpoOIeMBI SBASETCS IPEICKABAHIE KITFOIe-
BBIX CBOMCTB ITACTOBBIX (MongoB 6e3 orbopa M MOJHOMACIITAOHOTO
HCCIIE0BAHNS MTPEICTABUTENBHON nayOuHHON mpobel. Takoe mporHo3u-
POBaHHE MOZKET BBIIIOJTHATHECA Ha OCHOBE JIETKO 3aMEPAECMBIX Ha IIOBEDX-
HOCTH ITapaMeTPoOB, TAKNX KaK: IVIOTHOCTH He(TAHOH 11 Ta30B0# (Das3bl B
CTAHAAPTHBIX yCJIOBUSX, & TAKZXKe ra30Boro (haktopa. B manHoit crarse
TIPeII0KEH METO, IPOTHOSUPOBAHIS CBOMCTB MOA3EMHBIX (DIIOUIOB HA
OCHOBE HEJIMHEHHONW PerpecCuOHHON MOJIEIIN.

B obmiem Bue MHOMKECTBEHHAS JIMHEITHAST PEIPECCUS OMCHIBAETCS

YDABHEHHEM BHJIA:

yi = f(X) +e,
rie £, — caydadinete omubku Mogen, a f(X ) — HekoTopasi HEU3BECTHAS
hyHKIHS, ATPOKCUMUPYIOIIAsT OMTUCHIBAEMOE HAMU SIBJICHUE, 3QBUCSIIEE
OT MATPUITLI CIyYaiHbIX hakTopor X.

BazKHBIM aCIIEKTOM PErPECCHOHHOTO AHAN3A, SBJSIETCS CrenuduKa-
IWst U QHAJIN3 KadecTBa perpeccruonnoit momenu. Chopmynupyem nan-
HBIe TPeOOBAHUS IS MOIEJIN:

1. Yi :f(X)+E“Z: 1727...7TL.
2. B(g;)=0,i=1,2,...,n.
2

0%, i=17,
3. Beie5) =
Sl DR )
4. (0,23 2®))— mecrayduaiinbie mepeMeHHbI, 8 PAHT MATDHIBI

X =14 p < n, tne X marpuria HAOIOAEHHBIX 3HAYEHUN OOBICHIIO-
el IepeMeHHol:

1 x(ll) x(lz) . x(lp)

1 x(l) x(z) . x(p)
X - 2 2 2

1 x§}> xg) .. x%p)

U3 Brienepeynciiensix TpeboBannii Berrekaet, 9o byukims f(X)

UMEET BUJT;
f(X)=Ey|X)=60+ 0120 4 0,2 4. ,91935(17)7

rae (0 22 2P) we apasmorcs caydaiiHBIME BeTHUHHAMM, CJIET0-
BarebHO Best "coyuaiinocTs"  onmcbiBaeMolt HAMU BETUYUHBI Y; 3aBU-
CHUT TOJILKO OT OCTATKOB £;. B perpeccuonHoil Mome/n Tpebyercst HeKop-
PeMPYyEMOCTh OCTATKOB, UTO U OBLIO onmucaHo B 3 myHkTe. Tak ke B
TperbeM MyHKTe TPeOyeTcs OJHOPOAHOCTh OCTATKOB [4].

Henuneiinbie Mojiesin perpeccum u JimHeapusanusi. Jacto Ha
MPAKTUKE BCTPEYAETCST CUTYAIUsT TP KOTOPOI He Bcerja moJiydaercs
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BBISIBUTH TOJIBKO JIMHEHHBIE 3aBUCHMOCTH, TaK K€ BCTPEYAIOTCS HeJH-
HEMHBIC 3aBUCUMOCTH.

Ha mepeoM ke sTare mocTpoeHus: JuHEHHON perpeccun Tpebyer-
CsT TIOMBITATHCST TTOI00PATH TaKHe MPeodPA30BAHNS K AHAJIU3UPYEMBIM
mepementbM y, 21, .. 2P) koTopbie mozBomHIN GBI IPEACTABHTE HC-
KOMYIO 3aBUCHMOCTD B BIJIE JUHEHHOTO COOTHOIIEHNS MeXK Ty mTpeobpa-
30BaHHBIMH IIEPEMEHHBIMHE, JPYIHMHU CIIOBaMH, €CIIH o, L, ..., ¢p - TE
caMble UCKOMBIe (DYHKIMH, KOTOPBIE OMPEIe/IioT TIepexo K mpeobpa-
30BAHHBIM HEPEMEHHBIM, TO ecTh § = do(y), (1 = ¢, ... @) =
#(z®), 1o cBazp Mexay y u X = (2D, ... z®) MOZKeT ObITh Npej-
CTaBJIEHa, B BUJE JUHEHHON (yHKIMN perpeccun § mo X, a UMEHHO:

G=00+ 0,25 . 40,5 1ei=1,2,.. . n
9Ty YaCTh UCC/EA0BAHUST OOBITHO HA3BLIBAIOT MPOIEAYPOH JTUHEeAPU3a-
mn Mozenu [1].

B ciyuae HEBO3MOYKHOCTH JIMHEAPUIAIMY MOJETN TTPUXOIUTCS WC-
MOJIL30BATH UCKOMYTO PErPECCHOHHYT0 3aBUCUMOCTh B TEPMUHAX HUCXOJI-
HBLIX MTEPEMEHHBIX, & UMEHHO:

yi = F(Xi:0) + &5
ecam crenuUKaAIs PErPeCCHOHHBIX OCTATKOB £; COOTBETCTBYET yCJIO-
BUSAM KJaccuueckoit mogesnn, To jid Berauciaenus MHK-onernok @MHK
BEKTOPHOTO MapameTpa © permaercsd ONTUMHU3AIMOHHAS 33714492, BUIA

A — 1 PR L. 2
Opuk = arg Hgn;(yz f(sz @)) .

Jns perierns JaHHON 33189 UCTIOIB3YIOTCS aJTOPUTMBI HETMHEIHOTO
nporpaMmMupoBanus [2].

Jns mpoBepKu aJIeKBaTHOCTH MOCTPOEHHON PerpeccuoHHONl MOIE
¥ JaJbHEHIero MMATAINOHHOTO MoseupoBanus "Gesoro miyma" Tpe-
Oyercd BoINOJIHEHNE yCa0BHiT Teopembr [aycca-MapkoBa misi omubHok
Mosenn [1].

Teopema 1. Ouerku no Memody HAUMEHVUWUL KEAOPUMOE ABAAIOMCA
AYHUUMU 6 KAGCCE AUHETHOT HECMEUEHHDLL OUEHOK, ECAU:

1.Modeav npasuavro cneyuduuuposara,

2.rang(X) = k,

3.0(z;) = 0,

4.Cov(e) = o*I.

Pesysibrarer mojiesimpoBanusi. 1Ipu MomennpoBaHun 6blia TPOBe-
JIeHa, TIEPBUYHAS CTATHCTHYIECKA s 00pabOTKa JAHHBIX, B3ATHIX C OTKPBI-
roro ncrounnka SPE [6]. B csasu ¢ Tem, 9ro JaHHAS BEIOOPKa cobpaHa
U3 5 PA3JIHIHBIX MeCTOPOKAeHuil, OBIIA IPOBEIeHA IPOBEPKA Ha OIHO-
POAHOCTE UCCAEAYEMBIX JTaHHBLIX. Tax ZKe, B XO04e nccJIedJ0BaHNA 6I)I.HO
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BBISIBJIEHO, UTO PACCMATPHUBAEMbBIE BLIOOPKN OTINYIAIOTCS JIUIIL CABHU-
TOM, TIOSTOMY JJisi JAJBHEHNIEr0 aHa N3 JaHHbBIe OBLIN CTAHIAPTU30-
BAHbI.

Dria mocTpoeHa MATPHIA KOPPEISIUi MEXKTY BCEMH PACCMATPU-
BaeMBIMHU TTapamMerpamu. M3 Tabanipr HuzKe BUAHO, YTO HHTEPECYFOITHii
Hac 00beMHbIH KOd(bduiuenT nedru(y;) UMEeT JOCTATOUHO CHILHYIO

1
3aBHCHMOCTL OT mapamerpos "Tazocomepzxanme" (xg ))

raza" (x@)

K

u "IlnoraocTs
), Tax 2Ke B Tab/IMIE HCHIOIB30BAHbI 0603HAGeHus s "TlnoT-

HOCTH Hedrr" <x§3)> i " Temmeparypa" (x§4)).

Tabmua 1. MaTpuria Koppeasimui

xgl) 152) xES) 154) Y;
! 1
2

0,253 | -0,068 | 1
0,115 | 0,405 | -0287 | 1
v | 0,841 | -0,433 | -0,103 | -0,027 | 1

)
V10183 | 1
)
)

Tax ke HAOIIOMAETCH CTATUCTHYIECKAS 3ABUCUMOCTH MEXKIY Tapa-
METPOM TEMIIEPATYPA M IJIOTHOCTH T'a3a, 10 MOJYJIIO COBIAJAOIIAS C
3aBUCUMOCTBHI0 MEXKAY 0OBeMHBIM KO durmenTom HedTH 1 MIOTHO-
CTBIO I'a?a, B CBA3HU C ITUM HAOJIIONAETCS SIBJIEHNE MYIBTUKOJIMHEAPHO-
ctu. HamoMumM, 9T0 MyJIBTHKOJITHHEADHOCTE - SBJIEHUE MHOKECTBEH-
HOI KOPPEJUPYEMON CBA3U MEXKY OOBICHSIONIMHI IePDEMEHHBIMU.

OrneHka napaMerpoB MPOBOJMIIACH C [TOMOIIBIO METOJa HAMMEHb-
MIUX KBAIPATOB. DBIIN HAWIEHB ONITUMAJIBHBIE 3HAYEHNS TaPAMETPOB
1 TIOCTPOEHA CJIEAYIONIAs MOJIEND!

0.056
_ 006, 1)
1.052 + =z

i

yi — —0.095 + 0.823z(") 4
e xgl) - Ta30COIEPIKAHIE, 9552) - IJIOTHOCTH Ta34, £; - OCTATKY MOJIEJIN.
3HadeHe CyMMBI KB3JIPATOB OCTATKOB cocTaBuiao 0, a koydpduim-
ent gerepmunanuu 12 0.739, 4T0 CBHAETEILCTBYET O JOCTATOYHO XOPO-
meit anmpokcuManuu. Tak »Ke MCHOJB30BaJicss Kputepuit Puiiepa, 1o
€ro Pe3yJIbTaTaM CJIEJIaH BBIBOJI O 3HAYNMOCTH KO DuImenTa aerep-
MuHATIH(yPOBEHB 3HAYNMOCTH 95
Ha npencrapmensom HuKe rpaduke BUIHO, YTO MOCTPOEHHAST HAMU
MOJIENTb JOCTATOYHO XOPOIIO OMUCHIBAET MHTEPECY O HAC apaMerp.
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Puc. 1. PeasibHble 1 MoAesbHblE fAaHHble

Tak e B pa6oTe MpoBepPsiINCL YC/I0BUA TeopeMbl Maycca-MapKoBsa.
N5 NpoBepKy HOPMasibHOCTU PacCMOTPUM FMCTOrpamMmmy OLLIMGOK.

Puc. 2. F'mctorpaMmma 4acToT oWMBOK Moaenu
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Ilo pucyHkam BBHIIIIE MOXKHO CAEJIATH BBIBOA, O TOM, YTO OMIMOKH
MOJIEJM UMEIOT HOPMAJIbHOE pPaclpesesieHie. SHAUEHNE IMIIEPUIECKO-
ro cpegHero cocTaBmwiao 0. MeTogoM CKOMB3SAMIETO CPEJHETO DACUNUTa-
HBI BEIDOPOYHBIE IUCIIEPCUH, 3HAYEHIE HE MOCTOSHHO, HA OCHOBE ITOTO
MOZKHO CJIEJIATh BEIBO, O TOM, UTO OITHOKN HE sIBJISFOTCS OTHOPOTHBIMH.
Taxum 06pazom, MOTydeHHAS HAMU MOJIETh ABISETCS IBYX(aKTOPHOL
HEJIMHCHHON IeTepOCKeJACTUYHON perpeccueit.
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Stepanenko A.S., Pchelintsev E.A., Bordzilovskiy A.S.
(Tomsk State University, OOO "SIAM Master" Engineering Centre,
Tomsk, 2019) Construction and analysis of regression models
for description of the dependence of the formation volume
factor of solution Gas-Oil ratio and gas density.

Abstract. This paper presents an approach for prediction oil for-
mation volume factor (FVF) for oil fields. This parameter is very im-
portant for field development planning. The approach is developed
from a total of 573 experimentally obtained FVF from 5 different oil
fields. Non-linear regression model is proposed for FVF prediction and
strong dependence of solution Gas-Oil ratio and gas density is iden-
tified. Statistical quality of developed non-linear regression model is
proved.
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