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ON AN EXTREMAL PROBLEM FOR NONOVERLAPPING DOMAINS'

The paper considers the problem of finding the range of the functional
I=J(f(z9),f(20)-F(Cy).F(Cy)) defined on the class 9 of functions pairs
(f(2),F()) that are univalent in the system of the disk and the interior of the

disk, using the method of internal variations. We establish that the range of this
functional is bounded by the curve whose equation is written in terms of elliptic
integrals, depending on the parameters of the functional /.
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1. Introduction

In the geometric theory of univalent functions there are a number of papers and
books devoted to the problem of nonoverlapping domains. These problems were
developed by M.A. Lavrentiev [1], G.M. Goluzin [2], James A. Jenkins [3], Z. Nehari
[4], N.A. Lebedev [5], M. Shiffer [6], R. Kiithnau [7] and others. A summary of results
in this area is contained in [8].

Let D and D" be nonoverlapping simply connected domains in the w- plane such

that 0e D and e D". Assume that f:E—>D and F:E — D" are holomorphic
and meromorphic (respectively) univalent functions normalized by the conditions
f(0)=0 and F(w)=ow. Here E={zeC:|z<1} and E'={{eC:|z|>1}. The
family of all such pairs (f(z),F(§)) is called the class 9t . Some extremal problems
for this class were studied in [5, 9, 10].

Let J:G—C and J=J(o,,0,,0;,0,) is an analytic in some domain G c C*

nonhomogeneous and nonconstant function.
Now we fix an arbitrary points zoe E, {yeE" and define on the class 901 a functional

I'Mm—C, I(f,F) :J(f(zo)’f(zo)’F(Co)aF(Co))- (M
This paper considers the problem of finding the range A of the functional / on the
class 9. Since together with pair (f(z),F (§)) the class 9 contains the following

pairs of functions ( f (ze’“’),F (Cei"’ )) for any parameters ¢,y € R , then we reduce the

initial problem to an equivalent one for the functional
I=J(f(r). /(") F (p).F (p)),

where r =|zy| €(0,1), p=|(y|e(1,+%). Further on we will solve this problem. We

note that the class of such problems has a long history. Its special cases have been
studied in the works [11, 12].

! The second author was supported by RFBR Grant no 18-31-00011.
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Taking into account that the class 91 contains the pair of functions
(f(zt),F(Cfl )) for any ¢ €[0,1] (see [9]), we have that the range A of the functional

(1) is a connected set. Note that if the class 99t complement the pair of functions
(f(z),0), where f(z), f(0)=0, is a holomorphic univalent function in E , then A

will be a closed set [13]. Hence, it suffices to find the boundary I' of the set A.
A point [, eI is called a nonsingular boundary point if there exists an exterior

point [, for A such that the distance between I, and I, is equal to the distance between 1,
and the set A, i.e.
|IO—Ie|=inf|I—Ie|. 2)
IeA

The set I'y of nonsingular boundary points is dense in I" [14]. Thus, the initial
problem of finding the range A of (1) is replaced by an equivalent extremal problem:
find the minimum of the real-valued functional |/ —1,| on 90 for all possible 7, ¢ A .

The functions giving nonsingular boundary points of a functional are called the
boundary functions of this functional; i.e., these are the functions at which the values of
the functional are nonsingular boundary points.

In this paper, to solve the problem we apply Schiffer’s method of internal variations
[15] using pairs of varied functions from [5]. In [10, 16] this method has been
developed to studying the range of some functionals defined on the classes of pairs
functions.

Main results are given in the following Section 2.

2. Differential equations for the boundary functions.
The equation of the boundary of A
Now write the variational formulas for boundary functions f(z) and F({) on the
class 91 in the form
1e(2)= f(2)+eP(2) +o(z,¢)
F, (€)= F(C)+eQ(Q) +o(C,¢)
for € positive and sufficiently small. Because the functional (1) is Géateaux

differentiable, we can rewrite it in the form

1*:I+8{Mp(r) &g( O)P( )+aa( O)Q( )+a (@ 0)Q(p)}+o(s)
0, 0w

; ()

where 1, =1(/,(2).F,(©)). o, =(f(r).f(r).F(p).F (p)) € G.
Let (f(z),F(C)) be a boundary pair of functions of this functional giving the point
Iy. The equality (2) implies that

[l =L 2|l = L]
From here each boundary pair of functions satisfies the necessary condition
Re[ pP(r)+qQ(p)] 2 0 3)
where _ e aJ () g aJ () ,g=e® aJ () 4ol aJ ()
o, 0w, 00 0w,

and a=arg(/-1,).
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Lemma 1. Let f(z),F({) be boundary functions of functional (1). Then the union
of domains D and D" has no exterior points in Cw.

Proof. Suppose that DU D" has at least one exterior point w; in the w-plane. Then
by definition of the exterior point there exists a neighborhood of the point w,
consisting of exterior points. Using the pair of varied functions

/() F()
fEo =@ e D5 GO =FQ) ey o™

where w, is an exterior point for D and D’ simultaneously and 4, is an arbitrary
complex constant, as the comparison pair in (3), rewrite it as
R
Re(AO (%) J >0
(S () =wo)(F(p)=wp)

where R(w,) is a linear polynomial. The fraction in the condition (4) is equal to zero,

“

otherwise in view of the arbitrariness of arg 4, we can choose it so that the left side will
be negative. Therefore R(w,) = 0. It is possible only for a single point, while inequality

(4) should be performed for any point from the neighborhood of the wy. This
contradiction proves the lemma.

Further, to obtain differential equations for the boundary functions of the functional
(1) we consider the following pairs of variational formulas from [5]:

2 S o (z)}
f(z)_f(ZO) Z()f (Z())Z 29
— f(zy) Z°f'(2)
+8A020f,2(zo) l—gz

1) f(2,8)=f(2)+8140[

+0(z,¢), 5)

AG)
f(2)~F(&y)’

where z, € E , 4, is an arbitrary complex constant;

F(G,8)= F(§)+e4,

f(2)
f(2)=F(&)’

FQ _ F&) CF (C)J
FO-F&G) CF?(G) 6
— F(G) CF' © .
+e
) 15
where(, € E :, 4, is an arbitrary complex constant.
Theorem 2. Every boundary pair of functions (f(z),F (&)) of the functional (1)

2) f(z,8)= f(2)+ed,

F(G.e)=F(C)+ed [

+o(C,¢), (6

satisfies in £ and E~ the system of functional-differential equations

(C/-C)'@) 4
@U@= SO =-Fp)  zr-2)1-r2)’

Q)
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(CGFO-CH(F'©)} B ®
FO(FQ-fM)NF@-Fp) Lp-0)1-p)’
where C=pf(r)+qF(q),C,=(p+q)f(NF(q),

A=—~(1=r)p f'(r)>0, B=(p"~Dp gF'(p)>0.
Proof. 1f we choose the variational formula (5), then (3) takes the form
/() ) fG) ) (=) F(p) }
R + — + =20
{pAO J(N=1(z) ? r=2 20/ (%) g 1-rzy 2/ (z) “h F(p)=f(zp)

Replacing the third summand under the real part by its conjugate, we have

N T (o M Y 0 WA M (B

f(l")—f(ZO) r—=2z Zofl (Zo) 1—1"20 Zof, (Zo) F(p)—f(ZO)

In this condition, the expression in parentheses is equal to zero; otherwise, under an
appropriate choice of arg 4, we would get that the left-hand side of the last inequality is

negative. This leads to the equality

pf(r) gFp) S (mf'() s
+ - ) f( )
f)=f(z) FP)-f(z0) zof"(2,)

r—z, 1-rz,
Since, in this equation, z, is an arbitrary point of £, replacing z, by z, and in view

of pf'(r)<0, we obtain a differential equation for the boundary function f(z). The
calculations show that it has the form (7).

The deduction of (8) repeats (7); for this we must apply (3) together with the
variational formulas (6) and use inequality gF'(p) > 0. The theorem is proved.

From the analytic theory of differential equations [17], we conclude that the
boundary functions f(z) and F({) satisfying their equations are holomorphic not only

in £ and E", but also on the unit circle |z|=|¢|=1. From here and because the union

DuUD" does not contain exterior points, we have that the domains D and D" are
bounded by some closed analytic Jordan curve.

Further, to find the equation of the boundary of the range A of the functional (1) we
integrate (7) and (8).

Extract the square root from both sides of (7) and integrate the result by z from 0
to r. Consider the left-hand side:

T C f(2)-C, "(2)dz
{\/f(Z)(f(Z) FEN(f(=2)- F(p))f()

Changing the integration variable ¢ = f(z)/ f(r) , we have

1
{ Jrd- t)(l ct)(t b)

f(r)b G, c:.f(r).
F (p) Cf(r)" F(p)

where a=
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Putting t =1/x in J, we infer

o0

dx dx
J= —ab .
a{ xyJ(x=1)(x—c)(1-bx) ¢ ! Jx=1)(x—c)(1-bx)

Performing the change of variables y=5b(x—1)/(bx—1) in the integrals, after

transformations we obtain
J=—-ph U(nk),
nj} dr
o (1+nsin? HON1—k>sin’ ¢
is the complete elliptic integral of the third kind,
. \/(f(r)—F(p))fz(r) R S I

where M(n,k) =

o b’ p+q’

Here V1—k*sin?¢ stands for the branch of the function assuming 1 at t > 0.
Now integrate the right-hand side:

[ dz
J=AA =
'(l].\/z(r—z)(l—rz)

Changing the integration variable x =z/r , we have

J=2JA K@),

T dt
where K(r) .([ ﬁ_;ﬂ —
is the complete elliptic integral of the first kind.
Thus, upon integration, we can rewrite (7) as
—ph T(n,k) =~ A4 K(r). )
Integrate (8) after extracting the square root with respect to { from p to oo. First
consider the left-hand side:
Led'] J GF Q-G
FQOFQ-FE)(F©E)-f(r)

Changing the integration variable ¢ = F'()/ F(p) , we have

F'(C)dC.

*

o
=01 =cDe-b"

F(p) b* _ C2 c* :M )
)’ GF(p)’ S

where a =,/C

Putting t=1/x in L, we infer
1 1
£ d * ok d
L=a al —ab al

o (= D(x—c)1-b"x) o= Dx—cH)(1=b"x)
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Performing the change of variables uzb*(l—x)/(b*—l) in the integrals, after

calculation we come to equality
L =2(M(¢,m,k)—hyF(§,k)),

¢ dt
where F(,k) = {m
is the incomplete elliptic integral of the first kind;
T dt
o (1+msin® )V1—k? sin® ¢

is the incomplete elliptic integral of the third kind;

H(d,m, k) =

zzcl\/ ¢ ,
(P+)(f(")~F(p))

. 1 . f(r)
¢=arcsin————, m=k(c -1}, hy == .

k (l -c ) ( ) 0 h
On the right-hand side

JNB[—L

» VG(P—O)1=pC)
changing the integration variable t=p/{, we have
=21,
p p
Hence, integrating (8), we obtain
VB (1
(1 TL(§, m, k) = hyF (9, k)) = TK(EJ : (10)

Now in the w-plane, take the point F(1)= f(-¢'*). Integrate the equalities that are
obtained from the system (7)—(8) by extracting the square root in first over z from 0

¢, and in the

to—1, and then over the arc |z| =1 counterclockwise from —1 to—¢'
second, over ¢ from 1 to p.

Write the integrals on the left-hand side of (7):

f(l)\/ CIW_ C2 dW
w(w=F(p))(w=f(r)

0

Fj‘]) \/ Gw-G, dw .
S \w(w=F(p)) (w1 (1)

Proceed with the integral on the left-hand side of (8)

F(p)\/ Gw-G dw.
iy VWO =F () (w1 ()
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Summing up these integrals, we have

T_F(p)\/ Cw—C,
w(w—F(p))(w- f(r))

Making the change of variables ¢ =w/ F(p) , note that

dt .

J.\/t(l—t)(l—c 0 -b")
Using ¢ =1/x, we find

o0 0

* dx * ok dx
* * —a * * !
(=D (x—cH(1-b"x) - (x—cH)(1-b"x)
Changing the integration variable y =5"(1—x)/(b x—1) in the integrals and performing

T =

the corresponding transformations, we obtain
T =2igh'M(n k'),

N e
2

Integrate the right-hand sides of (7). First, integrate over z from 0 to —1

T\/—J.

Nz(r= z)(l rz)

Performing the change of the integration variable x =(1+z)/(1-z) and applying a

T, =~ di KN1-12).

Integrate the right-hand side over the arc  of the unit circle counterclockwise from

formula from [18], we obtain

~1 to €

dz
Ty =vA[———
? {«/z(r —z)1-rz2)

Substituting z = —'® in T, ,where 0 <@ < o, we infer
o d(-e"
T =A[— ( , ) .
0 \/—e"P (r+e®)1+re)
Performing the change of variable ¢ = —¢'®, we find

NG
T

Finally, integrate the right-hand side of (8) over { from 1 to p:

VB[ 9
’ { Jp-0)1-p0)
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Changing the integration variable u =p/{ , we have

T, _¥B K[ 1—ij.

p p’

Summing 7;, 7, and T; yields

Vi K1-r )+— K[ /1——]——\/_ K(r) .
p

Thus, integrating the equalities (7) and (8), we come to

qh*H(n*,k’):g 1<(x/1—r2)+ﬁ K( /1—%}—&«/2 K(r).
P T

2p

Excluding the constants VA4 and VB from this equality by using (9) and (10), we
obtain the following equation

1
1——
_gh @',k 1 KE1-r%) 11T, m, k)~ hyF(9,k) K( pzj+gi (N
ph Mnk) 2 K@) 2 phI(n, k) K(lj T
p

Hence, we have proved:

Theorem 3. The range A of the functional (1) on the class 9t is bounded by the
curve defined by equation (11) for 0 <o <2m.

Note that Theorem 3 implies the following result, established in [10].

Corollary 4. Let (f(z),F(¢))eMand r, p are fixed points in £ and E
f) .

respectively. Then the range of the functional & = Eln

o0 n 8
£ ——ln[—l6dn(ll+d2 J J (12)

is bounded by the curve

where d=e™, u=

In Figures 1 and 2 below we can see the curve (12) for some fixed parameters » and p .

Corollary 4 allow us to obtain the new estimates for the moduli of the functionals on
the class 91 .

Proposition 5. On the class 9t for any re(0,1) and pe(L,o), the following
inequality holds

AQ)

F(p)

< 280
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Fig. 2. Curve (12) for r=0.1, 0.2, 0.4, 0.8and p=2
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Fig. 1. Curve (12) for »=0.5 and p=2,4,8,16
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Proof. Using the equality (12) and formulas from [18], it is easy to show that

_ i |2
f(l") 6™ . efrr?»i .ﬁ |1+(e ™o 70»1) n )
F(p) et | |1— (e—rtv .e—rrki) 2n-1
8
Oo 1 —nv | —mhi 2n
<16 ™ H | +(€ :M 2|n1 _ 2O

n=1 1—(ef’w ‘le

)

here K- | K[y
2 KO K(})

Hence Proposition 5. Next we establish the auxiliary inequality.
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Proposition 6. Let £(L) describes by the equality (12). Then

Q280 < r

(=161

Proof. Taking into account the formulas from [18] for the elliptic integrals, we have

L+ 4 _ K1)
9 K(r
—4\/‘111_[[ - 1] , g =e KU

4 _nK(\/l—l/pz)
] > qrp =€

for any » €(0,1) and p e (1,2).

e
ATl

One can check that for any m e N
(1+€a+b>m £(1+ea)M/2 (]+eb)m/2’ (1—ea+b)m 2(]—€a)m/2 (1—eb)m/2.

From here we obtain

K(1/p)

—2nmv

-(2n-1)nv

v [ 1+e
28(0) _ v
e =16e ™" -

1_![l+e

—x 0
IN
~

4
0 1+e—2nna o 1+ e—2nﬂ:b
—Ta —nh
< de H —-(2n-1)ma xde H —(2n-1)mh
1- e n=1 1- e

n=1

where v=a+b, a=

Hence Proposition 6.
From Proposition 5 and Proposition 6 we come to the corollaries.
Corollary 7. On the class 9t for any re(0,1) and pe(l,o0), the following

inequality holds
HGIP r .
)| (1-)(p*-1)

Corollary 8. On the class 9t the following estimates hold:

1) the range of functional —— SO is a punctured disc
F(p)
_ L
SO 4exp) 7 K(yi-)
F(p) 2 K(L '
f()

2) the range of functional I is a punctured disc
o0

S| . exp _nKE1-77)
F'(0)| ™ 2 K@) |
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