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ABSTRACT 

The wavefront sensor of Hartmann type consists of two parts: the optical and algorithmic. The parameters of the optical 
part of the sensor may vary. Since the time of  “frozen” turbulence due to the Fried’s length and to the cross wind 
transport turbulent distortion speed, the measurement Shack-Hartmann sensor depend on the intensity of turbulent 
distortions. In this paper are presented the results of the analysis of the measurements of the sensor according to the size 
of lens array and to the intensity of turbulent distortions. The analysis is performed on basis of a numerical model of the 
Shack-Hartmann wavefront sensor and on Kolmogorov’s turbulence model. 
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1. INTRODUCTION 

The development of adaptive optics began in 70-80th of 20th century and was stimulated primarily by such tasks for the 
successful solution of which is necessary to eliminate the disturbance of the wavefront [1] caused by uncontrolled 
random effects. One of the first measuring element adaptive optical system (AOS) was a Shack-Hartmann wavefront 
sensor (S-H WFS) [2], which can be divided into two parts: the algorithmic and optical. Optical part S-H WFS consists 
of a lens array and high-resolution video camera which is installed in the plane of the image registration. 

S-H WFS is one of the main elements of the phase-conjugate AOS is not inferior to the complexity of the adaptive 
mirror. Initially, the sensor was designed for astronomical telescopes in which it was necessary to measure the wavefront 
distortions, caused by atmospheric turbulence, and eliminate jitter of star images. Development of adaptive optics was 
leading to changes in the sensor assembly. The main elements of the latest developments of Hartmann sensor type are 
microlens screen and high-resolution video camera. Replacement of the S-H WFS elementary lens pattern on the 
fragment of the off-axis diffractive lens with the same focal point, but substantially larger diameter [2], provided the 
conditions for working with beams that are able to register the accumulation of atmospheric wavefront distortions from 
the artificial Star created by a laser. 

The optical part of the S-H WFS consists of lens array (micro-lens matrix) and high-resolution video camera that is 
mounted in the plane of the image registration (Fig. 1). Arriving at the entrance aperture of the sensor the wavefront is 
divided into a finite number of subapertures. At each subaperture the wavefront slope is estimated at measured 
displacements of the power centers of gravity of the focal spots (centroids), the coordinates of which are calculated, for 
example, by the equations [2]: 
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where ijI  – the measured values of the signal intensity for the element with the coordinates j,i ; in,...2,1i = ; 
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jn,...2,1j = ; ji n,n  – the number of pixel on subaperture corresponding to the element; lenslens NN,...,2,1n ⋅= – the  

index of subaperture; lenslens NN ⋅ – the number  of subapertures. Coordinates of centroids ξ , η  are expressed in 
radians through the picture on the video camera. Shack–Hartmann pattern consists of images of focal spots in the 
registration plane by video camera.

 

 
Fig.1. Opto-electronic scheme of the S-H WFS. 

S-H WFS is widely used because of its compactness, resistance to vibration [3]. Based on his measurements in the AOS 
are being reconstructed wavefront [3, 4], the definition of the structure function of the refractive index [5], as well as the 
determination of the speed of the transverse component of the wind transport of atmospheric turbulence [6]. 

On the centroid coordinates measured by sensor is reconstructed the wavefront, which is used to control the management 
flexible mirror in AOS. There are many ways of wavefront reconstruction, for example, method, based on Karhunen-
Loève imperfections [7, 8], method of neural networks [4].  
According to the traditional approach to the reconstruction the wave function )y,x(W  is represented as an expansion 

in Zernike’s polynomials [9]: )y,x(Zc)y,x(W i
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where ic  – the weight coefficients. Adapting local slopes 

this expansion to estimates derived in S-H WFS is realized by the method of least squares [10]. 

An important problem in the performers of AOS is the delay in the feedback loop due to a break the time of the 
registration by sensor of wavefront distortion and the time of correction their by flexible mirror. Reduction of influence 
of the time delay can be implemented by advanced adaptive correction, which are - in applying to the mirror control 
actions calculated relative wavefront measured at the moment that wavefront , built on a projected measurements of 
sensor [11, 12]. This method of reducing the impact of the delay on the accuracy of its work requires knowledge of wind 
speed on the input aperture of the system. The calculation of the transverse components of wind speed based on the use 
of the correlation properties of the data measured by the sensor, which was first demonstrated Roddier back in 1973 [13]. 
The authors [14, 15] also used the hypothesis of the expansion of phase change in a Taylor series to determine the speed 
of the cross wind transfer of turbulence. 

It is known [16] that the time of “frozen” turbulence, i.e. the time during which the phase relationships change only 
under the influence of the wind, associated with a the Fried’s length 0r  and of the transverse component of wind speed 

xv  by the expression: x00 v/r31,0=τ .  

During 0τ  the turbulent inhomogeneities move a distance 0r31,0 . The parameter 0r  characterizes the "strong" (0.01 m 
– 0.03 m), "average" (0.04 m – 0.06 m) and "weak" (0.07 m – 0.1 m) turbulence, i.e. the strong, medium and weak 
intensity of turbulent distortions [17]. 

Calculation of the cross wind component is dependent on fluctuations in the power centers of gravity coordinates of the 
focal spot (centroid) measured S-H WFS. In this paper is provided an analysis of the nature of fluctuations of centroid 
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coordinates and, accordingly, the result of the reconstruction of the wavefront, arriving at the entrance aperture of the 
system, depending on the size of the lens array and on intensity of the turbulent distortions. 

To evaluate the influence of the intensity of turbulent distortions and of the parameters of optical part on the correlation 
properties of S-H WFS measurements, we held a series of numerical experiments. 

2.  SCENARIO NUMERICAL EXPERIMENTS 

The laser beam ( 25 m/W10I = , m1.0a0 = , mkm633.0=λ ) passes through random turbulent screen (1), that is 
simulated by spectrum of von Karman. S-H WFS with lens array (2) captures the light field on Shack-Hartmann pattern 
(3). By the S-H WFS measurements (4) being reconstructed the wavefront (5). The calculations were performed on grid 
512x512 pixels.

 

 
Fig.2. Schematic representation of numerical experiment: 1 – the random turbulent screen; 2 – the lens array of S-H WFS; 3 
– the Shack-Hartmann pattern in plane of camera; 4 – the coordinates of the centroid on a single Shack-Hartmann pattern; 5 
– the reconstructed wavefront. 

3. THE METHOD OF DETERMINATION OF WIND SPEED 

Turbulence is moving in the transverse direction with the wind speed, according to the hypothesis of the "frozen" 
turbulence is a set of correlated random phase screens, each of which, starting from the second, is the result of the 
displacement in the transverse direction of the first screen, the simulated spectrum of von Karman. The spectrum of von 
Karman reflects the effects, associated with external and internal scale irregularities for the spectral density of 
fluctuations of the refractive index. This model has been used to create a numerical model of turbulence [9]: 
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0L 10= m; 0l 1= mm. The intensity of phase fluctuations is characterized by the Fried’s length: 
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κ= . The Fried’s length is determined by the wave length of the radiation, the length of the path, 
the parameters of the atmosphere. From these parameters depend on also the phase fluctuations. The dispersion of phase 

fluctuations is given the Fried’s equation [16]: ( ) 3
5

0
2 rD013,1=σ , where D  – the diameter of aperture. 

The transverse component of the wind speed (the average value) is proportional to the transfer of the light field in the 
distance S . The transfer is effected by the wind in the plane of lens array over a time period tΔ , i.e. t/Svx Δ= , 
where )1N(DS lens −⋅=  – the distance between the lenses being analyzed; lensN  – the number of lenses in the line 
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matrix of Shack-Hartmann pattern. The transfer time is defined as the ratio of the number of displacements of turbulent 
screen scrN  over a period f/1T =   to frequency camera f, i.e. ν=Δ /Nt scr . 

The calculation of the transverse component of the wind speed is based on the definition of a linear relationship between 
the sampling time coordinates ξ  two columns from a set of Shack-Hartmann pattern. Focal spots on Shack-Hartmann 

pattern correspond to the elements of the matrix. Each column consists of lensN  focal spots. The dependence is 
expressed by the linear correlation coefficient [18]. 

In determining of the speed of cross wind transport advisable to use a differential approach [19], since the displacement 
of the image, detects the jitter meter can be much greater than the displacement caused by atmospheric turbulence. The 
differential method is used in the calculation of the difference between elements of adjacent rows of matrix ξC . The 

matrix ξC  is formed by the offset of centroids values of measured wavefront relative to a reference. The rows and 
columns of the matrix are numbered from top to bottom and left to right, respectively. Wind speed is determined by the 
analysis of the matrix ξC . This method of determining wind speed could be in the form of the following algorithm: 

1. The calculation of the correlation coefficients of elements of each column of the last frame on the elements of all the 
columns of all the previous frames in the time T , corresponding to the length of the sample N , the time T  is equal to 
the time of transfer "frozen" turbulence at the minimum wind speed, measured according to the device; 

2. The definition of a pair of columns with a maximum value of correlation coefficients ξξR ; 

3. The difference between the numbers of columns times multiplied by the size of the input subaperture corresponding to 
the distance and direction that are "frozen" for the heterogeneity of time, expressed a number of frames until the exercise 
maximum correlation. 

The equation for determining the current value of the instantaneous speed is as follows: 

                                                          )tN/()nn(hv corrcorrfinalx Δ⋅−⋅= ,                                               (3) 

where h  – the step on the input subaperture; finaln – the column number of the last frame finalN , forming a pair with the 

maximum value of correlation coefficient; corrn  – the column number of frame corrN , forming a pair with the maximum 

value of correlation coefficient with respect to the column finaln , corrN  – the frame number to the columns with the 

maximum value of correlation coefficient correlation with respect to the last frame. There tΔ – the time between frames.  

The wind speed in the numerical experiment was set shifting sequence turbulent screen along the plane of the lens array. 
Table 1 shows the offset of shifts of the turbulent screen in pixels and the speed corresponding to this shift: 

pxl,x  4 8 16 32 64 

s/m,vx
 

0,0625 0,125 0,25 0,5 1 

Table 1. Results of numerical simulation. 

The shift of turbulent screen occurred only on the "x" component, so the value of the components of "y" is not taken into 
account. 

4. RESULTS AND DISCUSSION 

In figures 3 – 4 it shows the profiles of the phase distribution of the initial wavefront and of the reconstructed wavefront 
for different values of the Fried’s length, and also for different size of lens array. 
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The figure shows seen that in the center of the grid 512x512 the profiles of the reconstructed wavefront for sensors with 
different sizes of array and various modes of turbulence profiles at the center of reconstruction have a linear plot. On the 
periphery of the reconstructed phase distribution profiles have a significant variation, which may be due to the algorithm 
for the reconstruction of the wavefront by Zernike’s polynomials, in particular the contribution of each of the Zernike’s 
polynomials. This is clearly exemplified by the fourth Zernike’s polynomial – the defocusing (Fig. 5).

 

 

Fig.3. Profiles of phase distributions )y,x(W  in λ : Line 1 – the wavefront in the input aperture of the system, 05,0r0 = m; 2, 3 
– the results of  reconstruction by S-H SWF  with a number lens 8x8 and 16x16, respectivelyOpto-electronic scheme of the S-H WFS.

 

 

Fig.4. Profiles of the phase distribution )y,x(W in λ , where the 1, 3, 5 – the random turbulent screen: 2, 4, 6 – the results 

of reconstruction, depending on the intensity of turbulent distortions: 1,0r0 = m (Lines 1,2);
 

05,0r0 = m (Lines 3, 4); 

01,0r0 = m (Lines 5 and 6). 
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Fig.5. The changing of the focus ( 4c ) in the expansion of the wavefront by Zernike’s polynomials, is depending on the
Fried’s length. Line 1 corresponds to the size of lens array 16x16; 2 – 8x8.

Fig.6. The dispersion between the phase distribution of the random turbulent screen at the entrance aperture of the system 
and the result of its reconstruction, is depending on the Fried’s length. Line 1 corresponds to the size of lens array: 16x16; 2

– 8x8; 3 – to value of ( ) 3
5

0r
−

.

Fig. 6 that with increasing of the Fried’s length the dispersion between the phase distribution of the random turbulent 
screen at the entrance aperture of the system and the result of its reconstruction varies in proportion to the Fried’s

equation: ( ) 3
5

0
2 r/D013,1 −=σ . This equation describes the amplitude of the phase oscillation in each area of the cross

section of the beam relative to the mean phase value. It can be concluded that this dependence varies for different 
parameters of lens array. If there are the S-H WFS with a number lens 16x16 can be conclude, that the result of
reconstruction is almost the same as the Fried’s equation.  

In table it shows the dispersion of the reconstructed wavefront depending on the serial number of the turbulent screen: 

screenN . S-H WFS with the size of lens array 8x8 has a smaller value of the dispersion of the reconstructed wavefront 
with respect to the original wavefront than S-H WFS with the size of lens array 16x16.
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16*16 ,64326 2,03549 1,92569 3,03644 3,37434 3,21201 1,72879
Table 2. The dispersion of the reconstructed wavefront for S-H WFS with the size of lens array: 8x8 or 16x16. 

Both sensors analyzed the wavefront with dimension 512x512. The number of lenses in a array is varied: 8x8 and 16x16,
and is changed the size of each subaperture: 64x64 and 32x32 pixels, respectively. Thus, the first sensor had fewer
subapertures with greater dimension than the second. The dimension of a array is equal to the number of the local areas 
of measured wavefront. On the other hand, the increasing the dimension of the array leads to a decrease in the area of the
focal spot in the recording plane and, accordingly, is reduced the tilt angle of the light field, which is accompanied by 
different contributions of Zernike’s polynomials in the reconstructed wavefront.

In figures 7 - 9 it shows the results of evaluation of the correlation properties of the sensor measurements, depending on 
the size of lens array, the frequency of image registration and the intensity of turbulent distortions 

Fig. 7 shows the results of numerical experiments, analyzing the correlation field )x(R ξ depending on the size of the 

lens array: 8x8 and 16x16. The set of scrN  correlated random phase screen obtained as a result of displacement in the
transverse direction of propagation of the laser beam on the first screen, four pixels, which corresponds to an average

speed of the cross wind transport turbulent distortions s/m0625,0vx = , according to the algorithm described above. 

Fig.7 The correlation field )x(R ξ depending on the size of the lens array: series 1 corresponds to the number subapertures 

8x8; 2 – 16x16.

The correlation field for the sensor with the lens array 8x8 differs from the correlation field calculated for the sensor with 
the lens array 16x16. The number of screens correlated between the maximum value )x(R ξ  for the sensor with a
number subapertures 8x8 smaller than for the sensor with a number subapertures 16x16. 

There was also a calculation of the cross wind transport for the different variants of the intensity of turbulent distortions. 

screenN
S-H SWF 1 2 3 4 5 6 7

8*8 ,92484 1,22331 1,34091 2,35304 2,79471 0,95774 0,98821
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Fig.8. The correlation field )x(R ξ  depending on the intensity of turbulent distortions: Line 1 corresponds to 

01,0r0 = m; 2 – 05,0r0 = m; 3 – 1,0r0 = m 

The correlation field )x(R ξ  for a "strong" turbulence is significantly different from the correlation fields for the 
"medium" and "weak" turbulence. For the "medium" and "weak" turbulence the correlation fields differ slightly. The 
shift has also been the turbulent screen to four pixels, which corresponds to an average speed of cross wind transport of 
turbulent distortions s/m0625,0vx = , according to the algorithm described above.  

Figure 9 shows the correlation field )x(R ξ  depending on the frame rate of the camera, which is a numerical experiment 
simulated the number of pixels the screen moves turbulent (2) in the direction along the lens array. The shift of eight 
pixels corresponds to the frame rate camera, twice the frequency of the displacement of turbulent screen into four pixels. 
The correlation fields considered different frequencies: the field correlation with higher frame rate camera is 
characterized by two times fewer screens correlated between the maximum value )x(R ξ  relative to the field of 
correlation with a lower frequency.  

 
Fig.9. The field correlation R ξ (x) depending on the frequency of frames: 1 corresponds to the shift of the first screen (2) 

on four pixels; 2 - the result of the displacement on eight pixels. 
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CONCLUSION 

Task of S-H WFS in adaptive optical systems are usually is to manage correction device based on the information about 
the intensity of optical radiation, which sensor is converted into a two-dimensional phase distribution. The data measured 
of S-H WFS have correlation properties [13 - 15], which also allows them to calculate the parameters of turbulent 
distortions of the light field and the speed of the cross wind transport of turbulent distortions. Within these parameters, 
the calculation control actions corrective mirror [20] will allow to take into account the evolution in time and phase [11, 
12], thereby to increase the effectiveness of correction of turbulent distortions by AOS in transmitting and receiving 
optical radiation at large distances in astronomy, as well as in the transmission energy in the face the atmosphere in 
telecommunications and laser systems. 

S-H WFS with different parameters of lens array sheet and a receiving device, with the coordinates of the centroids 
calculated by another algorithm different from the algorithm for the weighted centers of gravity (1), as well as other 
atmospheric turbulence limits of applicability of the algorithm require separate consideration in each case.  
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