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Abstract. The problem of acoustic wave propagation in the turbu-
lent atmosphere is solved by the Monte Carlo method. A 500-m plane-
stratified model of the turbulent atmosphere is considered. Classical and
molecular absorption of acoustic radiation and scattering by turbulent
temperature and wind velocity fluctuations are taken into account for
acoustic radiation frequencies of 1, 2, 3 and 4 kHz. A good agreement of
the simulation results with experimentally measured values demonstrates
the efficiency of the suggested algorithm.
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1 Introduction

Investigations of sound propagation in the atmosphere are necessary for the
prediction of its characteristics, finding direction toward a sound source, and
quantitative interpretation of the data of acoustic sounding [1]. In the outdoor
atmosphere, the sound propagation is influenced by a large number of factors,
including the vertical atmospheric stratification, turbulence, viscosity, and effects
caused by finite dimensions of sound beams in the transverse direction, that is,
by the angular divergence of acoustic beams broadened due to the atmospheric
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turbulence [2, 3]. Difficulties of analytical approaches to a solution of the problem
of acoustic radiation transfer through the outdoor atmosphere call for the use of
numerical methods (for example, see [4, 5]), from which the method of statistical
simulation (Monte Carlo) is most promising [6, 7]. This method allows sound
scattering on the acoustic refractive index fluctuations caused by wind velocity
and temperature inhomogeneities to be taken into account for the most realistic
models of the atmosphere.

The equation of acoustic radiation transfer in the turbulent atmosphere in the
form of the Neumann series for the acoustic ray intensity was derived in [8]. In
[9], the Monte Carlo method was first used to solve the problem of acoustic wave
propagation through a vertically stratified turbulent atmosphere. The density of
collisions of acoustic particles - phonons - was estimated in terms of the acoustic
energy flux density scattered by the atmospheric turbulence derived in [10] in
the single scattering approximation.

In the present work, we use the modified Monte Carlo algorithm to solve the
problem of acoustic radiation propagation in the atmosphere.

2 Model of the Atmosphere and Geometry of the
Numerical Experiment

For a 500-m standard plane-stratified turbulent atmosphere, the total attenua-
tion coefficient was calculated from the formula

σatt(zi) = σcl + σmol(zi) + σT (zi) + σV (zi), (1)

where σcl and σmol(zi) are the coefficients of classical and molecular absorption,
σT (zi) and σV (zi) are the coefficients of scattering by turbulent temperature and
wind velocity fluctuations, zi = zi−1 + dz, dz = 20m, i = 1, . . . , 26, and z0 = 0.

The coefficients of classical and molecular absorption σcl and σmol(zi), in m−1,
were taken from [11, 12].

Analytical expressions for the scattering coefficients were derived in [9, 13]
for the von Karman model of the three-dimensional spectra of temperature and
wind velocity fluctuations:
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(3)

where λ(zi) is the wavelength, c(zi) is the velocity of sound, L0(zi) in the outer
scale of the atmospheric turbulence, C2

T (zi) is the structure function of the wind
velocity field T (zi), ε(zi) is the kinetic energy dissipation rate,
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A(zi) = 2L2
0(zi) + λ2(zi);

B(zi) = 4L2
0 + λ2(zi).

(4)

The normalized scattering phase functions were calculated from the following
formulas [9, 13]
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(6)

Calculations were performed for point-sized and finite-aperture (circular aper-
ture with a diameter of 1m.) sound sources with acoustic power of 1W placed
at altitude zs above the Earth’s surface for frequencies of 1, 2, 3, and 4kHz typ-
ically used in sodars (acoustic radars) [1]. Emitted radiation was continuous in
the solid angle subtended by the circular cone of half-angle φ = 2.5, 5, 10, 15,
20, and 25◦ with respect to the vertical I|0(φ, ϕ) = I0(φ), that is, independent of
the azimuth angle ϕ. For the finite-aperture sources, calculations were performed
for uniform or Gaussian distribution of emitted radiation over the source aper-
ture. According to the data of sodar [14] and lidar measurements [15], the outer
scale of turbulence L0 changes from a few meters to 150 m in the atmospheric
boundary layer. In our calculations, it was set equal to 2, 4, 6, 8, 10, 15, 20, 40,
60, and 80m. Acoustic radiation of the source propagated through the plane-
parallel layers of the atmosphere with the coefficients of classical and molecular
absorption σcl(i) and σmol(i) and scattering on turbulent temperature and wind
velocity fluctuations σT (i) and σV (i) being constant within these layers, where
i = 1, . . . , 25. In calculations of their altitude dependence, the vertical profiles
of the atmospheric temperature, pressure, and velocity of sound were taken for
the standard model of the atmosphere [16].

Figure 1 shows the vertical profiles of the total attenuation coefficient calcu-
lated from Eq. (1) for frequencies F = 1− 4kHz, and Figure 2 shows the vertical
profiles of the phonon scattering probability Psc(i) = [σT (i) + σV (i)]/σatt(i),
where σT was calculated from Eq. (2) and σV was calculated from Eq. (3). It
should be noted that at a frequency of 2kHz, the turbulent attenuation becomes
comparable with the molecular absorption in the surface layer of the atmosphere
for L0 ≥ 15m (sc(i) ≥ 0.5, see Fig. 2.

As demonstrated in [6], at the frequency F = 1kHz they are comparable for
L0 ≥ 20m. In this case, the main contribution to the turbulent attenuation of
sound propagating along the vertical direction comes from the dynamic turbu-
lence. The contribution of temperature fluctuations is by 1–2 orders of magnitude
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Fig. 1. Vertical profiles of the total attenuation coefficient for F = 1 − 4kHz and
L0 = 10 (a) and 80m (b)

Fig. 2. Vertical profiles of the phonon scattering probability for F = 1 − 4kHz and
L0 = 10 (a) and 80m (b)

smaller. This was also pointed out in [4]. From Fig. 1 it can also be seen that
in the surface layer, the attenuation coefficient increases approximately by an
order of magnitude when the outer scale of turbulence L0 increases from 10 to
80m. In this case, the phonon scattering probability (Fig. 2) increases from 0.35
to 0.95. These data are confirmed by the results presented in [17], where it was
concluded that the magnitude of the excess turbulent attenuation fluctuates in
wide limits and can be as great as the classical and molecular absorption.

The normalized phase functions of sound scattering on temperature fluctua-
tions calculated by Eq. (5), and the normalized phase functions of sound scat-
tering on wind velocity fluctuations calculated by Eq. (6) for frequencies in the
range 1-4 kHz.

3 Computational Algorithm

To construct a computational algorithm, both standard computational proce-
dures borrowed from [18] and procedures developed in [6, 7, 19] with allowance
for the specifics of sound interaction with the atmosphere were used. We con-
sidered a point-sized source of acoustic radiation placed at an altitude of 35 m
above the ground and having an acoustic power of 1 W. A hypothetical receiver
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was placed above the source at an altitude of 500 m from the ground. The coor-
dinates of the point of phonon emission (x0, y0, z0) and their directional cosines
(ω1, ω2, ω3) were calculated using the procedure described in [18]. The Earth’s
surface was considered absolutely absorbing, and when the phonon trajectory
intersected the plane z = 0, the phonon was considered absorbed, and a new
phonon history was modelled. The phonon free path was modelled by the fol-
lowing scheme.

a) Let c be the cosine of the angle between the positive direction of the z
axis and the direction of phonon emission; then Δl = dz/c be the distance
passed by the phonon through atmospheric layers with attenuation coefficients
σatt[1], . . . , σatt[N ].

b) By subsequent subtraction, we find the number j of the layer such that

z[1]− z0
c

σatt[1]+Δl

j−1∑

m=2

σatt[m] < ln(rand) ≤ z[1]− z0
c

σatt[1]+Δl

j∑

m=2

σatt[m],

where rand is a random number uniformly distributed in the interval [0,1].
c) If there is no number j satisfying condition (14), it is considered that the

phonon have been escaped from the medium; otherwise,

lfree =
z[1]− z0

c
+Δl(j − 2)−

ln(rand) +Δl
j−1∑

m=2
σatt[m]

σatt[j]
.

The point of the next collision was chosen by the well-known formulas [18].
Then the collision type was chosen. The following procedure was used.
d) p1 = σcl(j), p2 = σmol(j), p3 = σT (j), p4 = σV (j).
e) P1 = p1, P2 = p1 + p2, P3 = p1 + p2 + p3, P4 = p1 + p2 + p3 + p4.
f) F1 = P1/P4, F2 = P2/P4, F3 = P3/P4, F4 = P4/P4 = 1.
g) α = rand, find the number k = min{l : α < Fl}.
h) If k = 1, classical absorption was simulated; if k = 2, molecular absorption;

if k = 3, scattering on the temperature fluctuations; otherwise, scattering on the
wind velocity fluctuations.

In the case of absorption, the phonon was annihilated, and its statistical weight
was added to the element of the array determining the value of the acoustic wave
intensity absorbed in the j-th atmospheric layer. In the case of scattering, the
scattering angle was determined by the scattering phase function given by Eq. (5)
for scattering by temperature fluctuations and by Eq. (6) for scattering by wind
velocity fluctuations. The procedure of simulation of the scattering angle was
described in detail in [20] Calculations were carried out on a personal computer
for 106 phonon histories, which provided acceptable calculation errors of 3–10%.

4 Calculation Results and Their Discussion

Figure 3 shows dependencies of the transmitted (Itr , W/m2) and multiply scat-
tered radiation intensities (Imsc, W/m2) over the detector zones for F = 1.7 kHz,
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φ = 5◦ (a and c) and 15◦ (b and d); F = 4kHz, φ = 5◦ (e and g) and 15◦ (f
and h), source altitude zs = 35m, and outer scale of turbulence, in meters, indi-
cated at the upper right of the figure. Results of our calculations demonstrate that
the contribution of multiple scattering Imsc to the transmitted radiation intensity
Itr within the cone of source radiation increases with the outer scale of turbulence
from 10.5% (for L0 = 10m) to 53% (forL0 = 20m); for L0 = 40m, the transmitted
radiation intensity is completely determined by multiple scattering. In this case,
the sharp decrease of Itr and Imsc in Fig. 3 is explained by the fact that received ra-
diation is beyond the limits of the cone of source radiation divergence. Within the
cone of source radiation divergence, the multiple scattering contribution increases
from 4.7 · 10−7 to 4.3 · 10−6 W/m2, that is, by 89% when L0 increases from 10 to
80 m. This increase in multiple scattering contribution virtually compensates for
the decrease in the transmitted radiation intensity with increasing outer scale of
turbulence and, as can be seen from Fig.3a, the transmitted radiation intensity
for ≤ 50m is virtually independent of the outer scale of turbulence.

Fig. 4. Total attenuation of acoustic waves
propagating along vertical paths versus alti-
tude. Here the solid curves show the results
of our Monte Carlo calculations; closed tri-
angles and circles show results of acoustic
measurements in [21] with a tethered bal-
loon.

Figure 4 shows the total attenu-
ation of acoustic waves propagating
along vertical paths versus distance.
Here the solid curves show the re-
sults of our Monte Carlo calculations,
and closed triangles and circles show
results of acoustic measurements per-
formed in [21] with a tethered bal-
loon. Calculations were performed for
the vertical profiles of the atmospheric
temperature and relative air humidity
measured in [21] during first accent
and descent of the tethered balloon on
April 17, 1973. A good agreement of
the results of our Monte Carlo calcula-
tions with the experimental data [21]
can be seen. This demonstrates the ef-
ficiency of the developed Monte Carlo
algorithm.

Statistical estimates of the trans-
mitted radiation intensity for finite-
aperture sources (with a circular

aperture 1 m in diameter and a Gaussian distribution of emitted radiation) with a
frequency of 2 kHz demonstrated that in the examined angular source divergence
angles, it increased by 66–68% compared to that for the point source. For the
uniform distribution of emitted radiation over the source aperture, Itr(0

◦, 2.5◦)
remained virtually unchanged. For F = 3kHz, L0 = 10m, φ = 2.5◦ , and Gaus-
sian distribution of emitted radiation, Itr(0

◦, 2.5◦) = 1.6 · 10−4 W/m2, that is,
it increased by a factor of 2.2 compared to Itr(0◦, 2.5◦) = 7.26 · 10−5 W/m2 for
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Fig. 3. Distribution of the intensity of transmitted (Itr, W/m2) and multiply scattered
radiation (Imsc, W/m2) over the detector zones for F = 1.7kHz, φ = 5 (a and c) and
15◦ (b and d); F = 4kHz, φ = 5 (e and g) and 15◦ (f and h) the indicated values of
the outer scale of atmospheric turbulence
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Fig. 5. Effect of the finite circular source aperture (D = 1m) with uniform and Gaus-
sian distributions of emitted radiation on the intensity of transmitted (Itr) and multiply
scattered acoustic radiation Imcs for F = 3kHz, φ = 2.5◦, and L0 = 10m

the point source (see Fig. 5). At the same time, it remained virtually unchanged
for the uniform distribution of emitted radiation.

Fig. 6. Dependence of the transmitted ra-
diation intensity on the source divergence
angle and its analytical approximation by
the power-law dependence (the solid curve)
for F = 4kHz and L0 = 10m

Analytical approximation of the re-
sults of Monte Carlo calculations by
power-law, logarithmic, and exponen-
tial dependences demonstrated that
they are best described by a power-
law dependence of the form

Itr(0
◦, φ) = Aφ−B , (7)

where Itr is in W/m2 and φ is in de-
grees, with the correlation coefficient
close to 1.

Figure 6 shows the dependence
Itr(0

◦, φ) for the radiation frequency
F = 4kHz and outer scale of turbu-
lence L0 = 10m. It can be seen that

when the source divergence angle increases from 5 to 25◦, Itr decreases by 96%,
which is essential and confirms the necessity of application of massive protective
shields in sodars [1]. Table 1 below gives values of the corresponding constants
A and B entering into formula (17) for L0 = 10m and typical sodar frequencies.

Table 1. Values of the coefficients in Eq. (7)

F , kHz A B

1 2.8 · 10−3 2.00
1.7 1.7 · 10−3 2.00
2 1.4 · 10−3 2.03
3 2 · 10−5 2.02
4 4 · 10−6 1.97
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From Table 1 it follows that the dependence on the source divergence angle
is quadratic in character. It is impossible to obtain the dependence of these
coefficients on the outer scale of turbulence in this stage, because it is within the
limits of the calculation error.

5 Conclusions

Statistical estimates of the contribution of multiply scattered radiation to the
intensity of acoustic radiation transmitted through the lower 500-m atmospheric
layer demonstrated that for a frequency of 1.7 kHz, it increases from 15 to 80%
with the outer scale of atmospheric turbulence. For a frequency of 4.5 kHz, it
increases from 30% to the value comparable with the total transmitted radiation
intensity.

The contribution of multiple scattering to the transmitted radiation inten-
sity increased with the outer scale of turbulence from 10.5% (for L0 = 10m)
to 53% (for L0 = 20m); for L0 = 40m, the transmitted radiation intensity was
completely determined by the contribution of multiple scattering. Statistical es-
timates demonstrate that the intensity of transmitted radiation within the limits
of the cone of source radiation is virtually independent of the outer scale of at-
mospheric turbulence. The decrease in the transmitted radiation intensity with
increase in the source divergence angle is quadratic in character. The transmit-
ted radiation intensity Itr decreases by 96% when the source divergence angle
increases from 5 to 25◦ . This is essential and confirms the necessity of applica-
tion of massive protective shields in sodars. These quantitative estimates can be
used for interpretation of results of acoustic sounding and for prediction of the
conditions of acoustic radiation propagation in the atmosphere. The results of
Monte Carlo calculations are in good agreement with the available experimental
data, which confirms the efficiency of the developed Monte Carlo algorithm.
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