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Abstract. In th is p ap er, w e stud y th e q ueuing system w ith unlimited
q ueue and w ith N servers. W e ob tain th e ap p rox imation of p rob ab ility
d istrib ution of th e numb er of customers in th e system. W e ob tain th e
formula of th e p rob ab ility of immed iate service and th e ch aracteristic
function of a p ositive w aiting time. Th e op timal numb er of servers can
b e d etermined b y th e ob tained ch aracteristic s.

Keywords: Q ueuing systems · W aiting time · A p p rox imation of th e
p rob ab ility d istrib ution · Q ueue

1 Introduction

Math em atical m odels of q u eu ing system s (Q S) is w idely u sed in th e solu tion of
im p ortant p ractical p rob lem s arising in connection w ith th e rap id develop m ent
of com m u nication system s, th e em erg ence of inform ation system s, th e em erg ence
of a variety and com p lex ity of tech nolog ical system s, th e creation of au tom ated
control system s.

Mu ltiserver Q S are m ath em atical m odels of real system s and p rocesses in th e
area of telecom m u nications, com m u nication netw orks, etc . T h ere are p ap ers b y
m odeling call-centers [1,2].

In th is p ap er w e consider q u eu ing system M |GI|N |∞. T h e system arrival
p rocess is distrib u ted b y P oisson law w ith rate λ. T h e system h as N servers.
Service tim es on each servers are i.i.d. w ith distrib u tion fu nction A(x). T h e
arriving c u stom er oc c u p ies any free server or g oes to th e q u eu e in case of all
servers are b u sy.

Its know n th at for th e system M |M |N |K Erlang form u las h ave b een ob tained
[3 ]. H ow ever, for g eneral service tim e and infi nity q u eu e th e ob tained p rob lem
th eoretically didnot solve, and an analytical solu tion is not p ossib le, th erefore,
th e task of ob taining th e ap p rox im ation of stationary p rob ab ility distrib u tion
P (i), 0 ≤ i < ∞ of th e nu m b er of c u stom ers in th e system M |GI|N |∞. W e
ob tain th e form u las for th e p rob ab ility distrib u tion of p ositive w aiting tim e u sing
th e ap p rox im ation.
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2 A p p rox ima tion of P rob a b ility D istrib ution

of the N umb er of C ustomers in the System M |GI|N |∞

D enote th e nu m b er of c u stom ers in th e system at tim e t b y i(t). T h en P (i) =
P{i(t) = i} is th e p rob ab ility distrib u tion of th e nu m b er of c u stom ers in th e
system at tim e t.

Let πi b e an ap p rox im ation of th e p rob ab ility distrib u tion w h ich is defi ned
as a com p osite distrib u tion [4 ]

πi =

{

C1P1(i), 0 ≤ i ≤ N,

C2P2(i−N + 1), i ≥ N.
(1)

T h e p rob ab ilities P1(i), w h ere 0 ≤ i < N , are th e p rob ab ilities of th e nu m b er
of oc c u p ied servers in N -server Q S w ith c u stom ers losses (M |GI|N |0), w h en all
servers are b u sy. Erlang form u la defi nes th e p rob ab ility P1(i) [5 ]

P1(i) =
(λa)i

i!
N
∑

k=0

(λa)k

k!

, (2)

w h ere a =
∞
∫

0

(1−A(x))d x is th e averag e service tim e.

T h e p rob ab ilities P2(i) are defi ned w h en all servers are b u sy. In th is case,
th e b lock of oc c u p ied servers is considered as a sing le and its service h as dis-
trib u tion fu nction B(x). T h erefore, th e p rob ab ilities P2(i), w h ere i = 0, 1, ...
are defi ned as th e p rob ab ilities of th e nu m b er of c u stom ers in th e sing le-server
system M |GI|1|∞ w ith w aiting .

In th is case, th e P ollac zek-K h inch in form u la for th e g enerating fu nction can
b e u se:

G(x) =

∞
∑

n=0

xnP2(n) = (1− λb)
(1− x)B∗(λ− λx)

B∗(λ− λx)− x
. (3 )

T o determ ine th e distrib u tion fu nction B(x) w e consider th e ou tp u t p rocess
of serviced c u stom ers w h en all N servers are oc c u p ied.

3 D istrib ution of Sum of Indep endent R ecurrent P rocess

C onsider th e su m of N indep endent rec u rrent p rocess, w ith th e sam e distrib u tion
fu nctions A(x).

Let τ b e th e valu e of th e ju m p [5 ] for th e total p rocess. T h en it is ob viou s
th at τ = m in(τ1, τ2, ..., τN ), w h ere τ1, τ2, ..., τN are indep endent valu e of ju m p
for total p rocess.

T h erefore
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P{τ > x} = 1−
1

b

x
∫

0

(1−B(z))d z = P{m in{τ1, τ2, ..., τN} > x}

= P{τ1 > x}P{τ2 > x}...P{τN > x} =



1−
1

a

x
∫

0

(1−A(z))d z





N

.

H ence, for th e total p rocess w e h ave th e follow ing eq u ation:

1−
1

a

x
∫

0

(1−B(z))d z =



1−
1

a

x
∫

0

(1−A(z))d z





N

,

th en w e diff erentiate eq u ation b y x and ob tain th e follow ing form u la:

B(x) = 1−Nb



1−
1

a

x
∫

0

(1−A(z))d z





N−1

1

a
(1−A(x)).

K now ing
1

b
= N

1

a
[5 ], th en in th e system M |GI|N |∞, th e distrib u tion fu nc -

tion of th e leng th s of th e intervals of th e total p rocess h as th e form :

B(x) = 1− (1−A(x))



1−
1

a

x
∫

0

(1−A(z))d z





N−1

. (4 )

and th e density distrib u tion h as th e follow ing form :

b(x) =







A′(x)



1−
1

a

x
∫

0

(1−A(z))d z



 +
N − 1

a
(1−A(x))2







×



1−
1

a

x
∫

0

(1−A(z))d z





N−2

.

4 E x p a nsion of the F unction P olla c zek -K hinchin

P rob ab ilities P2(i) can b e fou nd u sing th e inverse F ou rier transform , or ex p end-
ing fu nction (3 ) to a p ow er series in x.

T o determ ine th e p rob ab ility b y th e second m eth od, w e w rite th e follow ing
ex p ansion

B∗(λ− λx) =

∞
∫

0

e−(λ−λx)zd B(z) =

∞
∫

0

e−λze−λxzd B(z)

=

∞
∫

0

e−λz

∞
∑

n=0

(λz)n

n!
d B(z) =

∞
∑

n=0

xn

∞
∫

0

e−λz (λz)n

n!
d B(z).
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D enote

βn =

∞
∫

0

e−(λz) (λz)n

n!
d B(z),

w e ob tain th e ex p ansion

B∗(λ− λx) =
∞
∑

n=0

xnβn.

H ence

(1− x)B∗(λ− λx) =
∞
∑

n=0

xnβn −
∞
∑

n=0

xn+1βn =
∞
∑

n=0

xnβn −
∞
∑

n=1

xnβn−1

= β0 +

∞
∑

n=1

xn(βn − βn−1) =

∞
∑

n=1

xnbn.

w h ere b0 = β0, bn = βn − βn−1.
T h e denom inator of th e ex p ression (3 ) is w riten in th e form

(B∗(λ− λx)− x)−1 =

∞
∑

n=0

xnαn. (5 )

T o determ ine αn w e rew rite th e form u la (5 ) as:

1 = (B∗(λ− λx)− x)

∞
∑

n=0

xnαn =

∞
∑

n=0

xnαn

∞
∑

n=0

xnβn −

∞
∑

n=0

xn+1αn

=

∞
∑

n=0

xn

n
∑

k=0

αkβn−k −

∞
∑

n=1

xnαn−1 = α0β0 +

∞
∑

n=1

xn

n
∑

k=0

αkβn−k − αn−1.

Eq u ating coeffi c ients of sam e p ow ers of x in th is ex p ression, w e ob tain rec u r-
rence form u las:

α0 =
1

β0
, αn =

1

β0

[

αn−1 −
n−1
∑

k=0

αkβn−k

]

.

C onsidering th e ex p ansion of th e fu nction G(x), can b e w ritten ex p ression

G(x) =

∞
∑

n=0

xnP2(n) = (1− λb)
(1− x)B∗(λ− λx)

B∗(λ− λx)− x
= (1− λb)

∞
∑

i=0

xibi

∞
∑

i=0

xiαi

= (1− λb)

∞
∑

i=0

xi

i
∑

k=0

αkbi−k.

T h u s

P2(i) = (1− λb)

i
∑

k=0

αkbi−k.
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5 F inding of C onsta nts

C onstants C1 and C2 can b e fou nd from th e norm alization condition and th e
conditions of “ stitch ing ” :







∞
∑

i=0

πi = 1,

C1P1(N) = C2P2(1),

w e ob tain

1 =

∞
∑

i=0

πi = C1

N
∑

i=0

P1(i) + C2

∞
∑

i=N+1

P2(i−N + 1) = C1 + C2

∞
∑

n=2

P2(n)

= C1 + C2(1− (P2(0) + P2(1))),

th u s

C1 =
P2(1)

P2(1) + P1(N)(1− (P2(0) + P2(N)))
,

C2 =
P1(N)

P2(1) + P1(N)(1− (P2(0) + P2(N)))
.

(6 )

So ex p ression (1) h as th e form :

πi =

{

P2(1)
P2(1)+P1(N)(1−(P2(0)+P2(N)))P1(i), 0 ≤ i ≤ N,

P1(N)
P2(1)+P1(N)(1−(P2(0)+P2(N)))P2(i−N + 1), i > N.

6 P rob a b ility of Immedia te Serv ice

Let τ b e th e w aiting tim e of c u stom er service start. U sing (1) th e p rob ab ility of
im m ediate service can b e w ritten as

P0 =
N−1
∑

i=0

πi = C1

N−1
∑

i=0

P1(i) = C1(1− P1(i))

=
P2(1)(1− P1(N))

P2(1) + P1(N)[1− (P2(0) + P2(1))]
,

(7 )

w h ere considering ex p ressions (2) and (3 ) th e follow ing eq u alities

P2(0) = G(0) = 1− λb,

P2(1) = G
′

(0) = (1− λb)
1−B∗(λ)

B∗(λ)
,

P1(N) =
(λa)N

N !
N
∑

i=0

(λa)i

i!

.
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7 P rob a b ility D istrib ution of a P ositiv e W a iting T ime

If th e c u stom er arrives in th e system at tim e w h en all servers are b u sy, th en its
w aiting tim e τ > 0 and th is valu e w e call as a p ositive w aiting tim e τ+.

W e fi nd th e conditional p rob ab ility distrib u tion Pq(m), w h ere m > 0 th at
th ere are m c u stom ers in th e q u eu e considering th at all servers are b u sy.

U sing ex p ression (1), w e w ritten:

Pq(m) =
πN+m

∞
∑

i=0

πN+i

=
C2P2(1 + m)

C2

∞
∑

i=0

P2(1 + m)

=
P2(1 + m)

(1− P2(0))
=

1

λb
P2(1 + m).

(8 )

Ex p ression (9 ) is th e conditional p rob ab ility distrib u tion th at th ere are m
c u stom ers in th e q u eu e considering th at all servers in th e system are b u sy

Pq(m) =
1

λb
P2(m + 1). (9 )

W e fi nd th e g enerating fu nction Gq(x) of th is distrib u tion

Gq(x) =
∞
∑

m=0

xmPq(m) =
∞
∑

m=0

xm 1

λb
P2(m + 1)

=
1

λbx

∞
∑

ν=1

xνPq(ν) =
1

λbx
[G(x)− P0]

=
1

λbx
[G(x)− (1− λb)]

=
1

λbx

[

(1− λb)
(1− x)B∗(λ− λx)

B∗(λ− λx)− x
− (1− λb)

]

=
1− λb

λbx

(1− x)B∗(λ− λx)−B∗(λ− λx) + x

B∗(λ− λx)− x

=
1− λb

λb

1−B∗(λ− λx)

B∗(λ− λx)− x
,

th en

Gq(x) =
1− λb

λb

1−B∗(λ− λx)

B∗(λ− λx)− x
. (10)

T h is g enerating fu nction is ob tained on th e p eriod w h en all servers are b u sy.
In th is condition, th e N -server b lock of servers is defi ned b y th e distrib u tion
fu nction A(x) is p erm issib le to rep lace th e sing le-server w ith th e distrib u tion
fu nction B(x) from form u la (4 ).

C u stom er arriving in th e system w h en all servers are b u sy fi nds m c u stom ers
in th e q u eu e w ith p rob ab ility Pq(m). So, th e w aiting tim e consists of th e total
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tim e service of c u stom ers, each h aving th e distrib u tion fu nction B(x) from for-
m u la (4 ) and residu al service tim e of one c u stom er w ith th e distrib u tion fu nction

B0(x) =
1

b

x
∫

0

(1−B(z)) d z.

W e denote residu al service tim e b y ξ0 and service tim es of th e fi rst, th e
second and th e m-th c u stom ers in th e q u eu e b y ξ1, ξ2, ..., ξm resp ectively. T h en
th e w aiting tim e can b e determ ined b y

τ+ = ξ0 + ξ1 + ξ2 + ... + ξm.

W e fi nd th e ch aracteristic fu nction h(u) of th e p ositive w aiting tim e c u s-
tom ers in th e system M |GI|N |∞. U sing total p rob ab ility law for m ean, w e can
w rite

h(u) = M
{

ej ut
}

=
∞
∑

m=0

M {exp {ju(ξ0 + ... + ξm)} |m(t) = m}Pq(m)

=
∞
∑

m=0

M
{

ej uξ 0

} (

M
{

ej uξ 1

})m
Pq(m) = φ(u)mPq(m),

w h ere φ0(u) and φ(u) are ch aracteristic fu nctions of th e residu al and total tim es
service of one c u stom er, h ere

φ(u) =

∞
∫

0

ej uxd B(x). (11)

T h e last eq u ation for h(u) w e rew rite as

h(u) = φ0(u)Gq(φ(u)) = φ0(u)
1− λb

λb

1−B∗(λ− λφ(u))

B∗(λ− λφ(u))− φ(u)
. (12)

So

B0(x) =
1

b

x
∫

0

(1−B(z)) d z,

th en

φ0(u) =

∞
∫

0

ej uxd B0(x) =
1

b

x
∫

0

ej ux(1−B(x))d x =
1

jub
(φ(u)− 1),

th erefore, th e ch aracteristic fu nction h(u) of form u la (12) is w ritten as

h(u) =
1

jub
(1− λb)

φ(u)− 1

λb

1−B∗(λ− λφ(u))

B∗(λ− λφ(u))− φ(u)
. (13 )

H ere φ(u) h as th e form (11).
F orm u las (5 ) and (13 ) com p letely ch aracterize th e w aiting tim e of c u stom er

in th e q u eu e N -server system M |GI|N |∞.
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8 M ea n of the P ositiv e W a iting T ime

A p p lying th e ch aracteristic fu nction h(u) from form u la (13 ), th e m ean of p ositive
w aiting tim e c u stom er in th e q u eu e is w ritten in th e form

τ̄+ =
1

j
h

′

(u)|u=0 =
b2

2b(1− λb)
, (14 )

w h ere b is th e m ean, and b2 is th e second initial m om ent, defi ned b y distrib u tion
fu nction B(x) from (4 ).

9 O p tima l N umb er of Serv ers in the M ultiserv er System

In order for steady-state reg im e to ex ists in N -server q u eu ing system w ith th e
w aiting , it is necessary th at th e system load ρ = λb = λ a

N
is less th an one.

T h erefore, N h as to satisfy ineq u ality

N > λa. (15 )

T h e op tim al valu e No p t of th e nu m b er of servers is defi ned b y criteria:

No p t

[

m in
N
{N : P (τ > τm a x ) ≤ δ}

]

.

Let τ b e w aiting tim e of c u stom er service start, τm a x is th e u p p er lim it w aiting
tim e c u stom er service start, δ is allow ab le sh are of c u stom ers w h o w ill w ait for
th e start of service long er th an τm a x . T h e condition P (τ > τm a x ) ≤ δ can b e
rep laced b y th e follow ing eq u ivalent condition

(1− P0)P (τ+ > τm a x ) ≤ δ, (16 )

w h ere th e p rob ab ility of im m ediate service is g iven b y (5 ).
A p p lying inverse F ou rier transform to th e fu nction h(u), th e p rob ab ility

P (τ+ > τm a x ) can b e w ritten as th e follow ing integ ration form u la:

P (τ+ > τm a x ) = 1−
1

2π

∞
∫

−∞

1− e−j uτ m a x

ju
h(u)d u. (17 )

H ere h(u) h as th e form (13 ), and

φ(u) =

∞
∫

0

ej uxd B(x) = 1 + ju

∞
∫

0

ej ux[1−B(x)]d x,

B∗(α) =

∞
∫

0

e−α xd x = 1− α

∞
∫

0

e−α x[1−B(x)]d x = φ(jα), (18 )
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and h ence
φ(u) = B∗(−ju). (19 )

T h e m ost consu m ing is th e fi nding of p rob ab ility P (τ+ > τm a x ) in inte-
g ral form u la (17 ), b ecau se it req u ires nu m erical calc u lation of th ree-dim ensional
integ rals: fi rstly, fi nding th e fu nction B(x) b y th e form u la (4 ), secondly, fi nd-
ing th e F ou rier and Lap lace transform b y th e form u las (18 )– (19 ), th irdly, th e
calc u lations p rob ab ility b y th e form u la (17 ).

T h is p rob lem is solved b y considering for th is task u nder h eavy load.

1 0 A symp totic A na lysis of a P ositiv e W a iting T ime

U nder H ea v y L oa d

T h e ch aracteristic fu nction of a p ositive w aiting tim e h(u) h as th e form (13 ).
W e fi nd its lim it valu e u nder h eavy load, w h en 1− λb = ε and ε → 0. F or th is,
in ex p ression (13 ) p erform s su b stitu tions

u = εω, h(u) = H(ω, ε),

w e ob tain th e follow ing fu nction

H(ω, ε) =
(φ(εω)− 1)(1− λb)

λb2jεω

1−B∗(λ− λφ(εω))

B∗(λ− λφ(εω))− φ(εω)
. (20)

Let u s fi nd its lim it for ε → 0. W e can w rite

φ(εω) = Mej ε ω ξ = 1 + jεωξb +
(jεωξ)2

2
b2 + o(ε3),

λ− λφ(εω) = −jεωξb−
(jεωξ)2

2
λb2 + o(ε3),

B∗(α) = Me−α ξ = 1− αb +
α2

2
b2 + o(α3),

B∗(λ− λφ(εω)) = B∗
(

jεωb−
(jεω)2

2
λb2

)

= B∗
(

−jεω(1− ε)−
(jεω)2

2

b2

b

)

= 1 + b

(

jεω(1− ε) +
(jεω)2

2

b2

b

)

+
(jεω)2

2
b2 + o(ε3).

Su b stitu ting th ese ex p ressions in ex p ression (20), w e ob tain:

H(ω, ε) =
1 + jεωb− 1

λb2jεω
ε

1− jεωb

1 + jεωb− jεωbε + (jεω)2b2 −
[

1 + jεωb + (j ε ω )2

2 b2

]

=
1

λb
ε

−jεωb

−jεωbε + (j ε ω )2

2 b2

=
1

1− jω b2
2b

.
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P erform ing h ere th e follow ing inverse transform ation

ω =
u

ε
=

u

1− λb
,

w e ob tain th e ap p rox im ate ex p ression for λb ↑ 1

h(u) ≈
1

1− ju b2
2b(1−λb)

.

for th e ch aracteristic fu nction, w h ich h as th e form of th e ch aracteristic fu nction
of th e ex p onential distrib u tion w ith rate

γ =
2b(1− λb)

b2
. (21)

N ote th at th e m ean 1/ γ of th e asym p totic distrib u tion is eq u al to th e m ean
τ̄+ of p ositive w aiting tim e (14 ).

T h erefore, th e p rob ab ility P (τ+ > τm a x ) u nder h eavy load can b e defi ned
from th e form u la:

P (τ+ > τm a x ) = e−γ τ m a x = ex p

{

−
2b(1− λb)

b2
τm a x

}

. (22)

1 1 C onclusion

In th is p ap er, w e stu dy th e q u eu ing system M |GI|N |∞. W e ob tain th e ap p rox -
im ation of p rob ab ility distrib u tion of th e nu m b er of c u stom ers in th e system .
W e derive th e form u la of th e p rob ab ility of im m ediate service and th e ch arac -
teristic fu nction of a p ositive w aiting tim e. T h e op tim al nu m b er of servers can
b e determ ined b y th e ob tained ch aracteristic s.

Ack n owledg m en ts. Th e w ork is p erformed und er th e state ord er of th e M inistry of
E d ucation and Sc ience of th e Russian F ed eration (N o. 1 .5 1 1 .2 0 1 4 / K ).
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