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Abstract
Destruction of lithospheric material, as well as general brittle and plastic deformation of solids, have been treated theoretically and
experimentally with methods used for nonlinear dynamic systems. The process of destruction in loaded solids (inelastic strain, damage
accumulation, failure) is presented as a space-time evolution of a nonlinear dynamic system, which allows interpreting all deformation within
the limits of a single theory. The space-time hierarchies of nonlinear systems were found out to undergo collective effects and self-organization.
The experimental and theoretical studies of the evolution of loaded solids revealed their universal fractality and showed brittle failure and
plastic deformation to be self-similar processes at different scales, for which scaling parameters have been estimated. The evolution of inelastic
strain and destruction of solids is modeled numerically in terms of hierarchic systems.
© 2007 Elsevier Ireland Ltd. All rights reserved.
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Introduction
Loaded solids, including lithospheric material, were until
recently investigated phenomenologically in terms of macroscopic inelastic strain and failure. Understanding that both
deformation and failure proper develop simultaneously at
different scales led to the idea of hierarchy. Treating deformation at microscopic, mesoscopic, and macroscopic scales
(Gol’din, 2002; Haken, 1988; Makarov, 1999; Panin et al.,
1998; Panin and Grinyaev, 2003), with a special focus on the
mesoscale at which the relevant elements of structure are
included explicitly, bridged the approaches of continuum
mechanics and solid-state physics. This synthesis provided
more solid grounds for phenomenology as each specific model
became correlated to actual physical mechanisms at the
respective scale, which also made mechanics more rigorous
in describing crustal deformation (Gol’din, 2002).
The hierarchic approach, however, has exhausted most of
its potentialities. Many basic problems concerned with the
hierarchic evolution of inelastic strain turned out to be
irresoluble, especially the relation of inelastic (plastic) strain
and the ensuing failure at different scales. The modern
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solid-state physics, including mechanics, suggests two separate
theories for plasticity and brittle failure, which are thus
interpreted as opponents though the two are obviously the
elements of a single process. Nevertheless, the two poorly
linked theories for plastic and brittle deformation still coexist.
Processes at the microscopic level have been commonly the
subject of discrete approaches and molecular dynamic modeling while the concepts of meso- and macroscales remain
vague. It is unclear which specific scales and structures belong
to the mesoscopic level, which are the criteria to distinguish
this level, and — the main thing — how to pass from one
level to another in modeling. The advance of nanotechnology
and understanding the specificity of nanoscale physical mechanisms prompted scientists to include the nanoscale into their
models. The mesoscale is often divided into two subscales
corresponding to different physical mechanisms. Therefore,
the hierarchic approach turns out to be methodologically
inefficient.
It appears unreasonable to fix the general methodology to
specific mechanisms or scales. Rather, it should, proceeding
from the idea of hierarchy, open the approaches to the
evolutionary processes of inelastic strain and failure irrespective of their physical controls and the corresponding scales.
This methodology is quite plausible as follows from the
encouraging experience of synergetics, or nonlinear dynamics,
workable in physics, chemistry, economics, biology, and
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humanities (Glansdorff and Prigogine, 1971; Kapitsa et al.,
2002; Kurdyumov and Knyazeva, 1994; Malinetsky and
Potapov, 2002; Nicolis and Prigogine, 1989).
Nonlinear dynamics is so universally applicable as it stems
from the concepts of systems and universal laws of their
evolution. It turned out that hierarchic (in space and time)
dynamic systems, whichever they be, evolve in a similar way
(Glansdorff and Prigogine, 1971; Kapitsa et al., 2002; Kurdyumov and Knyazeva, 1994; Makarov, 2005; Malinetsky and
Potapov, 2002; Nicolis and Prigogine, 1989). This system
approach works in discrete modeling (e.g., in microscale
molecular dynamics) as well as in phenomenological methods
of continuum mechanics at mesoscopic and macroscopic
scales (Makarov, 2005), while the basic difference in the
underpinning physical mechanisms is taken into account in the
corresponding phenomenological equations of state.
Similar ideas are found in (Rodionov, 2006) as applied to
rock mechanics which interprets mechanic movements in the
Earth’s interior as a result of self-organization of continuum
in its own gravity field. The complex multiscale phenomena
of deformation can be brought together in a theory which
highlights the evolution of loaded solids overlooking the
specific physical mechanisms and treats these phenomena
jointly as a single process of destruction. The term destruction
first appeared in rock mechanics which actually makes no
distinction between inelastic deformation and brittle failure.
This approach is physically reasonable because even macroscopic plastic flow in metals is associated with loosening, or
microscopic and mesoscopic damage accumulation (vacancies,
dislocations, etc., at the microscale; pores, defects, strain
bands, etc., at the mesoscale), which is nothing but destruction
not yet shown up macroscopically. Of course, atomic bonds
hold in dislocation plasticity but the general destruction
scenario is surprisingly similar for brittle failure and plastic
deformation. That is why destruction, a more general term, is
used hereafter and refers to the evolution of loaded solids. In
the course of this evolution, governed by a great diversity of
physical mechanisms, materials accumulate discontinuities of
different scales (slowly in plastic and rapidly in brittle
materials) until the process shows up at the macroscopic scale
as fracturing and disintegration, or the destruction sensu
stricto.

Loaded solids as hierarchic systems of blocks
Gol’din (2002), in his studies of basic problems of
seismology and geodynamics in the context of achievements
in physical mesomechanics, formulated three main questions:
1. Is lithospheric destruction self-similar at different scales?
2. Are specific movements (the so-called slow movements)
with their characteristic times and rates related to the structure
of materials?
3. In which way energy activates (accumulates) in structured media?
He summarized the three questions as a basic problem of

whether the pattern of blocks is the basic characteristic of the
lithospheric structure (Gol’din, 2002).
I show in this study that all loaded solids consist of blocks
and their structure forms by self-organization.
It is the hierarchic pattern of blocks in loaded solids (known
from laboratory experiments, as demonstrated below) that
brings together brittle and plastic materials or plasticity in
loaded metals and destruction of lithospheric material if these
processes are considered in terms of evolution of hierarchic
systems and synergetics (which does not rule out the specificity of their physical mechanisms).
Thus, loaded solids are treated as hierarchic nonlinear
dynamic systems whose evolution follows the laws of synergetics and is a specific case in the general theory of evolution.
The theory explaining evolution of self-organizing open
systems (Glansdorff and Prigogine, 1971; Kapitsa et al., 2002;
Kurdyumov and Knyazeva, 1994; Makarov, 2005; Malinetsky
and Potapov, 2002; Nicolis and Prigogine, 1989) is developing
today as nonlinear dynamics formulated by Ilya Prigogine
(Glansdorff and Prigogine, 1971; Nicolis and Prigogine, 1989),
Hermann Haken (Haken, 1983, 1988), Benoit Mandelbrot
(Mandelbrot, 1982), Sergei Kurdyumov (Kurdyumov and
Knyazeva, 1994), Alexander Samarsky (Akhromeeva et al.,
1992), Georgy Malinetsky (Malinetsky and Potapov, 2002),
etc. The applicability of the ideas, approaches, and methods
of nonlinear dynamics to loaded solids provides unambiguous
evidence that they are the perfectly self-organizing open
systems (Makarov, 2005).
Self-organization (Haken, 1983) is a process in which a
system, normally an open system, spontaneously increases in
complexity and acquires structure. Spontaneous structure
(pattern) formation in self-organization means that the system
changes by itself, due to its intrinsic properties, without being
guided or managed by an outside source.
The idea of the hierarchic pattern of solids, including
material of the Earth’s crust, apparently originates from
geophysical studies by Sadovsky (1979) and Piotrovsky
(1964). The fact that the block structure of rocks, and
lithosphere as a whole, is their basic property has been
universally accepted (Gol’din, 2002; Kocharyan and Spivak,
2003; Piotrovsky, 1964; Rodionov, 2006; Sadovsky, 1979;
Sadovsky et al., 1987, 1988; Ulamov, 1993).
Many authors (Gol’din, 2002; Kocharyan and Spivak,
2003; Piotrovsky, 1964; Sadovsky et al., 1987, 1988; Ulamov,
1993) agree that the sizes of crustal blocks are not random
but ordered in a discrete series where the sizes of the n-th
order compact blocks (a = b = c) and their neighbor (n + 1)-th
and (n – 1)-th order blocks are related according to some basic
principle, universal fractality of lithospheric material subject to destruction:
(L(n + 1)/L ) = A ≈ 3.
n

(1)

Kocharyan and Spivak (2003), with reference to Sadovsky
(1979) and Piotrovsky (1964), give the equation for the size
of the block Ln in the scale hierarchy:
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n − 1



(3 − 6)⋅10 2 , for n = (2k − 1),
Ln = 
 n − 10 

(1 − 2)⋅10 2 , for n = 2k,

(2)

where k is the integer from 1 to 9 and Ln is the characteristic
size of the n-th order block in km. The highest order in this
equation is 18 at k = 9, which corresponds to the sizes
L18 ≈ (10−20)⋅103 km, typical of lithospheric plates. The least
scale of blocks at n = 1 and k = 1 corresponds to L1 = 3–6
cm (the following size in the hierarchy L2 = 10–20 cm
corresponds to k = 1 and n = 2k = 2), etc.
Many equations like (2) have been suggested. What is
important for our consideration is the very principle of an
hierarchic ordered structure of loaded solids. Equations (1) and
(2) surprisingly fulfill for all materials and govern, for
instance, the ratio of defect sizes (in their general meaning)
(Bashkarov et al., 2002; Ilkaev et al., 2002; Kilian et al., 2000,
2001) to distances between localized strain bands at different
scales (which are actually the blocks as well). The factor A is
most often less than 3 and is discussed below.

Experimental studies of destruction-related fractality
and self-similarity
Numerous published experimental data and the tests of this
study show that all loaded solids consist of blocks but this
structure shows up (emerges) during their destruction rather
than exists a priori.
Therefore, deformation and failure of loaded solids follow
the common evolution scenario and the pattern of blocks, the
structure elements produced by this evolution, results from
self-organization.
Destruction of materials (mainly coal, which turned out to
be an excellent model material) was studied with four
independent methods (Makarov, 2004, 2005; Makarov et al.,
2006): (1) analysis of optical images of fracture surfaces, (2)
sedimentation and (3) sieve particle size analyses, and (4)
direct measurements of shapes and scales of destruction
fragments.
The optical image analysis was performed with a specially
designed software that analyzes the brightness contrasts of
neighbor points and computes brightness correlations used to
estimate the characteristic scale of destruction (Makarov,
2004, 2005; Makarov et al., 2005).
Analysis was applied to fracture surfaces in more than ten
coal varieties and several minerals (Makarov, 2004; Makarov
et al., 2006). See a typical image of fracture in Fig. 1, a and
the characteristic destruction scale estimated by fractal analysis (Feder, 1988) of the same image in Fig. 1, b. Coal samples
were destroyed in different devices at loading rates of ... = 3
m/s in a crusher and at ... = 5 m/s in a strength-control device
(SCD).
The four methods give identical characteristic destruction
scales within similar scale ranges, and their combined use thus
covered a broader range of scales.
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Figures 2 and 3 present the results of sedimentation analysis
as a cumulative weight percent of fragments plotted against
their relative scales bI = Lmax/Lcr (cr stands for current) in
logarithmic coordinates.
Inasmuch as smaller fractions have the largest statistical
weight, the range was narrowed down (from 1–160 µm to
4–25 µm and 10–160 µm) and the percentages were renumerated to estimate the following scales in the hierarchic series
(Makarov, 2005; Makarov et al., 2006) (Fig. 3). Figure 4
shows a typical series of contributions from different-scale
fragments into the cumulative percentage (Σ) in the range
25–2500 µm obtained by sieve analysis. Note the overlap of
the destruction scales obtained by the four methods.
Thus, the laboratory experiments demonstrate scale invariance of destruction in all studied materials (Fig. 5).

Universal pricnciple for fractality of solids
The optical images of fracture surfaces, particle size
analyses, and data of atomic-force microscopy in the submicron range (Makarov, 2004, 2005; Makarov et al., 2005, 2006)
reveal two different scale series in which the scales are related
as 1:(2.4–2.9), and the conjugate scales of the two series are
related as 1:(1.4–1.7). Measurements of larger fractions show
that the greater the statistic sample the closer the size ratios
in three dimensions (a:b:c) to ≈1.6 for a/b and b/c and to ≈2.6
for a/c.
Thus, the different methods of fractal analysis highlight the
scales of even and odd series that correspond to the size ratios
of successive blocks in the hierarchy, namely (µm): L–2 = 3–4;
L0 = 10; L2 = 25–30; L4 = 55–70; L6 = 160–180; L8 = 400–500
(at loading rates of 1–5 m/s); and L–1 = 6–7; L1 = 15–17; L3
= 35–45; L5 = 100–120; L7 = 280–300.
The mean ratio of any two neighbor scales in both even
and odd hierarchic series is 2.6–2.7, and the mean ratio of
even-to-odd scales is 1.6–1.7, which measures the ratio of
adjacent block sides. Of course, this division is conventional.
The scale L0 = 10 µm was taken for a reference point as it
received the greatest statistics and appeared in all studied coal
samples (Makarov, 2005). Coal particles, scanned by electron
microscopy (Petrukhin et al., 1981) at the Makeevka Institute
for Mining Safety (Donetsk, Ukraine), were found out to hold
the same shape (size ratio) as far as the smallest fractions.
The a/b size ratio for anthracite particle ranges within
1.613–1.690 and averages about 1.65, and a/c = 2.65. The
same ratios were obtained in this study in a broad range of
scales.
Therefore, the smallest scale c of an n-th order block is the
largest scale of the previous (n – 1)-th order block in the
hierarchic series, and the largest scale a is the smallest scale
for the following (n + 1)-th order block.
Thus, the scaling parameter of blocks in hierarchic series
agrees with Sadovsky’s (1979) universal fractality for crustal
material but is less than 3.0, rather approaching 2.6.
This estimate is compatible with Zhurkov’s failure concentration criterion (Zhurkov, 1968; Zhurkov et al., 1977, 1983)
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Fig. 1. Optical image of coal fracture (a) and characteristic destruction scales Li ≈ 10; 58; 445 µm (b).

Fig. 2. Destruction scales for coal in a range of 1–160 µm. a — cumulative weight percent of fragments; b — weight percents in logarithmic coordinates. Inflexion
of curve (point A) in b indicates destruction scale of L = 10 µm. Kirov Mine. 1 — Boldyrev coal bed/crusher; 2 — Boldyrev coal bed/SCD. Lcr is current value of
coordinate (scale).

Fig. 3. Destruction scales for coal in ranges of 4–95 µm (a) and 10–160 µm (b). Point in curve a indicates destruction scale of L = 25–27 µm. Point B in curve b
indicates destruction scale of L = 55–60 µm). 1 — Konyukhtinskaya Mine, Verkhny coal bed ??/crusher, 2 — Kirov Mine, Snyatkovsky coal bed/crusher.

implying that fractures enlarge when their mean spacing (L)
becomes three times their length (l). In other words, the loaded
medium develops a hierarchy of blocks (Zav’yalov, 2005).
The concentration criterion was tested for a large scope of
brittle, plastic, composite, polymer, and other materials at
ranges of twelve orders of magnitude for fracture length (from
tens of Å to tens of kilometers, i.e.,) and thirty orders of
magnitude for spacing (Zhurkov, 1968; Zhurkov et al.; 1977,
1983; Zav’yalov, 2005). The relative mean spacing of fractures

at the moment of failure (or fracture growth) was always about
three: a = L/l ≈ ( ≈ 2.7) (Zhurkov, 1968; Zhurkov et al., 1977,
1983). Thus, quite different physical reasons and methods
drive at a ratio (A = a ≈ 3) that perfectly fits the universal
fractality of rocks (1) and (2), which hardly is fortuitous.
Similar scaling was observed in plastic materials. Kilian et
al. (2000) investigated the distribution of defects and nanodefect families on the surface of loaded materials (copper, gold,
and molybdenum) and found a universal size distribution of
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tion is that the formation energies of defect hierarchies turned
out to be quantized in the same way as the scales of defects.
Estimating the concentration criterion for low-C steel
given by
K = N–1/3/I

Fig. 4. Destruction scales for coal in range of 25–2500 µm, from particle size
analysis. Points A and B indicate destruction scales of L = 55–70 and 400–500
µm. Trial 1. 1 — Baikaimsky coal bed, 2 — Polysaevsky coal bed, 3 — coal
bed 26a.

defects corresponding to the optimal properties of their
families (maximum entropy principle). It turned out that two
series were required for a correct description of the defect size
distribution (in the selected scale range), i.e., there are two
different scales. The mean defect size ratio in the series, and
the ratio of the standard energies of their formation, likewise
was about three. Kilian et al. (2000) wrote that their result
was difficult to interpret in terms of the classical kinetics and
intended to present a model explaining the magic number of
3 in a further work.
Furthermore, the ratio L/d, where L is the mean spacing of
defects and d is their mean size, turned out to be about (L/d =
2.6–2.8); the same ratio L/d ≈ e was obtained for fractures
before failure and the prefailure fracture families were interpreted to approach the thermodynamically optimum structure
(Kilian et al., 2000).
Later Kilian et al. (Kilian et al., 2001; Bashkarov et al.,
2002) studied defect families and energies of their formation
on the surface of loaded copper and molybdenum samples and
always obtained the ratios of successive energies uI the same
as the scale ratios, i.e., about three: a = uI + 1/uI = dI + 1/dI =
2.7–3.
The most important point in the context of our considera-

(3)

where I is the fracture length and N is the density of fractures,
Botvina et al. (1997) obtained that K from (3) was three times
smaller at the inflexion point of the dependence of fracture
sizes on their density (i.e., about the critical concentration),
which corresponds to three times greater characteristic length
of fractures.
Thus, the available experimental data provide unambiguous
evidence of a universal evolution scenario for both inelastic
strain in plastic materials and damage accumulation and failure
in brittle materials. Moreover, the energies of defect formation
turned out to be quantized as well and arranged in the same
hierarchic series with the scaling ratio a ≈ 2.7−3.
In our tests, the size ratios of successive blocks in each
series were about 2.6 and the ratios of conjugate scales in the
two series (i.e., scales in one series divided by the respective
scales in the other series) were about 1.6. These scaling ratios
remind the numbers Φ = 1.6180339... and Φ2 = 2.6180339...
of the golden section. Therefore, the universal fractality ratio
must be neither 3 nor = 2.7 but must equal the golden section
number. It is Φ2 = 2.618 that is the scaling ratio in hierarchic
series of blocks. Another essential inference from the experiments is that blocks are not compact and their side ratio
averages about the golden section Φ = 1.618. Hence, the sides
of blocks produced by destruction of coal or any other
material, i.e., either by plastic (or, in general case, any
inelastic) deformation or by damage accumulation are related
as a:b:c = 2.618:1.618:1 and a:b = 1.618 and b:c = 1.618,
where a is the maximum and c minimum block sizes. Another
series can be 0.6180339:1:1.618 = c:b:a. At this point, the
correspondence is just stated as an empirical fact without
looking into its physical or geometric reasons.
The maximum size of an n-th order block in the obtained
series is the minimum size of the (n + 1)-order block. Of

Fig. 5. Scale invariance of coal destruction. Weight percentage curves for three different scales almost coincide. 1 — Kotinskaya Mine, coal bed 52, Lcr = 1–10 µm;
2, 3 — Baikaimsky coal bed: Lcr = 25–315 and 200–2500 µm for (a), Lcr = 63–630 and 160–1600 µm for (b), respectively.
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course, the choice of reference size (a or b or c) is
conventional.
It is, however, more correct to speak about the scales of
three-dimension destruction rather than about blocks. Then,
each following scale is Φ times the predecessor scale in each
dimension. Geophysics and rock mechanics operate with
systems (hierarchies) of conjugate lineaments of different
scales which are the hierarchies of localized damage zones
(linear structures), including systems of large faults. The
available laboratory experiments indicate that the destruction
process is universal and occurs at all scales beginning with
the characteristic size of crystal lattice. Indeed, with the
reference at L = 10 µm = 105 Å (in the case of coal), the
number Φ2 = 2.618 as the scaling ratio of block sizes, and the
number Φ as the ideal ratio of block sides, we obtain that the
minimum numbers xi in the hierarchic series, i.e., the minimum cluster sizes as the scaling basis (of course, it is never
less than the spacing of atoms), are
x1 =

10⋅104 Å
2 10

(Φ )

= 6.6115 Å, x2 =

x1
2

Φ

=

6.6115
2.618

= 2.525 Å.

(4)

Graphite with a layered hexagonal lattice and a lattice
spacing of a = 2.641 and c = 6.708 Å has its lattice parameters
about the obtained values. Therefore, scaling begins with the
lattice scale, and the number Φ — which is the precise ratio
of the sides of forming blocks — is the ideal scaling ratio.
In this respect, some notes on the golden section and the
properties of the golden number Φ appear pertinent.
The golden section is a line segment a (e.g., a = 1)
sectioned into two according to the golden ratio a = b + c,
i.e., the total length b + c is to the longer segment b as b is
to the shorter segment c. Thus, the golden ratio brings together
additivity (a = b + c) and multiplicativity (c/b = b/a) being
the unique and universal geometric code.
These are fundamental principles. Additivity reflects the
presence of structure in a whole (the segment a consists of
two unequal parts b and c) while multiplicativity leads to the
idea of growth or self-similarity showing that the elements of
the whole obey the same growth law. Taken together, the two
principles drive at the idea of self-similarity. Thus, we have
a decreasing series 1; 0.618; 0.382, etc., or the corresponding
increasing series 1; 1.618; 2.618, etc. The two principles of
additivity and multiplicativity joined in the golden section law
provide a code to construct any complex self-similar fractal
objects starting with a given unit element.
Mind that the Fibonacci sequence 1, 1, 2, 3, 5, 8 etc., —
in which each number Rn + 1 is the sum of two previous
numbers Rn + 1 = Rn – 1 + Rn, and the greater the n value, the
closer the ratio of Fibonacci numbers to the golden ratio
Rn + 1/Rn → A = 1.618, — is the simplest and most obvious
algorithm of growth or decay in nature performing the idea
of self-similarity. Note again that the ratios of defect formation
energies obey the same law as the destruction scales
(Bashkarov et al., 2002; Kilian et al., 2000, 2001).
The idea of golden section (or, more precisely, the golden
ratio) anticipated the modern ideas of self-similarity and fractal
geometry. The golden section law is perfect in the sense that

self-similarity can continue down to any small values while
the Fibonacci sequence starts with a unit element (e.g., the
lattice scale) to give the simplest increasing algorithm according to the golden ratio (the ratio of two successive numbers
in the series is Φ). This algorithm governs many natural and
physical processes and phenomena. That is the reason why
many space-time hierarchies observed in physics and in nature
fit the Fibonacci sequence.
Thus, the formation of a hierarchic pattern of blocks in
loaded solids scaled according to the golden ratio and the scale
invariance of destruction constitute the principle of universal
fractality which holds in solids from the lattice-size microscopic scale to the scale of lithospheric plates.
The above results can be summarized in Table 1, where
one column lists the powers of Φ multiplied by 10 µm and
the other column gives the estimated destruction scales
(counted from L = 10 µm).
The experimentally obtained destruction scales fit well the
fractality principle for solids, which drives at the “genetic
code” for the structure of solids meant as a simple rule to find
the successive scales in a hierarchic series (Fig. 6). The larger
the statistical sample the more efficient the code.
Figure 6 illustrates the ascent algorithm of scales from an
elementary unit according to the golden ratio (see the golden
section spiral and the Fibonacci sequence of a discrete series
in which the ratio of any two successive numbers is Φ).
The opposite sides in the Fibonacci spiral correspond to
the side ratios of neighbor blocks in a hierarchic series related
as Φ2 = 2.618, while the adjacent sides of each block are
related as Φ = 1.618. These logarithmic spirals define the
Table 1
Destruction scales for coal
Power of Φ⋅10µm

Scales, µm
Atomic-force microscopy

−8

Φ ⋅10 = 0.213

150–250 (+)

Φ−6⋅10 = 0.557

300–600 (+)

Φ−4⋅10 = 1.459

1.2–2 (+)

Φ−2⋅10 = 3.8197

3–4 (+)
Optical image, sieve, and sedimentation
particle size analyses

Φ0⋅10 = 10.00

10 (+)

1

15–17 (–)

2

25–27 (+)

3

35–45 (–)

4

55–70 (+)

5

100–120 (–)

6

160–180 (+)

7

280–300 (–)

8

400–500 (+)

Φ ⋅10 = 16.18
Φ ⋅10 = 26.18
Φ ⋅10 = 42.359
Φ ⋅10 = 68.539
Φ ⋅10 = 110.896
Φ ⋅10 = 179.435
Φ ⋅10 = 290.320
Φ ⋅10 = 469.76

Note. + is for even series scales, – is for odd series scales.
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Fig. 6. “Genetic code” of structure formation in solids. a — Optical image of coal fracture; b — lineaments in rupture pattern produced by earthquake of 28 October
1983 in Central Idaho (US); solid, dashed, and chain lines show faults that belong to different systems, after (Kocharyan and Spivak, 2003); c — Fibonacci spiral and
golden section spiral that define the law by which hierarchic patterns of blocks form in loaded solids.

genetic code for the structure of the studied coal samples as
well as for any solids.
In a 3D case, the spiral is extended into the third dimension
(Fig. 7) to obtain a spatial spiral with its step increasing for
L × Φ at any 90° turn and for L × Φ2 at any 180° turn, so that
the block sides were related as a:b:c = 2.618034:1.618034:1.
A good illustration for these ideas is found in tests on
shock-wave loading of metals (Dobromyslov et al., 2006, b)
which investigated structure change in spherical samples of

Fig. 7. Golden section spiral of Fig. 6, c with projections onto coordinate planes.

copper single crystals and aluminum alloy of Al — 2.4%
Mg — 5.5% Zn. The samples were loaded by shock waves
convergent at the center and changed their structure as the
wave amplitude increased centerward.
Copper. The structure changed at distances 1.8, 4.7, and
7.6 mm from the loaded surface (Dobromyslov et al., 2006),
i.e., the material changed its spatial symmetry (Fig. 8, a). The
ideal series of scales corresponding to the universal fractality
principle, counted from the first measured scale of structure
change 1.8 mm, is 1.8⋅1.618 = 2.91 mm, 2.91⋅1.618 =
4.71 mm, and 4.71⋅1.618 = 7.62 mm, which perfectly fits the
experimental series. Furthermore, the obtained scales are
perfectly compatible with the Fibonacci sequence 1.8 + 2.91 =
4.71; 2.91 + 4.71 = 7.62. Therefore, the samples can be
expected to have changed their structure also at 2.9 mm from
the loaded surface, but the authors either missed that change
or did not mention it in the paper. Another change must have
occurred closer to the surface, at 1.1 mm, according to
1.8:1.618 = 1.11 or 2.91 – 1.80 = 1.11.
Aluminum alloy. The scales of structure changes for the
aluminum alloy samples (Dobromyslov et al., 2006b) were
(mm): L1 = 14, L2 = 5.3, L3 = 3–3.5 (L3 av = 3.25) (Fig. 8, b).
Zone 1 (L1 = 14 mm, see Fig. 8, b) consisted of subzones
with different structures (Dobromyslov et al., 2006b) (mm):
l1 = 2, l3 = 5.2, l4 = 8.5 (8–9) and l5 = 13.7 ≈ 14. The ideal
scale series for Li is 3.25⋅1.618 = 5.2585; 5.2585⋅1.618 =
8.508; 8.508⋅1.618 = 13.77; for li it is 2 → 3.25 →
5.2585 → 8.508 → 13.77. The scale l2 ≈ 3.25 mm was missed
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Fig. 8. Structure changes: a — in copper (Dobromyslov et al., 2006a), b — in aluminum alloy (Dobromyslov et al., 2006b).

in the tests, as well as the scale L = 2 mm in melting zone 3
(Fig. 8, b). Viewed leftward or rightward, the structure
changes demonstrate the same scales in both experimental and
ideal series.
Following the decreasing scale series from the measured
values L = 1.8 mm for copper and L = 13.7 mm for aluminum
alloy, in correspondence with the universal fractality principle,
gives the minimum scales (no less than the atom spacing)
1.8 mm = 1.8⋅107 Å: Φ32 = 3.6925 Å for copper, which
approaches (error under 2%) the copper lattice spacing
(face-centered cubic lattice) a = 3.6147 Å, and 13.7 mm =
13.7⋅107 Å: Φ36 = 4.103 Å for aluminum alloy, which is
approximately (error under 1.5%) the aluminum lattice spacing
(face-centered cubic lattice) a = 4.0414 Å.
Thus, destruction begins with the lattice scale and continues
as far as the scale of lithospheric plates.
Of interest are data reported by Seminsky (2006) who
estimated the size ratio of lithospheric blocks and their fault
boundaries (mobile zones) and discovered the hierarchy in the
fault pattern of Asian lithosphere. He distinguished blocks and
faults of different scales (Table 2).
For both faults and blocks, µ (µfault = li + 1/li and µblock =
Li + 1/Li) averages about 2.1–2.2 (Table 2). The model includes
S blocks and S zones and their surface areas S and the blocks
are assumed compact (with equidimensional linear sizes). The
ratio of mean geometric sizes of blocks and faults (L/l, last
line in Table 2) averages about L/l = 1.61 for eleven scales.
According to Seminsky (2006), the mobile zones along block
boundaries maintain the compliance of continental lithosphere.

Seminsky’s model confirms that the fractality principle
extends to the scale of large lithospheric plates and is thus
consistent with and complementary to the idea of the fractality
of lithospheric material discussed in this study. Indeed, the
mean size ratio of blocks and faults is L/l = 1.61, i.e., faults
are immediate predecessors of blocks in the scale hierarchy.
By the universal fractality principle, the ratio of block sides
and faults (which are actually blocks as well but of the
previous scale) should be Φ. Averaging of size ratios of blocks
(faults) in the hierarchic series gives 2.1–2.2:1/2(1.618 +
2.618) ≈ 2.1, which is exactly what Seminsky reports (Seminsky, 2006).
In this study fault zones are meant as blocks but of a
smaller scale. They delineate blocks and are their smaller
elements and, being more mobile, facilitate the relative motion
of blocks. This idea fully agrees with the idea in (Seminsky,
2006).
Thus, experiments evidence that the evolution of loaded
lithospheric material, as well as any brittle or plastic solid,
follows the common scenario of self-organizing synergetic
systems. Diffuse accumulation of damage rapidly changes to
its localization at different scales whereby the loaded solid
develops systems of conjugate local strain bands (inelastic
strain), or lineaments of different scales. Or, destruction
consists of two main phases: a quasi-static phase and the
following peaking regime (a catastrophe). This scenario shows
up in all known laboratory tests, from macroscopic stressstrain diagrams (σ−ε) in which strain instability at different
mesoscopic scales is evident in peaks of different magnitudes

Table 2
Fractality scales for rocks, after (Seminsky, 2006)
Scale

XI

X

IX

VIII

VII

VI

V

IV

l = S faults

0.7

1.4

2.7

6.6

14.0

33.0

86.0

200.0

µfault = li + 1/li

2.0

1.9

2.4

2.1

2.4

2.6

2.3

2.1

III

II

I

410.0

818.0

2000.0

2.0

2.4

L = S blocks

1.4

2.8

4.6

10.4

24.0

55.0

128.0

272.0

542.0

1113.0

µblock = Li + 1/Li

2.0

1.6

2.3

2.3

2.3

2.3

2.1

2.0

2.0

2.5

L/l

2.0

2.0

1.7

1.6

1.7

1.7

1.5

1.4

1.3

1.4

2746.0
1.4

Note. L, l are mean geometrical sizes (km) of blocks and faults, respectively; S is surface area of blocks and faults (km2); µ is size ratio of objects at adjacent
scales.
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Fig. 10. A catastrophic event, an earthquake, is associated with transition from
quasi-static phase to peaking. Foreshocks occur when system changes from
quasi-static to peaking regime and aftershocks occur when it changes back to
quasi-static regime.

Fig. 9. Mesoscale strain instability, after (Klose et al., 2003).

(Klose et. al., 2003) (Portevin-Le Chatelier effect, catastrophes
of different scales, Fig. 9) to different time dependences, such
as increasing failure sensitivity known in tests of lifetime and
fatigue strength of materials when the processes develop in a
peaking regime (a catastrophe) at the final stage.
The same scenario appears in earthquakes (Figs. 10, 11).
The seismic process can change from a quasi-static evolution
to the catastrophic peaking in two ways: either conjugate
systems of fractures develop as the scale increases by a factor
of 1.618 at each turn through 90° or the scale of rupture along
the major fault increases by a factor of 2.618 at each turn
through 180° (Figs. 6, 11). The evolution of the seismic
process is sketched in Fig. 10. Slow transition to peaking from
the quasi-static phase can be accompanied by foreshocks (on
the same fault or on its conjugate faults) with their energy
much above the background but much below the catastrophic
level. The process convolutes spiralwise, and the return to the
quasi-static regime is attendant with aftershocks. The presence
or absence of foreshocks and aftershocks apparently depends
on the properties of rocks. The peaking regime in bedrock can
develop so rapidly that foreshocks merge with the main shock.

Note again that this is only a probable scenario, and actual
events have diverse physical causes and mechanisms discussed
in many special studies (Adamovich et al., 2003; Artyushkov,
2005; Gol’din, 2004, 2005; Suvorov and Mishen’kina, 2005).
The suggested scenario can also explain the episode of
compression in 1992 that intervened background extension
before a large earthquake in the Baikal rift (Dyad’kov et al.,
2000). A change in the plate motion velocity must inevitably
change the reactivated scales. If the change involves conjugate
systems of faults, it corresponds to rotation of the stress tensor
axes through ∼90°, and extension thus changes to compression
and vice versa.
Destruction scales should be thermodynamically optimal
(Bashkarov et al., 2002; Kilian et al., 2000, 2001), i.e., should
correspond to the principle of maximum displacement entropy.
The observed scale hierarchy having the maximum statistical
weight (Makarov, 2004, 2005) is governed by the energy input
rate which is the global order parameter (Ilkaev et al., 2002;
Makarov, 2004, 2005; Makarov et al., 2006). The question
why the fractality principle of solids is so universal has a
surprisingly simple answer. Nature, in all its manifestations,
follows the simplest algorithm of ascent (or descent) of scales,
energy, etc., and develops all known space-time hierarchies
by the principle that each new scale following two existing
scales is determined as the sum of the latter. In the case of
destruction, the initial scale is constrained by characteristic

Fig. 11. Scale increase in earthquakes. a — Transition to conjugate system of fractures (lineaments); b — scale growth along major fault (conjugate fractures of the
scale proximal to the major fault are poorly pronounced). l2 = 1.618⋅l1; l3 = 1.618⋅l2.

564

P.V. Makarov / Russian Geology and Geophysics 48 (2007) 555–571

Table 3
Series

Series no. (n)
1

2

3

4

5

6

7

8

9

10

11

12

13

An(An + 1 = An – 1 + An)

4

5

9

14

23

37

60

97

157

254

411

665

—

6

5

11

16

27

43

70

113

183

296

479

775

An + 1/An

1.25

Bn(Bn + 1 = Bn – 1 + Bn)

–1

Bn + 1/Bn

–6

1.55

2.2

1.608

1.687

atom spacing in the lattice and commands the scale hierarchy
growing proportionally in three dimensions.
Starting with the basic parameter of a lattice of any
symmetry, one inevitably arrives at the fantastically persistent
Fibonacci sequence. For instance, one can construct a hierarchic series with any two numbers, say, 4 and 5 (or –1 and 6)
following the Fibonacci law (Table 3). Already at the fifth or
sixth step it becomes clear that the ratios of any two successive
numbers approach Φ.The sequences like those in Table 3 are
familiar to mathematicians. For example, successive dividing
the number A12 = 665 by Φm gives 665/Φ8 = 13.3 (A4 = 14);
665/Φ9 = 8.2, (A3 = 9); 665/Φ10 = 5.08 (A2 = 5), and the same
for the series Bn: at B33 = 775, 775/Φ10 = 6.3 (B2 = 6).
Thus, destruction of all loaded solids follows the universal
law of scale increase or decrease.

Modeling the evolution of loaded solids
According to the above considerations, modeling destruction of solids means modeling the process in which a
hierarchic pattern of blocks forms by self-organization in a
certain range of scales.
Self-organization can act in open systems only. To concern
self-organization, the concept of open system should be
extended with the ability to form new structures, besides
energy and mass fluxes which are necessary but not sufficient
conditions for self-organization.
An open system receiving mass and energy fluxes should
contain spatially distributed three-dimensional sources and
sinks, i.e., should be able to redistribute energy and generate
heat, strain defects, damage, etc., or, in other words, to
produce new structures by self-organization. This understanding first appeared in studies of nonlinear equations for
thermal conductivity (Akhromeeva et al., 1992; Kurdyumov
and Knyazeva, 1994). Thus, a nonlinear medium with threedimensional nonlinear sources can develop a pattern of
localized heat, strain, or damage structures.
In these terms, a deforming loaded solid is a perfect
self-organizing nonlinear medium, as it generates strain defects, i.e., contains nonlinear sources. The systems of equations
for the evolution of self-organizing nonlinear media are solved
using the key concepts of irreversibility, nonequilibrium, and
instability. Nonequilibrium is a necessary condition for the
evolution of real physical systems, as well as for the respective

1.617

1.628

1.6178

1.619

1.6180

1.618

—

—

equations, to maintain synergetic behavior of points in the
loaded material.
The flow physical instability (necessary condition of selforganization in nonlinear equations) drives at locally increasing fluctuations of parameters and cooperative behavior of
Lagrangian particles, i.e., at self-organization. The behavior of
nonlinear systems was investigated by Kurdyumov’s and
Samarsky’s groups using nonlinear equations for thermal
conductivity (Akhromeeva et al., 1992; Kurdyumov and
Knyazeva, 1994). The same behavior shows up in partial-derivative nonlinear equations for loaded solids in continuum
mechanics.
The nonlinear systems (i) evolve by growth of the little
whereby fluctuations of parameters increase by positive feedback; (ii) have threshold critical points below which they
develop in a quasi-stable mode; (iii) “forget” details of initial
conditions (old state); (iv) can undergo bifurcation and follow
multiple discrete evolution scenarios; (v) can change from one
evolution scenario to another, as any structure change actually
means that the system becomes different (which poses problems to prediction); (vi) can undergo sudden (catastrophic)
changes as a result of positive feedback (e.g., autocatalytic
processes studied by Prigogine’s group in Brussels).
Thus, it is reasonable to study the mechanic behavior of a
loaded solid as a system by means of hierarchic modeling in
terms of nonlinear dynamics which investigates the general
evolution of systems irrespective of their physics. As noted
above, the behavior of dynamic systems is universal and
self-similar and is governed by order parameters that change
during self-organization in which a system locally loses its
stability and forms new structures (Makarov, 2005). At
instability areas, the evolving system undergoes bifurcation
whereby it passes through a dynamic chaos and changes its
space-time symmetry to arrive at pattern formation and
self-organization of its parts that become linked by far-reaching correlations (Glansdorff and Prigogine, 1971; Kapitsa et
al., 2002; Kurdyumov and Knyazeva, 1994; Malinetsky and
Potapov, 2002; Nicolis and Prigogine, 1989).
Dissipation associated with viscosity, diffusion, thermal
conductivity, — as well as with plasticity or inelastic strain,
damage accumulation, and failure (destruction), — is an
essential point in the synergetic systems. The dissipation
processes efface the old state of these systems and they
gradually develop the same or similar stationary distributions
of the variables. Nonlinear dissipative processes provide
nonlinear relations in the system and, on the other hand,
control either the loss of stability or the change to the stable
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equilibrium. The choice depends on competing stabilization
factors associated with dissipation and external controls (loading and energy input rates), and on the nonlinearity of the
medium. For instance, the change from reversible elastic
behavior to irreversible plastic flow is related to sudden
increase in dissipation but is caused by stress-induced local
instability.
Therefore, the governing equations for elastoplastic media
should be evolution equations in the relaxation form and
should contain explicit competing factors. Hierarchic modeling
of the synergetic evolution of loaded solids should use
nonlinear equations of continuum mechanics including dissipation (they are actually mixed equations in the general case,
as shown below).
Thus, the governing equations are considered as evolution
equations according to H. Haken or I. Prigogine, because
nonlinear equations for the evolution of a loaded solid are to
govern self-organization and far-reaching correlations in the
system.
The suggested model uses two groups of governing evolution equations:
Group 1. Macroscopic equations in the relaxation form that
govern direct relations and feedback (positive or negative)
among the system parameters (Makarov, 2005).
Group 2. Kinetic equations that relate the macroscopic rates
.
of inelastic strain εpij and damage accumulation in the volume
.
θp with the microscopic level (i.e., with smaller-scale events).
.
The volume θp can be given by a tensor equation taking into
account anisotropy of damage accumulation. These equations
govern the generalized behavior of the system at the microscopic level and, on the other hand, the effect of three-dimensional nonlinear sources that generate strain-induced defects.
They are the equations of the two groups that represent the
ability of the system for self-organization.
The time-dependent evolution of a system is also controlled
by positive and negative feedback between the macroscopic
variables Xi and the control parameters λ included in the
evolution equations (Nicolis and Prigogine, 1989)
∂Xi
∂t

= Fi ({X}, λ).

(5)

The control parameters λ are related to the outside and
control the couplings of the system with its environment. They
are defined, for instance, by loading conditions (energy
fluxes).
For qualitative analysis, consider equation (5) in the form
dX
dt

= λ − KX.

(6)

Let the stress tensor be presented as a sum of an elastic
equilibrium part and a nonequilibrium or dissipative part
related to inelastic strain:

σij = − Pδij + Seij + Sνij,

(7)

1
where P = − σii is the mean pressure, Seij is the equilibrium
s
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part of shear stress, and Sνij is the nonequilibrium dissipative
component; in the equilibrium (elastic) state Sνij = 0.
The relaxation governing equations follow from Hooke’s
law written in the differential form and are (Makarov, 1999,
2005)
.
.
.
.
.
(8)
σij = λ(θT − θP)δij + 2µ(εTij − εPij ),
.T
.e
where the total strain rate εij is the sum of the elastic εij and
.
.
.
.
. .
plastic (inelastic) εPij components: εTij = εTij + εPij ; θT = εTii is the
.
.
total rate of volumetric strain; θP = εPii is the rate of volumetric
inelastic strain (dilatancy of the loaded solid that controls its
loosening as a result of damage accumulation).
Relaxation governing equations (8) are used as evolution
equations (group 1) for a strong loaded solid and coincide, in
the form and in the meaning, with evolution equations (5)
and (6).
.
.
It is important to be aware that the total rates εijT and θT
.
.
are independent of their inelastic components εijP and θP but
are determined by both the external controls and flow features,
i.e., are governed also by the conservation nonlinear equations
.
of continuum mechanics. The inelastic components εijP and
.
θP are produced by three-dimensional sources inside the
system and are controlled by its response, namely, by its
efficiency in redistributing and dissipating energy, or by its
microstructure. If the existing structure becomes unable to
dissipate the input energy, the system develops new dissipating
substructures, either by opening more efficient energy channels (e.g., cellular structures in plastic metals or blocks in
quasi-elastic lithospheric material) or by damage accumulation.
Therefore, stress in group 1 evolution equations (8) increases proportionally to increasing total strain rate and drops
with the development of the inelastic components of strain
rate (Makarov, 1999, 2005).
.
Thus, the total strain rate εTij is the control parameter being
determined by loading conditions and flow, whereas the rate
.
of plastic strain εPij is controlled by the dissipative properties
of the medium.
The behavior of a loaded medium becomes simulated as
evolution of a typical nonlinear synergetic system simply by
incorporating nonlinear damage accumulation and internal
friction, even if relaxation is instantaneous, as it was shown
in modeling where stress was normalized to the fluidity
surface at each time layer (Stefanov, 2002; Makarov, 2005).
The system changes rapidly from scattered damage accumulation to strain localization (the same holds for plastic strain)
or peaking deformation and develops conjugate systems of
strain bands (including inelastic strain) in the modeled areas
of the loaded material.
The general system of equations, free from details related
to the specific form of kinetic equations, includes conservation
equations
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_
∂ε
dυ ∂σ
1
+ ρdivυ = 0, ρ i = ijj + ρFi, ∂E = σij ij − qi,i;
dt

∂x

∂t

ρ

∂t

evolution equations of group 1
.
.
.
.
.
σij = λ(θT − θP)δij + 2µ(εTij − εPij ),

(9)

(10)

where σij = − Pδij + Seij + Sυij, −P = 1 σii, P = f (ρ, E); and evo3

lution equations of group 2
.
.
θP = A ∂ i B ∂ i θP + C (θ), εPij = F (εef, σef, sij, …).
∂x

∂x

(11)

For example
.

P
.
3ε
εPij = ef Sij,

2 σef

where
.
. .
. .
.
.
εTij = εeij + εPij , θT = εTii, θP = εPii ,

.
1  ∂υ ∂υ 
εTij =  ji − ij ,
2 ∂x ∂x


. P √2 . P . P 2 . P . P 2 . P . P 2
εef =
{(ε11 − ε22) + (ε22 − ε33) + (ε33 − ε11) +

(13)

where σ0ef(εP) has a meaning of a stationary equilibrium
fluidity limit if the loading rate tends to zero, but with regard
to strain hardening; .. is the nonequilibrium component of the
stress invariants.
It remains to specify the law of stress release, e.g., by
setting the dislocation kinetics in the case of dislocation
plasticity (Makarov, 1999) or the relaxation function, each
time for the selected mesoscopic scale (Makarov, 1999, 2005).
.
Inasmuch as for plastic materials θP ≈ 0, relaxation governing equations (8), with regard to (12), (in the case of the
associated plastic flow law) become (Makarov, 1999, 2005)
.

1
.
.
.
6 ((εP12)2 + (εP23)2 + (εP31)2)} 2 ,

σef = 1 {(S11 − S22)2 + (S22 − S33)2 +
2
√
(S33 − S11)2 + 6(S212 + S223 + S231)}1 / 2.
.
There εpef and σef are the second invariants of the rates of
plastic strain and stress, respectively; A, B, C are some
functions determined by the choice of specific kinetics, B is
the nonlinear transfer function, and C is the three-dimensional
source.
Setting the rate of plastic strain as

.
εPij =

σef ≤ σ0ef(εP),

.
P
.

.
1
3 ε
Sij = 2µεTij − V δij − ef Sij.
3V
2 σef



3

.P
3 εef
S
2 σef ij

means in fact the fulfillment of the Prandtl-Reuss equations
for plastic flow and is used for normalizing the stress to the
instantaneous fluidity circle defined by the law of stress
release if stress is constrained as

(12)

(14)

Thus, equations (14) mean that all components of the stress
deviator Sij relax in the same way according to the relaxation
law of the second stress invariant σef, which is defined by
.
setting the rate of the second strain invariant εPef. The stress
relaxation law is
.
(15)
σef = σ0ef + ηεPef.
.
There η is the relaxation (viscosity) function, and σVef = ηεPef
has the meaning of the nonequilibrium component

η = η(σef, εPef, Ln) = Gtr (σef, εPef, Ln),

(16)

where tr is the characteristic relaxation time specific for each
mesoscopic scale Ln and G is the shear modulus. The
characteristic relaxation time tr describes the mean rate of

Fig. 12. Rigid blocks 1 and 6 command constrained deformation of blocks 2 and 5 (block 2 is thrusting over block 5; 3, 4 are original faults (panel ). Panels b–d show
formation of a new fault with discontinuity front moving along it.
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Fig. 13. Simulating evolution of loaded solids using combined numerical methods of continuum mechanics and cellular automatons: propagation of localized strain
fronts and bands and formation of a hierarchic pattern of blocks. a–c — Deformation relief; d–f — velocity field.

energy dissipation provided by elementary inelastic strain
events of the previous-scale microscopic level.
This simple and relatively easy numerical procedure is
completed by setting the nonlinear function of viscosity (η)
or the relaxation time tr.

The effective viscosity function η varies in a broad range
from a few Pa⋅s in the shock-wave fronts in metals to about
1022–1024 Pa⋅s for geological times and at the scales comparable to the size of lithospheric plates.
Correspondingly, the characteristic relaxation times range
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Fig. 14. Deformation in a polycrystalline sample. Computing by N.I. Karpenko. a–f Are explained in text.

from tr ≈ 10−9 in the shock-wave fronts to the geological times
of many million years, depending on the scale in point.
Then, relaxation equation (14) becomes
.
0
.
.
σ  
1
3 
Sij = 2µεTij − V − 1 − efSij.
3 V 2η
σef


 

(17)

In a more general case, equations (12) and (17) become of
a different form when internal friction and dilatancy are
included, depending on the way they are included (Stefanov,
2002) and on the chosen model (e.g., non-associated plastic
flow law).
Therefore, the complete set of nonlinear equations (9)–(11),
together with the relaxation governing equations and nonlinear
differential equations, such as parabolic equations for the rates
of damage emergence and inelastic strain (Naimark, 2003), is
a mixed set of equations that governs the evolution of loaded
solids as nonlinear dynamic systems. Its solution should
combine parabolic and hyperbolic properties of the systems
and drive at hyperbolic (dispersion in the general case) stress
waves as well as at parabolic slow movements. Slow deformation and discontinuity fronts were obtained in modeling the
emergence and development of inelastic strain in loaded solids
using the discrete method of cellular automatons (Figs. 12,
13) (Makarov et al., 2005). The model (Fig. 12) predicted that
the discontinuity front moves along a newly formed fault about
three orders of magnitude slower than acoustic waves in rocks.
In the new approach we (Makarov and Romanova, 2000a,b;

Makarov et al., 2001a) combined the numerical methods of
continuum mechanics and the cellular automaton method to
simulate the inelastic behavior of loaded solids. The idea is
that each cell (particle) is considered as a cellular automaton
whose life depends, among other factors, on the state of its
neighbors. Thus we formulated a physical criterion of
mesoscopic plasticity in the case when plastic strain emerges
either at free surfaces or at interfaces, in accordance with the
respective physical mechanisms (Makarov and Romanova,
2000a). The emergence of strain at interfaces in a volume of
material means that the system contains three-dimensional
sources, which extends the concept of an open system (see
above).
With this approach, we (Makarov et al., 2001b) modeled
the evolution of loaded solids, the formation of Luders fronts,
blocks of different scales, and localized strain bands produced
by shock waves. See the simulated emergence and propagation
of deformation fronts from free surfaces of samples subject to
extension, formation of conjugate strain bands and blocks of
several scales (up to four) in Fig. 13. These numerical
experiments illustrate the potentialities of hierarchic modeling
with regard to the nonlinearity of the simulated loaded
medium.
Figure 14 shows formation of blocks in a polycrystalline
sample. Inelastic strain in this system can emerge on free
surfaces as well as along grain boundaries, which perfectly
agrees with the physical mechanisms of plastic strain. Having
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Fig. 15. Development of instability at an interface subject to weak (a) and strong (b) disturbance.

Fig. 16. Development of quasi-periodic instability at a flat interface produced by passage of shock wave from black fluid to white fluid.

emerged at interfaces (grain boundaries, see Fig. 14, a),
inelastic strain propagates inward the grains and then localizes
producing a pattern of blocks. Note that the images in
Fig. 14, d–f fail to resolve grain boundaries as plastic strain
along them is much lower than within the bands. The modeling
results confirm the key role of strain localization fronts and
failure in the course of destruction.
Gaining knowledge of instabilities that emerge and develop
at interfaces and free surfaces in loaded materials (different
types of gravity instability, Taylor-Rayleigh, RichtmyerMeshkov or Kelvin-Helmholtz fluid-dynamic instabilities,
including instability at interfaces in solids) led to understanding their importance in the evolution of inelastic flow in
solids (Makarov, 2005). Examples below simulate the evolution of fluid-dynamic instability at a zero-strength interface
disturbed in different ways, including by a shock wave

(Figs. 15, 16). The problem is solved in a fluid-dynamic
approximation in the Euler coordinates.
Figures 15 and 16 demonstrate how the black fluid
penetrates into the white fluid as a result of the interface
instability. The curved interface encourages the development
of instability and formation of black fluid plumes (Fig. 15, )
and vortices in the presence of cavities at the interfaces
(Fig. 15, b).
Note especially the case of flat interface (Fig. 16). It holds
stable, oscillating, for a long time and the instability emerges,
with formation of periodic structures (plumes), only after
multiple disturbances. These examples show that instability at
different interfaces in elastoplastic deformation of heterogeneous media should be taken into account, especially in the case
of supercritical energy input and pattern formation, i.e., in
self-organization.

570

P.V. Makarov / Russian Geology and Geophysics 48 (2007) 555–571

Fig.17. Destruction of solids. δ is damage.

All examples of structure formation in loaded nonlinear
media (deforming solids) are the examples of self-organization
according to the laws of synergetics (nonlinear dynamics).
Modeling and simulation show that nonlinear equations of
continuum mechanics — with relaxation equations (evolution
equations) that govern the rates of inelastic strain, damage
accumulation, and failure, and positive and negative feedback
among the parameters — are self-sufficient for hierarchic
modeling and suitable for simulating self-organization in
loaded solids. In the general case they are mixed nonlinear
equations including both hyperbolic and parabolic solutions.
Their potentiality in describing the synergetic evolution of
loaded solids is fantastic and almost unexplored. Figure 17
illustrates similar scenarios of plastic and brittle destruction
which differ only in the duration of the quasi-static phase that
precedes the catastrophe (mascroscopic failure).

hierarchy of destruction scales begins with the lattice scale
and continues as far as the scale of lithospheric plates.
— The suggested approach is conceptually alternative to
the probabilistic-statistical mechanics of brittle failure.
— Luders fronts, failure waves, and slow discontinuity
fronts in rocks belong to a special class of movements that
represent the slow dynamics of nonlinear media. These
movements defy description with the traditional (generalized)
macroscopic approach because its hyperbolic equations bring
to disturbance propagation at a sonic speed. Studying destruction of solids in terms of nonlinear dynamics using hierarchic
modeling indicates that the observed macroscopic deformation
(including damage accumulation) results from multiscale
hierarchic evolution of destruction as concerted slow effects
(localized strain fronts) develop at all scales and move at the
respective characteristic velocities. The slow movements are
controlled by fast variables of stress changes in the loaded
material as stress is transferred at sonic speeds.
— The slow movements reflect collective effects in a
loaded nonlinear solid and are caused by its self-organization.
I am thankful to S.V. Gol’din for useful discussions and
criticism and N.I. Karpenko for computing. The study was
supported by grant 05-05-64659 from the Russian Foundation
for Basic Research.
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Conclusions
The reported laboratory tests and numerical experiments
studying destruction of solids in terms of nonlinear dynamics
allows the following inferences.
— Solids subject to loading (or any external effect) evolve
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