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IpeauciaoBue

33,[[3‘13 IMOCTPOCHHUA TPUAHTYJIAALUU SABJIACTCA OHHOﬁ 13 0a30BBIX B BBI-
YHUCJIUTEIbHOU rcoOMCTpPHH. K nmen CBOOATCA MHOTHMC APYIUC 3ad4i, OHA HIUPO-
KO HCIIOJIB3YCTCA B MAaIlIMHHOM Fpa(l)I/IKe )41 FGOI/IH(bOpMaHI/IOHHBIX CHUCTCMax IJIA
MOACIIMPOBAHUA HOBerHOCTeﬁ " PCIICHUA IIPOCTPAHCTBCHHLBIX 3a/1a4.

B rn. 1 paroTcst onpeneneHusi TPUAHTYIISIIUU, PacCMaTPUBAKOTCS OCHOB-
Hble €€ CBOMCTBA, IPUBOASITCS OCHOBHBIE MCIOJIb3YEMBIE CTPYKTYPhI IaHHBIX, &
Takke 4 crocoba mpoBepku ycioBus [lenone. B . 2—5 paccmarpuBatorcs 4
IPYIIbl AITOPUTMOB MOCTPOEHUsI TpUaHTysiuuu Jlenone; Bcero 29 anropur-
MOB. [laércs kmaccudukaiusi alropuTMoOB, TPUBOIATCS WX TPYHOEMKOCTH, a
TaK)Ke 00IIHe OIEHKU aJTOPUTMOB.

B ri1. 6 paccmarpuBaercst 06001eHre TpUaHTyIsAuu JleoHe — TpuaHry-
nsauus JlenoHe ¢ OrpaHMYEeHUs MU, UCIIOIb3yeMasl ISl PELICHUs IUPOKOTO KPy-
ra 3a7a4. B ri. 7 nmpuBoAsTCS TOYHBIE W MPUOIIKEHHBIE AITOPUTMBI MTOCTpOE-
HUSI ONTUMAIBHON TPUAHTYJIALIUU.

B ri1. 8 paccMarpuBaroTCs BONPOCHI MPAKTUYECKON peaanu3aluy alropuT-
MOB TPHAHTYJISALWU, MPUBOAUTCS MOJUGPUIMPOBAHHBIA aAITOPUTM BCTABKHU
CTPYKTYPHBIX OTPE3KOB.

B . 9 onuceiBaeTcs NpUMEHEHUE TPUAHTYJSINAM JUISl PELICHUS 3a]1a4
MPOCTPAHCTBEHHOIr0 aHanu3a, yacto Bo3Hukaromux B ' IC u CAIIP.

B ri1. 10 onuceIBarOTCA TPHAHTYIISAMUOHHBIE CTPYKTYPBI U1l MOJAEIUPOBa-
HUS TOBEPXHOCTEM, MIPUBOJATCS aNrOpUTMBI MX nocTpoenus. B rii. 11 paccmar-
puBaeTcs 3a1ada pa30MeHUs TPUAHTYJIISIIUU Ha TI0JIOCHI TPEYTOJIbHUKOB, BO3HHU-
KAaoWas Ipyu BU3YAIM3alMM MOJEIEH ITOBEPXHOCTEMN; IMPUBOIATCS AJTOPUTMBI
ux nocrpoenus. B ri. 12 paccMarpuBaroTcsi cBepX00bIlINe TPUAHTYJISILUOHHBIE
MOJENH TAHHBIX, IPUBOJATCS AIITOPUTMBI UX IIOCTPOEHUS U aHAJIN3A.

B 1. 13 onuckiBaeTrcs puMeHEHUE TPUAHTYIISIIUN JJI1 MOJICIIUPOBAHUS
MOBEPXHOCTEH, a TaKkKe PsiJl AITOPUTMOB aHAJIU3a TPUAHTYJISIIIUOHHBIX MOJCIIEH
(ymporieHue TpPUAHTYJISLIHUM, MOCTPOCHUE H30JMHUN, BBIYMCICHHE OO0BEMOB
3eMJISTHBIX Pa0OT U 30H BUJIUMOCTH).

PaccmaTpuBaemble B KHUTE NMPUMEHEHUSI TPUAHTYJISILUA C OTPAHUYCHMUS-
MU peaju30BaHbl aBTOpaMU B paMKax reouHdopmanuonHon cuctemsl IndorGIS
6.0 1 cucTeMbl aBTOMATU3UPOBAHHOI'O MPOECKTUPOBAHUS OOBEKTOB CTPOUTENb-
ctBa IndorCAD 6.0, mupoko ucnosb3yembix B Poccun, Kazaxcrane u Ykpaune.

Bce oT3bIBBI M MOXKEIaHUsT aBTOPbI IPUMYT € 0JIaroJIapHOCTbIO U MPOCAT
HanpapysATh UuX 1o azapecy: 634050, np. Jlenuna, 36, ToMckuil rocygapcTBEeH-
HBI yHUBEpCHUTET, (HaKyJIbTeT HH(POPMATUKH; WM MO JIJIEKTPOHHOM IMOYTe:
skv(@csd.tsu.ru, skv@indorsoft.ru, mirza@indorsoft.ru.




I'naBa 1. OnpeaesieHUuss 1 CTPYKTYPbI
TAHHBIX

1.1. Onpenenenusi

Brnepgeie 3a1a4ya noctpoeHus TpuaHryanuu Jlenone Obuia mocraBiieHa B
1934 r. B pabote coBerckoro matemaruka b.H. Jlenoune [1]. Tpyno€mkocts 3TOM
3amauu coctaBisier O(N log N). CyiecTByloT anrOpUTMBbI, TOCTUTAIOIINE dTOM

OLIEHKHU B Cpe/lHEM U XyAlIeM ciiydasx. Kpome Toro, M3BeCTHBI alrOpUTMBI, MO-
3BOJISIIOILIME B PAJIE CllydaeB A0CTUYb B cpenHeM O(N).

JIns nanbHe#nero o0Cyk1eHusi BBEAEM HECKOJIbKO omnpenenenuii [1,12]:

Onpeodenenue 1. Tpuaneynayueti (auri. triangulation) Ha3bIBaeTCs IUIa-
HapHBIA Tpad, Bce BHYTPEHHUE 00JIACTH KOTOPOTO SBJISIOTCS TPEYTrOJbHUKAMHU

(puc. 1).

COOTBETCTBYIONIUE AIEMEHTHI TPUAHTYJISAIIMNA OOBIYHO HA3BIBAIOT V3IAMU
(anri. node), peopamu (aurn. rib) u mpeyeonvnuxkamu (auri. triangle). OaHako
3Ta TEPMHUHOJIOTHS HE oOmenpuHaTa. JJocTaTouHO 4acTo y3ibl Ha3bIBAIOT MOU-
kamu (aHTJ. point) UMu gepuwiuHamu (aHTIL. vertex), pedpa — dyeamu (aHri. arc),
a TPEYTOJIbHUKH — epansamu (aHT. side, facet, edge).

Onpedenenue 2. Bvinyknoi mpuaueynsyuel Ha3bIBa€TCs TaKash TPUAHTY-
JSUUS, 711 KOTOPO MUHUMAaJIbHBIM MHOTOYTOJIbHUK, OXBATHIBAIOIINI BCE Tpe-
YTOJIbHUKH, OYAET BBITYKIBIM (puc. 1,a,0). TpuaHrysiius, He sSBISIONIAsCS BbI-
MyKJIOH, Ha3bIBaeTCsl Hesbinykiou (puc. 1,8).

(a) (6) (6)

Puc. 1. Ilpumeps! TpUaHTyJIALUN: @, O — BBIITYKJIbIE, 8 — HEBBITYKJIast
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Onpedenenue 3. 3adaueti nNoCMpoeHus MPUAHSYIAYUU NO 3A0AHHOM) HA-
Oopy 08yMepHbIX MoueK Ha3bIBAECTCS 3a/ladya COCAMHEHUS 3aJaHHBIX TOYEK He-
NepPECEeKAIIMMHUCS OTPE3KaMH TakK, YTOObI 00pa30BaIach TPUAHTYJIISLUA.

3amaya MoCTPOCHUS TPUAHTYIISAINH IO UCXOJHOMY HAabOpy TOYEK SIBISET-
csi HeogHO3HAayHOUW. B pabote [64] maHa BepXHssl OIEHKA YHCIIa PA3THMYHBIX
TPUAHTYJISIIUM, KOTOpPBIE MOYKHO IMOCTPOMTHh Ha MHOXKECTBE M3 N TOYEK Ha

mockocti: 59" O(N™®) (6omee TOYHO STy OLEGHKY MOXKHO 3aIllMCATh KAk

59"7"/CP .., TAe v U b — U4MCIIO BHYTPEHHHX M I'PAHMYHBIX y3]IOB TPUAHIYIIs-

un). IMeHHO Mo3TOMY M3-32 HEOJHO3HAYHOCTHU 33Ja4l BO3HUKAET BOIPOC, Ka-
Kasi U3 IBYX Pa3JWYHbIX TPUAHTYJISLUUN JTydIie?

Onpedenenue 4. TpuaHrynsiuus Ha3bIBACTCS ONMUMAILHOU, €CIU CyMMa
JUTHH BceX p€0ep MUHUMAJbHA CPEAN BCEX BO3ZMOXHBIX TPUAHTYJISIIUN, TTOCTPO-
€HHBIX Ha T€X K€ UCXOAHBIX TOUKAX.

JIaBHO mpearnonarajioch, YTo 3ajiadya MOCTPOEHUS TAKOW TPUAHTYJIALNH,
BUIUMO, siBisieTcst NP-tpynnoit [55,57]. U Tonpko HengaBHO (B stHBape 2006 T.) B
pabote [60] ObLIO MOIYYEHO TOYHOE JOKA3aTEIHCTBO JAHHOTO YTBEPIKICHHUS.

[ToaTomy 11t OONBIIMHCTBA PeaJbHBIX 3ajjau CYIIECTBYIOIINE AT OPUTMbI
IIOCTPOEHUS ONTUMAJIBHON TPUAHTYJISIUU HENIPUEMIIEMBI BBUY CIMUIIKOM BBI-
COKOI TpynoéMKocTd. ITpyn HEOOXOAUMOCTH HA MPAKTHKE NPUMEHSIOT IpHOIIu-
KEHHBIE AITOPUTMBI, pACCMAaTPUBAEMbIE HUXKE B I'JI. 7.

OnHuM W3 mepBbIX ObUI MPEMIOKEH CIEAYIOINNA aJITOPUTM HOCTPOECHUS
TPUAHTYJISILUU.

JKaouwli ancopumm nocmpoetus mpuan2yisunuu

[llaz 1. I'eHepupyercs CHHCOK BCEX BO3MOXHBIX OTPE3KOB, COEIUHSIO-
LIUX Mapbl KCXOAHBIX TOYEK, U OH COPTUPYETCS I10 JUIMHAM OTPE3KOB.

[llaz 2. HaunHasg ¢ caMOro KOPOTKOTO, IOCJIENOBATEIBHO BBINOJIHAECTCS
BCTaBKa OTPE3KOB B TPUAHTYJALMIO. ECIM OTpE30K HE MepeceKaeTcs ¢ ApyruMHU
paHee BCTaBJIEHHBIMU OTPE3KaMH, TO OH BCTABIISIETCS, HHAUE OH OTOPAChIBAETCA.
Koney ancopumma.

3aMeTHM, YTO €ClId BCE BO3MOJKHBIE OTPE3KH MMEIOT Pa3Hylo JUIMHY, TO
pe3yabTaT paboThl TOTO AITOPUTMA OJTHO3HAUEH, MHAYE OH 3aBUCHUT OT MOPSAKa
BCTaBKHM OTPE3KOB OJIMHAKOBOU JIJTUHBI.

Onpeodenenue 5. TpuaHTyasiuus Ha3bIBACTCS HCAOHOU, €CIIM OHA MTOCTpOe-
Ha KA HBIM aJITOPUTMOM.

Tpyno€MkocTh pabOTHI XKaJHOTO AJIrOPUTMa MPU HEKOTOPBIX €ro YJyd-
2 ) I
menusx cocrapisier O(N log N) [37]. B cBs3u co cToib 000N TPYI0EMKO-
CTBIO Ha IPAKTUKE OH MOYTH HE IPUMEHSETCS.
Kpome ontuManbHON U KaJHOW TPUAHTYJISALMM, TAKKE IUPOKO U3BECTHA

TpuaHryssius [lenone, oOnanaromias psaoM MPAKTUUECKH Ba)KHBIX CBOWMCTB
[1,4,55,57].
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Onpeodenenue 6. I'OBOPAT, YTO TPUAHTYJSLUSA YAOBIETBOPSET VCIOBUIO
/lenone, eciii BHYTPb OKPY>KHOCTH, OITUCAHHOW BOKPYT JI0OOOTO MOCTPOEHHOTO
TPEYTOJIbHUKA, HE TTONAJAeT HU OJHA U3 3aJaHHBIX TOYEK TPUAHTYJISLIUH.

Onpeodenenue 7. TpuaHrynsuus Ha3bIBaeTCs mpuaueynsayuei /lenone, ec-
JIM OHA SIBJISIETCSI BBIMYKJION U YJIOBIIETBOPsET yciaoButo Jlenoune (puc. 2).

Puc. 2. Ilpumep Tpuanrynsuuu Jlenone ¢ aemoHcTpauuen ycinosus Jlenone

Onpeodenenue 8. I'oBopsAT, 4TO Mapa COCEAHUX TPEYrOJbHUKOB TPHAHTY-
JSILMK YAOBJIETBOPSET ycosuio [lenone, €Ciau 3TOMY YCIOBHIO YJIOBJIETBOPSET
TPHUAHTYJISLUS, COCTABICHHAS TOJIBKO U3 3TUX JBYX TPEYTOJIbHHUKOB.

Onpedenenue 9. I'0BOPST, 9TO TPEYTOJLHUK TPUAHTYIISIUN YAOBICTBOPSI-
eT ycnosuio /lenone, €Clii 3TOMY YCJIOBHIO YAOBJIETBOPSET TPUAHTYIALUA, CO-
CTaBJICHHASI TOJLKO M3 3TOTO TPEYTOJbHUKA M TPEX €ro coceseit (ecau OHM Cy-
HIECTBYIOT).

Tpuanrymsnus Jlenone BrepBble MOSBUIACH B HAYYHOM MHUpE Kak rpad,
JBOMCTBEHHBIN quarpaMMme BopoHOro — 0J1HOM u3 0a30BBIX CTPYKTYpP BBIYHUCIH-
TEJIbHON T€OMETPUHU.

Onpeoenenue 10. JIna 3apnanHoi touku P e{R,..,P,} Ha IIOCKOCTH

MHO20Y20IbHUKOM (AYelikol) Bopornozo Ha3pIBaeTCS TEOMETPUUECKOE MECTO TO-
4YeK Ha IUIOCKOCTH, KOTOpBIE HaXOmATCs K P Ommke, 4eM K JII00OOW Ipyroil 3a-

JaHHOH Touke P, j#i [71].
COBOKYITHOCTh MHOTOYTOJBHUKOB BOpoHOro o6pa3yer pa3doueHue mioc-
KOCTH, ITPEJICTABJISAIONICE BEKTOPHYIO CETh.

Onpeodenenue 11. /luacpammoti Bopono2o 3aaHHOTO MHOXECTBA TOUYEK
{P,...,P,} Ha3bIBacTCAd COBOKYIHOCTb BCE€X MHOIOYTOJBHUKOB BOpoHOro 3tmx

Touek (puc. 3,a).



10 I'nmasa 1

Puc. 3. luarpammel BopoHoro: @ — npumep 1uarpammesi;
0 — IBOMCTBEHHAs IMarpaMMe TpuaHryssius Jleiaone

JluarpammMbl BopoHOTo Takke MHOTIa Ha3bIBAIOT pazoueruem Tuccena u
Aueuxamu /upuxie.

OnHuM K3 rIaBHBIX CBOMCTB AuarpamMMmbl BopoHoro siBiisieTcst €€ 1BOWCT-
BEHHOCTh TpuaHryisiuuu Jlemone [1]. A UMEHHO, COEIMHUB OTPE3KaMU T€ HUC-
XOJIHbI€ TOYKH, YbM MHOTI'OYT'OJIbHUKM BopoHOro compukacaroTcs XoTs Obl yr-
JaMU, MbI TTOJIyYUM TpuaHrysiuio Jlenone (puc. 3,6).

MHorue anropuTMbl MOCTPOEHUS TPHUAHTYISIUU JleToHe HCTOIb3yIoT
CIeayIollyo Teopemy [4,46]:

Teopema I. Tpuanrynsauuoo JleroHe MOXKHO MOJYYUTh U3 000N apyroi
TPUAHTYJISIIIUU TIO TOW K€ CUCTEME TOYEK, MOCIE0BAaTEbHO MepecTpanBas ma-
pbI cocenHux TpeyroibHUKOB AABC u ABCD , He yJI0BIETBOPSAIOIINX YCIOBUIO
Jenone, B mapsl TpeyroabHUKOB AABD u AACD (puc. 4). Takas onepanus me-
PECTPOCHHUS TAK)KE YACTO HA3BIBACTCS (iunom I nepedopockoii peopa.

JlaHHas TeopeMa IMO3BOJISET CTPOUTH TPUAHTYJISALNIO JlenoHe nocinenoBa-
TEJIbHO, ITIOCTPOMB BHAyaje HEKOTOPYIO TPUAHTYJIALMIO, & TIOTOM IMOCJIEA0Ba-
TEJIBHO yJIy4lias €€ 10 BBIIOJIHEHUS YCIOBUs JlesloHe.

Puc. 4. [lepectpoeHue TpeyrojibHUKOB,
HE YJIOBJIETBOPSIOIINX YCIOBUIO [lenone
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IIpu npoBepke ycnosus [lenoHe i nap coOCeAHUX TPEYTOJIbHUKOB MOXK-
HO HCIIOJIb30BaTh HEMOCPEJCTBEHHO OIpejeieHue 6, HO WHOT/AAa MPUMEHSIOT
JpyTHe Coco0bl, OCHOBAHHBIC HA CIIEYIOMNX Teopemax [4,45,47,66]:

Teopema 2. Tpuanrynsuusa Jlemone oGnagaeT MaKCUMaJIbHOM CyMMOM
MHUHUMAJIBHBIX YIJIOB BCEX CBOMX TPEYTOJBHUKOB CPEAU BCEX BO3MOXHBIX TPH-
AHTyJISILIAN.

Teopema 3. Tpuanrynsuusa [enone o0iagaeT MUHUMaIbHOW CyMMOM pa-
JINYCOB OKPY>KHOCTEM, OMMCAHHBIX OKOJIO TPEYTOJILHUKOB, CPEU BCEX BO3ZMOXK-
HBIX TPUAHTYJISLIHM.

B nanubpIX TeopeMax QuUrypupyeT Hekas CyMMapHas XapaKTepUCTHKa
BCEU TPUAHTYJISALIMKU (CyMMa MUHMMAJIbHBIX YIJIOB WJIM CyMMa pajnycoB), OII-
TUMU3HUPYS KOTOPYIO B Mapax CMEXHBIX TPEYTOJIbHUKOB, MOKHO MOJIYYUTh TPHU-
anryssiuio Jlenone.

1.2. KosimyecTBeHHbIE XaPAKTEPUCTUKHA TPUAHTYJISIIIMH

[Ipu pa3zpaboTke pa3IMUHBIX AITOPUTMOB, & TAKXKE MPU OLIEHKE UX Xapak-
TEPUCTUK YaCTO BO3HUKAET HEOOXOAMMOCTh OIIEHKH KOJIMYECTBA TE€X WM HHBIX
3JIEMEHTOB TPUAHTYJSILMM. B cOOTBETCTBUU € TeopeMor Duiepa O IIaHAPHBIX
rpadax mbl umeeM N — R+ F =2, rie N — KOJIMYECTBO y3J10B B rpade, R — pé-
Oep, a F'— rpaneli (BKJroyas o0lIee YMCI0 BHYTPEHHUX 00JIacTel B IJIaHAPHOM
rpade ¥ OJIHY BHEIIHIOIO OECKOHEUHYIO rpaHb). OTClofa Mbl TOJIy4aeM Jist
TPUAHTYJISLUU:

N—-R+T =1,
rae N — KOJUYEeCTBO y3JI0B B TPUAHTYJISIUU, R — pé0ep, a T — TpeyroJbHUKOB.

Jlist pé6ep M TPEeyroJbHUKOB TaKK€ MOXKHO 3aMucaTh CIACAYIOIINE 3aBU-
CUMOCTH OT YHCJIa y3JI0B:
T=2-N-C-2;
R=3-N-C-3,

rae C — Koau4ecTBO y3710B (p€Oep) Ha BHENIHEH TPaHUIIE TPUAHTYJIALINY.

Tak kak 310 uncno C 3aBUCUT OT KOHKPETHOW KOH(PUTYpAIUU y3JI0B, TO
TAaK)X€ BO3HUKAECT 33Jaya €ro OLCHKU. B HacTosimee Bpemsi W3BECTHBI OLIEHKHU
yyciaa BHEHMIHUX pEOep B BBIMYKION TPUAHTYISUUU ISl HEKOTOPBIX Paclpo-
CTpaHEHHBIX 3aKOHOB pacHpeesieHHs. DTO YHUCJIO COBMAJAET C KOJIUYECTBOM
TOYEK Ha BBIMYKIONW 000JI0uKe MHOXkecTBAa U3 N Touek. [IpuBenemM HEKOTOpHIE
13 3TUX OLICHOK.

Jl7iss paBHOMEPHOTO pachlpesiesieHrsi TOUEK BHYTPH JOOOTO 3aaHHOTO
BbIyKjI0oro MHOroyronbHuKa: C =0(logN). Jlns paBHOMepHOTO pacmpenene-

1/3

HUsl To4yek BHYTpU kpyra: C =0(N 7). lns HOpManbHOrO pacrnpenesaeHus: To-

gek Ha miockoctr: C =0(log"? N).
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W3 3TUX OIIEHOK MOKHO TaKXe MOJYYUTh CPeAHee Yucio pébep, cMex-
HBIX C KQXJbIM Y3JIOM TPUAHTYJISILUU: R=2-R/N=6- (2-C—-6)/N. Anano-
IMYHas OLEHKA MOIy4aeTcs JJIsl CPEAHEro YKciia TPEYroJbHUKOB, CMEXHBIX y3-
ay: T= (2-R-C)/N=6—-3-C—-6)/N. YuutbiBas, 4TO B OOJBIITUHCTBE CITY-
yaeB C =0o(N), 1o R~6uT~6.

[IpuBeneHHbIE BBIIIE OIEHKHA BEPHBI U BCEX BUAOB TPUAHTYIISAIMMA. J{7s

TPUAHTYJIAIIUHN I[GJIOHC TAKKC HU3BCCTHBI OLCHKH HCKOTOPBIX XapPaKTCPUCTHK
TPCYT'OJIbHUKOB, B YaCTHOCTH CJICAYIOIIUC.

CoOTHOIIIEHHEM CTOPOH TPEYTOJIbHUKA HAa3bIBACTCS OTHOIICHUE CaMOM
JUTMHHOW CTOPOHBI TPEYTOJbHUKA W JUIMHBI TPOCKITMH TPOTUBOJICKAIIEH Bep-
IIMHBI HA 3Ty CTOpPOHY. JlJis TpuaHTysnuu [[e1oHe 3TO COOTHOIICHHUE B Cpe/l-
HeM coctaBisieT 21t/ 3+ 7/(2w) = 3,20848 [24].

Oxunaemas MaKkCMMalbHas JJIMHA peOpa B TpUaHTysIuu Jlerone paBHa
R_. =6(log"? N) [24].

OxumaeMoe MaKCHMaJIbHOE YMCIIO CMEXHBIX péOep B y3llax B TpHAHIY-
nsiumn Jlenono pasHo B, =06(log N /loglog N) [24].

O’xujjaeMblii MUHUMAaNIBHBIA yrojl B TPEYrojbHMKAaxX TpuaHryasuuu /[le-
-1/2 y -1/5
JIOHE paBeH o, = 0(N ™~ '), a MakcuMasbHBI| O, =T—O(N ") [24].

1.3. CTpyKTYpBI Il NIPEACTABJICHUS TPUAHTYJIANUN

Kak mokaspiBaeT npaktuka, BEIOOpP CTPYKTYpHI Ui IPEICTABICHUS TPHU-
aHTYJSILIMM OKa3bIBAET CYLIECTBEHHOE BIIMSHUE HA TEOPETHYECKYIO TPYHOEM-
KOCTh AJITOPUTMOB, a TAK)KE€ Ha CKOPOCTh KOHKPETHOM peanu3auuu. Kpome toro,
BBIOOP CTPYKTYPbI MOXKET 3aBHCETh OT LENH JAJIbHEHUILIEro UCI0JIb30BaHUS TPH-
AHTyJISILAU.

B TpuaHTymsimEM MOXHO BBIICIUTH 3 OCHOBHBIX BHIIa OOBEKTOB: }3/bl
(TOUYKH, BEPIINHBI), péopa (OTPE3KHN) U mpey2oibHUKU.

B pabGoTe MHOTHX CyHIECTBYIOIIMX aJTOPUTMOB MOCTPOCHUS TPUAHTYJISA-
nuu JlenoHe u anropuTMOB €€ aHalIKM3a YacTO BO3HHUKAIOT CIEAYIOIIUE orepa-
MU C O0BEKTaMH TPUAHTYJISLIUN:

1. Tpeyeonvnux — y3nel: MOTYyYEHUE ISl TAHHOTO TPEYTOJIbHUKA KOOP-
JIUHAT 00pa3yIoUUX ero y3JoB.

2. Tpeyeonvuux — pébpa: MOIyYeHUE IS TaHHOTO TPEYTrOJIbHUKA CITHCKA
obOpazyronux ero peoep.

3. TpeyeonbHux — mpey2oivbHuKy: OTYUYEHHUE NI JAHHOTO TPEYTrOJIbHHU-
Ka CIIMCKAa COCETHUX C HUM TPEYTOJIbHUKOB.
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4. Peopo — y31bl: MIOMy4eHUE ISl JAHHOTO pedpa KOOpJAWHAT 00pasyro-
IIUX €TO Y3JIOB.

5. Pebpo — mpeyeonvhuku: NOJIyYeHUE JUIsl JaHHOTO pedpa CIucKa co-
CEJTHUX C HUM TPEYTOJbHUKOB.

6. V3en — pébpa: nonyuenue AJjig JaHHOTO y3J1a CIIHCKa CMEXHBIX pEOep.

7. V3en — mpey2onbHuku: MOIyYEHUE I JAHHOIO y3J1a CIUCKA CMEX-
HBIX TPEYTOJbHUKOB.

B xakux-To aJiropuTmMax HEKOTOPBIE U3 ITUX ONEPALMN MOTYT HE UCIIONb-
30BaTbcs. B Apyrux ke anroputmax omnepanuu ¢ p€opamMu MOTYyT BO3HHMKATh HE

qaCTO, IIO3TOMY pe6pa MOT'YT HNpECACTABIITHCA KOCBCHHO KaK OJHA H3 CTOPOH
HCKOTOPOI'o TPpCYIroJIbHUKaA.

PaccMmoTpum Hambosee 4acTo BCTPEUaroIuecs: CTPYKTYPBhI.

1.3.1. CTpykTypa I1aHHBIX «Y3JbI C COCEAIMU»

B cmpykxmype « V3wl ¢ cocedsmuy nns Kaxmoro ysia TPUAHTYISIIUU
XPAHSITCS €r0 KOOPAWHATHI HA MJIOCKOCTH U CITUCOK HOMEPOB (WM yKa3aTese)
CMEXHBIX (COCEIHUX, T.€. C KOTOPBIMU €CTh 001I1e pédpa) y3i10B (puc. 5) [58]:

Ysen = record

X: uucio; < koopauHara X

Y: umcio; <« KoopauHata Y

Count: uenoe; <— KOJINYECTBO CMEXKHBIX Y3II0B

Nodes: array [1..Count] of Homep y3ma; < CIIMCOK CMEKHBIX Y3JI0B
end;

[Topsimok cienoBaHMs CMEKHBIX Y3JIOB B CIIMCKE OOBIYHO HE BaXKEH, HO B
HEKOTOPBIX 3a7a4ax WHOTJA TpeOyeTcs, YTOOBI STOT CHHCOK Y3JIOB OBLI OTCOP-
TUPOBAH MO YaCOBOM CTPEJIKE WIIH MPOTHUB (CM. puc. 5).

Puc. 5. CBs3u y3710B CTPYKTYPBI «Y3JIbI C COCEASIMUY
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ITo cyTu, cnucok coceneil onpeenser B HEIBHOM BUJE pEOpa TPUAHTY-
asuuu. TpeyrojbHUKH K€ TIPU 3TOM HE MPECTaBISAIOTCS BOOOUIE, UTO SABIISETCS
OOBIYHO CYIIECTBEHHBIM MPEMATCTBUEM JJIsl AAJIbHEHUILIEr0 MPUMEHEHUS TPUaH-
ryjsinud. KpoMme Toro, HEJOCTaTKOM SIBJIIETCS IEPEMEHHBIN pa3Mep CTPYKTYPbI
y371a, 3a4acTyl0 NPUBOJAIIMNA K HEIKOHOMHOMY PAaCcXOay ONEPATUBHOW MaAMSITH
IPU MOCTPOCHUH TPUAHTYJISLIUU.

CpenHee 4MCIIO CMEXHBIX y3J0B B TpUaHryJsiuuu Jlemone paBHo 6 (3T0
JIOKa3bIBACTCS MO MHAYKIUHU WU U3 TEOpeMbl Diliepa o IIaHapHbIX rpadax),
MOATOMY TIpU 8-0aTOBOM MpPEACTABICHUHN KOOPAUHAT, 4-0alTOBBIX IENbIX U 4-
OaMTOBBIX yKa3aTesiXx CyMMapHbI 00beM MaMsITH, 3aHUMAEMbI TAHHON CTPYK-
TypOM TPUAHTYJISAINHU, cOCTaBisaeT 44 - N Oait.

1.3.2. CTpyKkTypa JaHHBIX «Y3JbI U PEOPa»

B cmpykmype « V311 u péopa» B sBHOM BUJI€ 3aJ1al0TCs y3Jbl U pEOpa.
TpeyroiabHUKU B CTPYKTYpE OTCYTCTBYIOT. {151 kaxmgoro pedpa XpaHsTcs yKa-
3aTEJM HA JBA KOHLIEBBIX y3Ja. [[Ji1 TpEyrOoJbHUKOB XPaHATCS yKa3aTelau Ha TPU
00pa3yronmx TpeyrojbHUK pedpa (puc. 6):

Yzen = record
X: uucio; < KoopauHara X
Y: umcio; «— KoopauHara ¥
end;
Pebpo = record
Nodes: array [1..2] of Homep yama; «— CIHCOK KOHIICBBIX Y3JI0B
end;

JlaHHast CTpYKTypa 4acTO NPHUMEHSIETCS B Cilyyasx, Korma tpedyercs B
SIBHOM BHUJIE MIPEACTABIATH PEOpPA TPUAHTYIISIMU, HO HET HEOOXOAUMOCTH pado-
TaTh C TPEYTrOJbHHUKaM. B 4acTHOCTH, 3Ta CTPyKTypa JIydll€ BCETO MOAXOAUT
JUIsL IOCTPOEHMS KaJHOU U ONITUMAJIbHON TPUAHTYJIALIAN.

JlaHHasE CTPYKTypa pacxoiyeT JOCTaTOYHO Majo TMaMATd: TpH 8-
0aliTOBOM TPEICTABICHUU KOOpAWHAT M 4-0alTOBBIX yKa3aTelsX MOIydaeTcCs
npumepHo 40- N Oaur.

Puc. 6. Cas3u péodep cTpyKTypsl « Y376l 1 pEOpar
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1.3.3. CTpykrypa naHnbix «/[BoiiHbIE péOpa»

B cmpyxkmype «/[goiinvie pébpa» OCHOBOW TPUAHTYIISIUU SIBISETCS CIH-
COK OpUeHTUpOBaHHBIX p&bep. [Ipu aToM Kaxaoe pedpo BXOAUT B CTPYKTYPY
TPUAHTYJISIIIUU JBAXK/Ibl, HO HAPABJICHHBIMU B POTUBOIIOJIO0KHBIE CTOPOHBI:

Ysen = record
X: uucio; <« KoopauHara X
Y: UuCio; «— KoopauHara YV
end;
Pebpo = record
Node: Homep ysna; < KOHIIEBOH y3em pebpa
Next: Homep pebGpa; «— CIIEYIOLIEE M0 YACOBOM CTPEJIKE B TPEYTOJIILHUKE CIIPaBa
Twin: Homep pebpa; «— peOpo-0u3Hel], HAMPABICHHOE B APYTYIO CTOPOHY
Triangle: Homep TpeyrojbHMKE; «— yKa3ateJlb Ha TPEYTroJIbHUK CIIpaBa
end;
Tpeyronbhuk = record < B 3alUCH HET 00s3aTeNbHBIX MOJeH
end;

Jlns xaxxmoro pedpa XpaHaTcs cieayrIme ykasarenu (puc. 7) [41]:
1) Ha KOHIIEBOI y3ein pedpa;

2) Ha cienyrolee Mo 4YacoBOM CTpenKe peOpo B TPEYrOJIbHUKE, HAXOIs-
IieMcsl CIpasa OT JaHHOTO pedpa;

3) Ha «pebpo-0nM3HeI», COSAUHSIIONIEE TE )K€ CaMble y3Jbl TPUAHTYIIS-
IIUH, YTO U TAHHOE, HO HANPABJICHHOE B MPOTHUBOIOIOKHYIO CTOPOHY;

4) Ha TpeyroJIbHUK, HaXOASAIIUICA cripaBa oT pedpa.

[locneqnuii yka3zaresb HE HYXKEH JUIA IIOCTPOEHUs TPUAHTYJISALMM, U I10-
ATOMY €T0 HAJIMYME JOJKHO ONPENEATHCA B 3aBUCHMOCTH OT LIEJIH JAJIbHEUIIIE-
r0 NPUMEHEHNS] TPUAHTYJISALNAHN.

Puc. 7. Cas3u pébep (a) 1 HESIBHOE 3aJ]aHNE TPEYTOJIbHUKOB
(6) B cTpykType «/IBoitHbIE pEOpa»



16 I'nmasa 1

Henocrarkamy maHHOM CTPYKTYpPBI SIBISETCS MPEICTABICHHUE TPEYTOJb-
HUKOB B HEIBHOM BHU/IE, & TAK)KE OONBIION pacXo]l MaMSTH, COCTABIISIONINI TPH
8-0aliTOBOM MpeCTaBIEHUN KOOpAUHAT U 4-0alTOBBIX yKa3aTelsiXx HE MEHee
64 - N 0ailT (He yuuThIBas pacxo/i MaMmsTH Ha MPEJCTaBICHUE JOTOJHUTEIbHBIX
JAHHBIX B TPEYTOJIbHUKAX ).

1.3.4. CTpykTypa J1aHHBIX «Y3JIbl U TPEYTrOJbHUKID)

B cmpykmype «Y3ne1 u mpeyzonvnukuy nist Kaxaoro TpeyrojibHUKa Xpa-
HATCSI TPU yKa3aTesss Ha o0pa3yrolire ero y3jbl U TPU yKa3aTesss Ha CMEXHbBIE
TpeyroyibHUKM (puc. 8) [18,48,65]:

Yysen = record
X: uucnio; «— KoopauHata X
Y: uncio; < KoopauHara Y
end;
TpeyronsHuk = record
Nodes: array [1..3] of Homep ysma; «— o0pazyrorye y3ibl
Triangles: array [1..3] of Homep TpeyrosnbHMKaE; < COCEJHUE TPEYTOJIbHUKU
end;

Puc. 8. CBsA3u TpeyTroJbHUKOB CTPYKTYPBI « Y 3JIbl U TPEYTOJIbHUKN»

Hywmeparus Touek u coceTHUX TPEyTrOIbHUKOB MTPOU3BOJAMUTCS B MOPSIAKE
o0Xoja TO 4YacoBOW CTpeNKe, MPH O3TOM HANPOTHB TOYKA C HOMEPOM
ie{l, 2, 3} pacronaraercs pedbpo, COOTBETCTBYIOIIEE COCEAHEMY TPEYTOJIbHH-

Ky C TaKuM K€ HoMepoM (cM. puc. 8). PEOpa B maHHOMN TPUAHTYJISIIIUN B SBHOM
BUjIe He xpaHsaTcs. [Ipu HeoOXoaAMMOCTH Ke OHU OOBIYHO MPEICTABISIOTCS Kak
yKa3aTelb Ha TPEYTOJbHUK U HOMEp peOpa BHYTPHU HETO.

[Tpu 8-GaiiTOBOM MpeACTaBIECHUU KOOPAWHAT U 4-0aMTOBBIX yKa3aTelsax
JAHHAs CTPYKTYypa TPUAHTYJIALMH TpeOyeT npumepHo 64 - N Oailt.

HecMoTpst Ha To, 4TO AaHHAs CTPYKTypa YCTYMAeT «Y3J1aM C COCEISIMU,
OHa HauboJee 4acTO MPUMEHSETCS Ha MPAKTHKE B CHIIy CBOEH OTHOCUTEIBHOM
IPOCTOTHI U yI0OCTBA IPOrPAMMHUPOBAHMSI AITOPUTMOB Ha €€ OCHOBE.
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1.3.5. CTpykTypa I1aHHBIX «Y3JIbl, Ppé0pa U TPEYroJbHUKI)

B cmpyxkmype «V3nvl, pébpa u mpeyzonvhuxu» B SIBHOM BHUJE 3aal0TCS
BCE 00BEKTHI TPUAHTYJIISILIUU: Y3JIbl, pEOpa U TpeyroibHuKU. st kaxaoro pedpa
XpaHATCA yKa3aTelld Ha JIBa KOHLEBBIX y3JIa U IBA COCETHUX TPEyroJibHUKa. [l
TPEYTOJIbHUKOB XPAHSTCS yKa3aTeld Ha TpU 0O0pa3yrolIuX TPeyrojibHUK pedpa
(puc. 9) [25]:

Yysen = record
X: uucmo; «— KoopauHata X
Y: umcio; «— KoopauHara ¥
end;
Pebpo = record
Nodes: array [1..2] of Homep ys3ma; < CIIMCOK KOHILIEBBIX Y3JI0B
Triangles: array [1..2] of Homep Tpeyrombhuka; < COCEJHUE TPEYTOJILHUKU
end; -
TpeyronbHuk = record
Ribs: array [1..3] of Homep pefpa; «— obpasyrorue péopa
end;

Hywmeparust TO4ek u COCETHUX TPEYTOJIbHUKOB MPOU3BOIUTCS B MOPSIIKE
o0Xoja TIO 4YacoBOW CTpeNKe, MPH O3TOM HANPOTHB TOYKA C HOMEPOM
ie{l, 2, 3} pacronaraercs pedbpo, COOTBETCTBYIOIIEE COCEAHEMY TPEYTOJIbHH-

Ky C TaKUM ke HOMEpOoM (cMm. puc. 9).

JlaHHas CTPYKTypa 4acTO MPUMEHSETCS Ha MpakTHKE, OCOOCHHO B 3aja-
yax, I7ie TpeOyeTcs B IBHOM BUJE NPEICTABIATh PEOpA TPHAHTYIISILIUU.

Puc. 9. Css3u TpeyroiqbHUKOB (cnieBa) U pédep (cnpana)
CTPYKTYPBI «Y3I1bI, pEOpa U TPEYTOTHHUKI

Henocrarkom maHHON CTPYKTYPHI SIBISIETCS OOJIBIION pacxo MmamsiTH, CO-
CTaBJISIONINHN TTPU 8-0aWTOBOM MpEICTAaBICHUU KOOPAUHAT U 4-0aliTOBBIX yKa3a-
TesX mpuMepHo 88 - N OailT.

1.3.6. CTpykTypa IaHHBIX «Y3JIbl, IPOCThI¢ PEOPA U TPEYTOJIbHUKI»

B cmpykmype «¥V3nv1, npocmeie pébpa u mpeyeonvnuku» B SBHOM BHJIC
3a/1al0TCsl BCe OOBEKThI TPUAHTYIIALMK: Y3JIbl, pEOpPA U TPEYTrONbHUKHU. [T Kax-



18 I'nmasa 1

J0ro pedpa XpaHATCA yKa3aTeld Ha JBa KOHLEBBIX y3Jla U JIBA COCEIHUX Tpe-
yroiabHuka. [ns péOep Hukakoill cneuuanbHoM wHGopmaumu HeT. s Tpe-
YTOJIBHUKOB XPaHATCS yKa3aTeld Ha 00pa3yoIIUX TPEYTrOJbHUK TPHU y371a U TPU
pebpa, a TakKe yKazaTrelu Ha TPU CMEKHBIX TpeyronbHuka (puc. 10):

Ysen = record
X: uucnio; «— KoopauHata X
Y: umcio; «— KoopauHara ¥
end;
Pebpo = record «— B 3aIMCH HET 00s13aTETbHBIX MOJICH
end;
TpeyronbHuk = record
Nodes: array [1..3] of Homep yama; «— 00pasyroIye y3ibl
Triangles: array [1..3] of Homep Tpeyromnbhuxa; < COCEJHHE TPEYTOJILHUKH
Ribs: array [1..3] of Homep pefpa; «— obpasyrorue péopa
end;

JlaHHasi CTPyKTypa 4acTo MPUMEHSAETCS Ha MPaKTHKE, OCOOCHHO B 3aja-
yax, r7ie TpeOdyercs B IBHOM BUJE NPEICTABIATh PEOpA TPUAHTYIISIUH.

Puc. 10. CBsi3u TpeyroiabHUKOB B CTPYKTYPE JTaHHBIX
«Y31bl, IpocThie PEOPA U TPEYTOIbHUKI

Henocrarkom naHHOUM CTPYKTYPHI SIBISIETCS OTHOCUTENHHO OOJIBIION pac-
XOJl TaMATH, COCTABJISIIONTUIN TP 8-0alTOBOM MPEACTABICHUH KOOPAUHAT U 4-
0aMTOBBIX yKa3aTelsIx mpuMepHo 88 N OaulT.

B 3akimtouenue 3Toro pasnesna B Tabi. 1 mpeacTaBieHbl CBOJHBIE XapaKTe-
PUCTUKU MPUBEICHHBIX CTPYKTYP JaHHBIX, BKIItOYasl 3aTPaThl IO MAMSATH U CTE-
MIEHb MPEJCTABICHUS PA3JIUYHBIX 3JEMEHTOB TPUAHTYJSIUUU («—» — DIEMEHT
OTCYTCTBYET, «+» — IPUCYTCTBYET, «+» — IMPUCYTCTBYET, HO HET CBA3EU C
JIPYTUMHU JIEMEHTaMU TPUAHTYJISIITUN ).

B nmemnoM MOXHO OTMETHTB, YTO CTPYKTypa «Y3Jbl C COCEAIMH» MEHEE
ya00Ha, YeM OCTallbHbIE, TaK KaK HE MPEJCTaBJsSET B IBHOM BUAE pEOpa U Tpe-
yroiabHUKHA. Cpean oCTanbHBIX IOCTATOYHO YAOOHOH B MPOrpaMMUPOBAHUU SIB-
JAETCA CTPYKTYpa «Y3Jbl U TPEYTOAbHUKW». OIHAKO HEKOTOPBIE AITOPUTMBI
TPUAHTYJISIUUMU TPeOYIOT NpeAcTaBieHUs pEOep B SBHOM BHUJE, MOITOMY Tam
MO>KHO MTOPEKOMEHI0BATh CTPYKTYPY «Y3Jbl, p€Opa U TPEyTrONbHUKIY.
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Ta6muma 1. OCHOBHBIE XapaKTEPUCTUKH CTPYKTYP JaHHBIX

Ha3zBanue cTpyKTypbl TaHHBIX [Tamsts | Y3ib1 | PEOpa | TpeyroabHUKH
«Y3IIBI ¢ COCEeNSIMI 44-N + — —
«Y31bl u pEOpay 40-N | =+ + —
«/IBolHbIE pEOPA» 64-N | =+ +
«Y3IIbl U TPEYTOJIBHUKHN 64-N | =+ — +
«Y31b1, p€Opa U TPEyTOIBLHUKID) 8-N | = +
«¥Y31b1, IpocThie pEOpa 1 TpEYroNbHUKN» | 88- N | =+ +

1.3.7. IIpeoOpa3oBanue CTPYKTYP AAHHBIX

3amaua CMEHBI CTPYKTYPBI, B KOTOPOH MpeCTaBIeHA TPUAHTYJISIIHS, MO-
KET BO3HUKHYTbH, HAIIPUMEDP, TIPH IMMOCTPOCHUU KATHOU WM ONTUMAILHON TpH-
AHTYJISIUU. AJTOPUTMBI UX TIOCTPOCHHS OTIEPUPYIOT TOJIBKO ¢ p€OpaMu U y3ia-
MU, a TI03TOMY OHH BBIHYKJICHBI UCITOJIB30BATh CTPYKTYPHI TAHHBIX THITA « Y 3JTbI
¢ coceasamm» (cm. 1. 1.3.1) unm «Y3asl u pédpa» (cm. 1. 1.3.2). C npyroi cro-
POHBI, IEIBI0 MOCTPOCHUSI TPUAHTYIISAIMH MOXKET OBITh MOJICITUPOBAHHE TIO-
BEPXHOCTH, JUIsl YeTO HEOOXoarMa CTPYKTypa JaHHBIX, HAIPUMED « Y 3Bl U Tpe-
yroJdbHUKW» (cM. 1. 1.3.4). IMeHHO MO3TOMY M BO3HMKAET 3a/iaya Mepexojaa oT
OJTHOM CTPYKTYPBI JAHHBIX K IPYTOM.

Bnauane paccMOTpUM JOCTAaTOYHO IIPOCTOM AITOPUTM IS IEPEXonaa OT
CTPYKTYpPBI «¥Y31bl U p€Opa» K CTpyKType «Y3ibl ¢ cocenamu». OCHOBHOH Iie-
JIBIO ATOTO AIITOPUTMA SIBJIETCS BBIYUCIEHUE pEOEP, CMEKHBIX C Y3JIaMHU.

AJZZODMWIM nD€06D03060HM}1 CMpYyKniypbl OaHHbIX « Y316l U pé’6pa» 6
CmpyKmypy « Y3161 ¢ cocedsimuy

Cmpykmypol 0annsix. VICX0qHBIE CTPYKTYpBI MPEACTaBICHBl MACCUBAMHU
Nodes u Ribs. B pe3ynbraTe Mbl TOKHBI TOJIy4uTh MaccuB NewNodes. B pabo-
T€ aJropuT™Ma NoTpeOyeTCs BpEMEHHbBIN MacCUB R JIMHBI N J1J1 MOJIcueTa yucia
p€Oep, CMEXHBIX C COOTBETCTBYIOIIUMH Y3JIAMHU.

[llaz I. BeraucisieM KOJUYECTBO CMEXKHBIX pédep R[1], BXOASAIIUX B Ka-
KIOBIA 1-W y3en TpuaHryiasauuu. Jiig sTroro BHayane npucBauBaeM Vo i:
R[1]:=0. 3arem B HuKJjE MO 1 mMpocMaTpuBaeM Bce PEOpa U I KaKI0ro pedpa
Ribs[1], coemWHAOLIETO Yy3JIbl ¢ HOMepamMu a=Ribs[i].Nodes[l] #u
b=Ribs[i].Nodes[2], yBeIUYHBAEM CUETUUKH pEOEP B y3max: R[a]++, R[b]++.

[llaz 2. Beipensgem naMaATh I KaKI0TO y3J1a CTPYKTYPBI «Y3IIbI C COCe-
ISIMW», UCIIOJIB3YA R[1] B KayecTBE KOJIMYECTBA y3JI0B B MaccuBe Nodes y3ia.
B pesynbraTe nosryunm HOBbIE 3anucu NewNodes [1]. B NewNodes[1] mons ¢ Ko-
opavHaTamMu X,Y KONUPYEM M3 COOTBETCTBYIOIIMX MoJiek Nodes[1] UCXOAHOMN
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CTPYKTYPBI JaHHBIX «¥Y3Ibl U péOpay. Jpyrue mosist moka BhICTABJISIEM HYJIEBbI-
Mu: NewNodes [1].Count:=0, V j: NewNodes[i].Nodes[7]:=0.

[llaz 3. B nukie no i mpocMatrpuBaeM Bce pEOpa M AJisl KaxkJI0ro pedpa
R[1], COEOMHSIONMIETO Y3JIbI C HOMEPAMH a U b, J0OaBIsIEeM B y3Jbl CCBUIKH HA
CMEKHBIU 4epe3 3TO peOpo y3el U yBEIWYUBAEM CUETUYMKU CMEXHBIX Y3J10B B
HOBBIX y3J1aX:

NewNodes[a] .Nodes[NewNodes[a].Count]:=b; NewNodes[a].Count++;

NewNodes [b] .Nodes [NewNodes [b] .Count] :=b; NewNodes[b].Count++.

KOH@M arteopumma.

TpyoEMKOCTH ONMCAHHOTO AITOPUTMA SIBISAETCS JUHEWHOW OT YUCla y3-
JIOB TPUAHTYJIALIUH.

Crnenyromuil alroputM sl epexojia OT CTPYKTYpbl «Y31bl U pEOpay K
CTPYKTYpe «Y3Jbl U TPEYTOJbHUKI» Ooiiee cioxkeH. B HEM Tpebyercst co3aarh
B3aMMOCBSI3aHHBIE CTPYKTYpPbI TPEYTroJbHUKOB. [lepBbie 3 1miara 3Toro aiaropur-
Ma TOYTH COBIAJIAIOT C MPEAbIAYIIUM aJTOPUTMOM: B HEM JUISl KaXIOro y3ia
CO3Ja€TcA crenuaabHasi BpEMEHHAs CTPYKTYpa JTaHHbIX.

Aneopumm nD€06Da30861Huﬂ CmpyKmypbol OaHHbIX « Y316l U pé6pa» 6
CIMPYKMYpy « Y31l U mpey20ibHUKUY.

Cmpyxkmypwst 0annvlx. VICXOIHBIE CTPYKTYpPBI IIPEACTaBICHBI MacCHBaMU
Nodes u Ribs. B xoxe paboTsl anroputMa norpeOyeTcs BpEMEHHBIM MacCHUB R
JUTMHBI N U1 TI0JIcUeTa YKciia CMEXKHBIX ¢ y3laMu pédep. Kpome Toro, monao-
OouTCsl BpeMeHHasi MO (UITMpOBaHHAS CTPYKTYpa JAHHBIX «Y3JIBI C COCEIIMI
(pacmMpeHHas CIMUCKOM CMEXKHBIX pé0ep M TPEYroJIbHUKOB, HO 0€3 KOOpIUHAT,
TaK KaK Mbl UX MOYKEM IOJyYHTh U3 UCXOJIHOT0 MaccuBa Nodes), KoTopast OyaeT
npejcTaBieHa B MaccuBe TmpNodes. DTa BpeMEHHas CTPYKTypa JOJKHA UMETh
CIICIYIOIINM BUL;

BpemeHHBITY 351 = record
Count: uemoe; <— KOJIMYECTBO CMEXKHBIX Y3JI0B
Nodes: array [1..Count] of Homep ys3ma; < CIIUCOK CMEXHBIX y3II0B
Ribs: array [1..Count] Of Homep pebpa; «— CIIHCOK CMEXHBIX pédep
Trns: array [1..Count] of Homep TpeyrosbHMKa; <— CME)KHBIE TPEYTOJIbHUKI
end;

B aToit cTpykType pedbpo TmpNodes[i].Ribs[]j] JOJDKHO COCIUHSITBCS C
y3ii0M TmpNodes[1].Nodes[]], a TpeyroabHUK TmpNodes[1i].Trns[]] IOJDKEH
JeXaTh MEXKIY CMEXKHBIMH K Y31y peéOpamu, ompeneaseMbiMu pEOpaMu
TmpNodes [1] .Ribs[]] u TmpNodes[1i] .Ribs[] mod TmpNodes[i].Count+l].

AnroputMy noHanoouTCs enié oJiHa BpeMeHHasi CTpPYKTypa, KOTopasi BBO-
JUT JOTOMHUTENIbHBIE MOJISl I KaXA0ro pedpa TpUAHTYJISLUU U KoTopas Oy-
JIET mpeJcTaBieHa A peéoep B MaccuBe TmpRibs:
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BpemennoePebpo = record

IndexInNode: array [1..2] of uenoe; < HOMepa pedpa B criuckax Ribs y3moB pedpa
Trns: array [1..2] of Homep Tpeyronbruxa; <— CME)KHBIE TPEYTOJILHUKU
end;

B sT0i1 cTpyKType MaHHBIX TPEyroJbHUK TmpRibs[i].Trns[l] AOJDKEH
JeXaTh 10 TPaBYyD CTOPOHY OT BEKTOpa, OOpa30BaHHOTO y3JIaMH
Ribs[i].Nodes[1] m Ribs[1].Nodes[2] (puc. 11). BpemennsIit MmaccuB Index-
InNode mpeaHa3HadyeH Il OBICTPOTO ONPESICHUS CIICAYIONMIEeTo U MPEAbIIyIIe-
ro pedpa B TPEYroJbHHUKE, COJIEPHKAIIETro JAaHHOE pedpo.

Puc. 11. Bpemensnsle cBsa3u péOep B aIrOpUTME NMPeoOpazoBaHusl CTPYKTYPhI
JAaHHBIX «Y31Bl U pEOPa» B CTPYKTYPY «Y3JIbl U TPEYTOIbHUKI

B pesynpraTe paboThl amroputMa MbI JOJDKHBI TIOJIYYUTh MAacCCHUB
NewNodes.

[llaz 1. BeruucisgeMm KOJUYECTBO CMEXKHBIX pEdep R[1], BXOAAIIUX B Ka-
KIOBIM 1-W y3edn TpuaHryjsiuud. J[ist 3TOoro BHadalie npucBauBaemM Vo i:
R[1]:=0. 3arem B uKJje Mo i mpocMaTpuBaeM Bce pEOpa U I KaKI0ro pedpa
Ribs[1], coeOIWHAOLIETO0 y3Jbl ¢ HOMepamMu a=Ribs[i].Nodes[l] wu
b=Ribs[i].Nodes[2], yBenuunBaeM cu€Tuuku peoep B y3max: R[a]++, R[b] ++.

llae 2. Co3zmaeM Juisi KaXJ0ro y3ia BpeMeHHble 3amucu TmpNodes[i],
UCIIONb3ys R[1] B KayecTBe JIMH MacCuBOB Nodes, Ribs u Trns. [pyrue noius
IIOKa 3aI10JIHAEM HYJISIMU U IYCTBIMU CCHUIKAMU:

TmpNodes [1].Count:=0, V j: TmpNodes[i].Nodes[]]:=0,

Vj: TmpNodes[i].Ribs[j]:=0, Vj: TmpNodes[i].Trns[]]:=0.

lllaz 3. TlpocmaTpuBaeM Bce péOpa U A KaXI0ro pedpa R, COeTUHSIO-
HIETO Y3JIbl C HOMEpaMHU a U b, I00aBisieM B y3Jbl CCHUIKM Ha R M y3€ll, CMEeX-

HBIN "epe3 3T0 pedpo R, M yBEIUYMBAEM CUETUUKU CMEKHBIX Y3JI0B B HOBBIX y3-
Jax:

TmpNodes [a] .Nodes [TmpNodes [a] .Count] :=b;
TmpNodes [a] .Ribs [TmpNodes[a] .Count] :=R; TmpNodes[a].Count++;
TmpNodes [b] .Nodes [TmpNodes [b] .Count] :=b;

[b].

TmpNodes [b] .Ribs [TmpNodes [b] .Count] :=R; TmpNodes [b].Count++.
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Llaz 4. B xaxa0oM y3Jie BO BDEMEHHOU CTPYKType TmpNodes COPTUPYEM
M0 YaCOBOM CTpEJIKE CMEXHbIE y37bl U pEOpa (OJHOBPEMEHHO B MacCHBax
TmpNodes[i].Nodes u TmpNodes[i].Ribs). [nst Bcex pEOep TpuaHTySIUU
MaccuB TmpRibs[i].Trns 3amofiHgeM MYCTBIMU CChUIKaMH (HyJIEBbIE HOMEpa
TPEYTrOAbHUKOB): V i,7: TmpRibs[i].Trns[]]:=0.

llaz 5. B nukie no i mo KaxxaoMy y3iy JIeJaeM BIIOKEHHBIA UK 1O J
[0 BCEM CMEXHbIM pEOpam. s kaxmoro pedpa ompezenseM HoMmep k y3ia B
pebpe u BeicTaBisgeM TmpRibs [TmpNodes[i].Ribs[j]].IndexInNode[k]:=7.

lllaz 6. B nukiie mo i mo kaxaoMy pedpy JenaeM BIOKESHHBIN UK TI0
10 JIBYM CMEXHBIM K PeOpy TPEyroJbHUKAM U BBIMOJHAEM IOMBITKY CO3aHUs
HOBOTO TPEYrojbHUKa U3 TmpRibs[1i].Trns[j], €CIU 3TOT TPEYTOJbHUK €LIE HE
co3faH (T.e. ecnu TmpRibs[i].Trns[j]=0). DTOT TpeyroiabHUK OyAeT COeau-
HATHh KOHIIEBBIC y3JIbI TeKyiero peopa (Ribs[j].Nodes[j], Ribs[j].Nodes[3-
71) u emé oAMH y3eJI, KOTOPBIM MOXKHO OINPEICTUTh C MIOMOIIBIO CITHMCKAa CMEXK-
HBIX Y3JIOB B y3Ji€ Ribs[]j] .Nodes[]], ucnonb3ys TmpRibs[1i].IndexInNode[7].
KpoMme Toro, Hy>KHO omnpenenuth 3 00pa3yroliue TPEeyrojbHUK pedpa U BHICTA-
BUTh CCBUIKHU U3 3TUX PEOEP B HOBBIN TPEYTOJIHHUK.

Illae 7. YcraHnaBiuBaeM B3aUMHBIE CCBUIKM TPEYTOJIBHUKOB Ipyr Ha JIpy-
ra. [[ns aToro nemaeM 1UKI MO 1 MO KaXJIOMY BHYTpEeHHEMY peOpy TpUaHTyIIs-
1y (T.€. 0 BceM 1-m pébpam, y KOTopbiX V j: TmpRibs[i].Trns[]j]#0) u ans
HETO YCTaHABJIMBAEM JPYT Ha APYra B3aMMHBIC CCBUIKM CMEXHBIX TPEYTOJbHU-
KOB TmpRibs[i].Trns[0] u TmpRibs[i].Trns[1]. Korey arcopumma.

IIpn ycnoBum, yTo Ha mare 4 UCHOJIB3YETCS COPTUPOBKA C JIMHEMHOMN
TPYAOEMKOCTBIO (Hampumep, 1udpoBasi), TO TPYA0EMKOCTh TaHHOTO aJITOPUTMa
SIBJISIETCS JINHEWHOW OTHOCUTENIBHO OOIIETO Yucia y3J0B B TPUAHTYJISIIIUU. Bo-
oO1e, naxe eciau MCIMOJIb30BaTh HEJIMHEWHYIO COPTUPOBKY, TPYAOEMKOCTh aj-
rOpUTMa B CpeJiHEM Takke Oynet auHeiHoi — O(N). D10 cienyeT u3 Toro dax-

Ta, YTO CpPEIHEE YUCIO CMEXHBIX C Y3JIOM pPEOEp B TPUAHTYISIUU SBISECTCS
KOHCTAHTOM, HE 3aBHUCAIICH OT N, a cleaoBaTelbHO, U COPTUPOBKA OyaeT B
cpeaneM padorats Bpems O(1).

B 3aximoueHue OTMETUM, YTO IPUBEAEHHBIA aJITOPUTM MOXKHO JIETKO MO-
TU(UIAPOBATh ISl MOJYYEHUSI U IPYTUX CTPYKTYp JAHHBIX, B KOTOPHIX B SIB-
HOM BH/IE NIPEICTABIIEHBI TPEYTOJbHUKHU.

1.4. IIposepka ycaoBus [desione

OnHol U3 BaKHEUIIUX OIEpalrid, BBIOIHIEMBIX MPU MOCTPOECHUU TpPH-
aHTYJISLWH, SBJISETCA MPOBEpKa ycaoBusa [lenoHe mis 3a1aHHbIX IIap TPEyroJib-
HUKOB. Ha ocHOBe omnpenenenus TpuaHryJsanuu Jlesone u reopeMsl 2 Ha Mpak-
TUKE OOBIYHO HCTIONB3YIOT HECKOJIBKO CIIOCOO0B MPOBEPKHU:

1. IIpoBepka yepe3 ypaBHEHHE ONMMCAHHOU OKPY’KHOCTH.
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2. IIpoBepka ¢ 3apaHee BBIYMCICHHOW OMMCAHHON OKPYKHOCTBIO.
3. IIpoBepka CyMMBbI MPOTUBOJIEKAIINX YIJIOB.

4. MoauduurpoBaHHasi IpOBEpKa CyMMbI TPOTHUBOJIEKAILIUX YTJIOB.

1.4.1. IIpoBepka 4epe3 ypaBHeHHE ONMUCAHHON OKPYKHOCTH

VpaBHEHHE OKpYKHOCTH, NPOXOJAIled dYepe3 TOUkH (x,,),),(X,,V,),
(x;,¥;), MOXKHO 3aNKCaTh B BUJIE

X2+y2 X y

2 2
X tnw X0

S VO SO w—

2 2 =0
X, tY, X )
2 2
Xy+ys X3 Y,
WM ke Kak (x” +y°)-a—x-b+y-c—d=0,rae
2 2 2 2 2 2
x oy 1 x+yr oy 1 x+yrox 1 X+ X 0

a=\x, y, Wb=p+y; y lie=lg+y x lid=x+y, x )
P TN S VO A | I A P R
Torga ycnoBue Jlenmone s J1r0OOro  3aJaHHOrO  TPEYTOJIbHHMKA
A((xl, Y1), (x,,2,),(x;, y3)) OyJleT BBIMOJHATHCS TOJIBKO TOT/AQ, KOT/a JJIs JIF0OO-
ro y3na (x,,y,) Tpuanryssuu oyner (a-(x; +yi)—b-x,+c-y,—d)-sgna>0,
T.e. Koraa (x,,),) He MONajaeT BHYTPb OKPYKHOCTH, OIIMCAHHOW BOKpYT Tpe-
YIOJIbHUKA A((xl, Y)s(x5,3,),(x;5, y3)) [39]. Ins ynpouieHus BbIYUCICHUM MOXK-

HO 3aMETUTh, YTO €CJIM TPOMKa Touek (X,,),),(X,,V,),(x;, ;) ABIgETCA MpaBon

(T.e. 00X04 MX B TPEYrOJIbHHUKE BBIMOIHIETCS 110 YaCOBOM CTpENKE), TO BCEraa
sgna =—1, 1 Ha00OPOT, eciu TpOoKKa 3Ta JeBas, To sgna =1.

HenocpencreenHnas peanu3anus Takod NpoueAypbl TPOBEPKHU TpedyeTr 29
ornepaunii yMHOKEHHsI 1 BO3BEJECHUS B KBaJparT, a Takxke 24 onepauuil cioxe-
HUS U BBIYUTAHMSL.

JIaHHYI0 CXe€My BBIYHCICHHM MOKHO HECKOJIBKO YCOBEPIIECHCTBOBATD.
[lepemecTM cUCTEMY KOOPJIMHAT HA X U ) 110 TOPU3OHTAIA U BEPTUKAIHU COOT-
BETCTBEHHO. Torna ypaBHEHHE OKPYKHOCTH IEPENUILETCS B BUAE

0 0 0 1
=)+ =-»" x-x y-y 1
(xz—x)2+(y2—y)2 X,=x y,—y 1
(=% +(r -1 x-x y-y 1

HNJIH, 94TO 3KBHUBAJICHTHO, KaK
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(xl_x)2+(yl_y)2 X=X V=Y
(X, =)+, =) x,-x y,—y=0.
(x3—x)2+(y3—y)2 Xy =X V3= )

[IpoBepka Ha ocHOBe 3TOW MOAUGUIIMPOBAHHON (POPMYIIBI TPEOYET yKe
TONBKO 15 omepanuii yMHOXEHHsI U BO3BEICHUS B KBaJpatT, a Takxke 14 omepa-
LM CJIIOKEHUS U BBIYUTAHHUS.

1.4.2. IIpoBepka ¢ 3apaHee BHIYMCJIEHHOMI
ONUCAHHON OKPYKHOCTbIO

[Ipeapinymuii BapuaHT MPOBEPKU TPeOyeT 3HAYUTEIHHOTO KOJIMYECTBA
apudmeTHIecKuX orepanuid. B OOJBIIMHCTBE aaTOPUTMOB TPHUAHTYJISIIIUHN KO-
JIMYECTBO TIPOBEPOK YCIOBUS MHOTOKPATHO (B Pa3HBIX aJrOpPUTMaxX 3TO YHCIIO
KosebseTcs oT 2 10 25 u OOJbIle) MPEeBHIIIAET 00IIee YUCIO PA3IUYHBIX Tpe-
YTOJIBHUKOB, TPHCYTCTBOBABIINX B TPHUAHTYJISAIMM Ha Pa3HbIX IMarax e€ Io-
ctpoenus. [1oaToMy OCHOBHas Waes aqropuTMa IMPOBEPKH UYepe3 3apaHee BhI-
YUCJICHHBIC OKPY)KHOCTH 3aKII0YaeTCs B TMPEABAPUTCIBHOM BBIUMCICHUU IS
KaKJOTO TIOCTPOSHHOTO TPEYTOJbHUKA IIEHTPAa W paanyca OMHCAHHOW BOKPYT
HETO OKPYXHOCTH, TIOCTIE Yero MpoBepka ycioBus JleroHe OyneT CBOAUTHCSA K
BBIYHCIICHUIO PACCTOSHUS JI0 IIEHTPA 3TOH OKPY>KHOCTH ¥ CPABHEHUIO pe3yJsIbTa-
Ta ¢ paguycoM. Takum oOpa3om, HEHTp (X,,).) U paauycC ¥ OKPY>KHOCTH, OIU-

CaHHOM BOKPYT TPEyroJIbHUKA A((xl, V1), (%,,3,), (x5, y3)) , MOXXHO HAaWTU Kak
x,=b/2a, y.=—c/2a, r* =(b* +c* —4ad)/4a* , rne 3mauenus a,b,c,d ompe-
nenaeHsl Boie B (1).

Torna ycioBue /lenone ais TpeyrojabHUKa A((xl, V1), (%5,,), (x5, ys)) 0y-
JI€T BBIIOJHATHCS TOJIBKO TOTJa, KOrAa AJs Jr00H Apyroil Touku (x,,),) TpH-

aurynsauan (x, —x,)° +(y,—,)’ >r’.

Peanuzanusi Takoil mpoueaypbl NpOBEpKU TpeOyeT s KaxkIoro Tpe-
yroJjibHUKa 36 omnepanuii yMHOKEHHUS, BO3BEACHUS B KBAIPAT U JCJICHHUS, a TaK-
XKe 22 onepanuid CIOXEHHS W BblYMTaHWsA. Ha sTame HemocpelICTBEHHOrO BbI-
MOJIHEHUS IPOBEPOK TPEOYETCsI BCETO TOJILKO 2 BO3BEJACHUS B KBaJpaT, 2 BHIYU-
TaHus, | cnoxeHue u 1 cpaBHEHUE.

Tenepp 3ameTnM, 4TO JUIsl KQXKIOTO TPEYTOJIbHUKA 3HATH ITapaMeTPhl OIH-
CaHHOU OKPY>KHOCTh U He o0si3aTenbHO. [IpoBepka ycnoBus Jlenone Bceraa Bbl-
MOJIHAETCA JUIsl HEKOTOPOW Napbl TPEYTOIBHUKOB, a MIOATOMY JOCTATOYHO 3HATH
OKPY>KHOCTb TOJIBKO OJIHOTO U3 3TUX TPEYroJbHUKOB. Toraa OyneM BBIYUCISTH
IIapamMeTpbl OITMCAaHHOW OKPYKHOCTH JIMIIb B TOM CJIy4ae, €CIIM B IIape aHAJIU3U-
PYEMBIX TPEYTOJIBHUKOB €I HE BBIYACICHA HU OJITHA OKPY’KHOCTD.

[Tpu Takom moaxoze B cpeaHeM Ha 25-45% (B 3aBUCUMOCTH OT UCITOJIb-
3yeMOro ajirOpUTMa TPUAHTYJISIIIUN) YMEHBIIIACTCS KOJIMYECTBO TPEYTOJIBLHUKOB,
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JUISl KOTOPBIX HEOOXOJMMO BBIYMCIIUTH ONHMCAHHBIE OKPY>KHOCTU. Takum oOpa-
30M, B CPEJHEM Ha OJMH TPEYTOJIbHUK Tpedyercs 22—27 omnepauuii Tuna yMHO-
*eHus U 13—17 onepauuii TUIIA CIIOKEHUS.

Ecnu mpuHATH, 4TO aNrOpUTM TPUAHTYJALIMU TPATHT B CPEIHEM IO 5
IPOBEPOK HAa KaXIbI TPEYroJbHUK, TO B CPEAHEM JIAHHBIN CIOCOO MPOBEPKU
TpeOyeT OKOJI0 6—7 omepaiuii TUIa YMHOKEHUS U 6 olepaluii TUIa CI0KEHHUS.
Ecnu anropuT™ TpaTUT B CpelHEM 1O 12 MpOBEPOK HA KaXKAbI TPEYTOJbHUK, TO
COOTBETCTBEHHO IO 4 TOW M APYrou omnepanuu. To4yHas ke OLIEHKA CPEIHETO
Yyyciaa onepanui JOJKHA BBINOJHATHCS U1l KOHKPETHOTO alrOpUTMa TPUAHTY-
JSALAYA U TUIIUYHBIX BUJIOB UCXOIHBIX JAHHBIX.

1.4.3. IIpoBepka cyMMbI IPOTHBOJIEKANIUX YIJIOB

B [39,45] noka3zaHo, 4yTo ycnoBue [lenmoHe mjisi JAHHOTO TPEYroJbHUKA
A((xl, Y1), (X5, 3,), (x5, y3)) OyZeT BBITIOJIHATHCS TOJIBKO TOT/Ia, KOTJa ISl JIF0OOH
Apyro TOo4Yku (X,,y,) TpUaHryasuuu o+ <7 (puc. 12). 310 ycinoBue >KBU-
BaJIeHTHO sin(a+ ) >0, T1.e.

sina - cosP+cosa-sinf3>0. (1)

3Ha4YeHUs1 CUHYCOB U KOCUHYCOB YIJIOB MOXHO BBIYMCIIUTD Y€pe3 CKaJsIp-
HBIC U BEKTOPHBIE IPOU3BEACHHS BEKTOPOB:

(xo _xl)(xo _x3)+ (yo _y1)(yo _y3)

I R S Ol (NS R
cosp=—— 2 X0 7)) FO =10 1)
JG, =)+ (0, = 1) O = x)2 + (0, = )
sing — o = X)W = 5) = (6% = %) = 1)
JGo =)+ (= )P0 =5 + (7 = 1)*
sinp =%~ 8> = 3) = (6 = %), ~ ¥5)

J0u =52+ (0 = 1) (5 =3 + (7, = 33)*

[ToacraBuB 3Tu 3HaueHus B Gopmyiy (1) U cokpaTUB 3HAMEHATENU JIPO-
Oeil, MoTyYnM CIIeTyIONTy10 (OpMYyITy MPOBEPKHU:

((xo = X)) (Vo — ¥3) — (Xg = X))V — yl)) '((xz = %)X, —x)+ (¥, = Yy, — )ﬁ)) +
+((xo_xl)(xo_x3)+(yo_yl)(yo_y3))'((x2_x3)(yz_yl)_(xz_xl)(yz_)@))zo' (2)

HenocpencrBennas peanusaiys Takod mpoueaypsl mpoBepku tpedyert 10
omnepanuil yMHOKEHUS, a Takxke 13 onepanuii coXeHUs: U BBIYUTAHMUSL.
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Puc. 12. IIpoBepka ycious Jlenone no cymme mpoTUBOJIEKAITUX YTIIOB

1.4.4. Moau¢puuupoBaHHas NPOBEPKA
CYMMBbI IIPOTHBOJIEKALIUX YIJIOB

B [67] npennoXeHO BBIUUCIATH HE Cpa3y BCE CKAJSIPHbIE M BEKTOPHBIE
npou3BeicHUsI. BHauane Hy>KHO BBIYUCIUTH TOJIBKO YacThb W3 BbIpaykeHUs (2),
COOTBETCTBYIOIIYIO COSOL M COS[3 :

8o = (X = X)(Xg = %3) + (¥ = y)(Vo = V3) 5
Sg = (2, =x)(x, =) + (v, = Y)WV, = V3).
Torna, ecnu 5, <0 u s <0, T0 00 >90°, $>90°, u mosTOMy ycnosue [le-

J0He He BbimonHsercd. Ecmu s, 20 u Sp 2 0, To a<90°, B<90°, u mosTOoMy

ycinoBue Jlenone BemmomHsieTcs. MHaue TpeOyroTCsl MOJHBIE BBIUKCICHHS IO
bopmyne (2).

Takoe ycoBepiieHCTBOBaHUE MO3BOIIET B cpeaHeM Ha 20—40% (cymect-
BEHHO 3aBUCHUT OT aJrOpUTMa TPUAHTYJSIUH) COKPATUTh KOJIMYECTBO BBITIOJI-

HSEMBIX apU(PMETHUECKUX omepanuil (mpuMepHO 10 7 YMHOXXEHHUH, a Takxke 9
CJI0KEHUM M BBIYUTAHUN).

JIOTIOJIHUTENIBHBIM MPEUMYIIIECTBOM 3TOW MPOBEPKHU NEPE MPEIbIIYIIINM
crocoOoM siBisieTcs Ooblnasi yCTOMYMBOCTh K MOTEPE TOYHOCTH B MPOMEXKY-
TOYHBIX BBIYUCIICHHUSIX C HCIIOJIH30BAHUEM BEIECTBCHHOW apu(PMETHKHU C Iia-
BaroIiel Toukou [67].

B 3akmtouenue 3Toro pasjiena B Ta0i. 2 JaHbl CBOJAHBIC XapaKTEPUCTUKU
npUBEICHHBIX CIIOCOOOB MPOBEPKH yciaoBHs Jlenone.

B uenom s mpuMeHEHHS MOXKHO TMOPEKOMEHJ0BaTh MOIUDHUIIMPOBAH-
HYIO MPOBEPKY CYMMBbI MPOTHUBOJIESKAIIUX YIJIOB, TPEOYIOUYI0 MUHUMAIHHOTO
KOJIM4YECTBa apu(PMETHUECKUX ONIEPAIIHiA.
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Ta6muia 2. CpegHee KOJIMYECTBO BHITIOIHIEMBIX apU(PMETHISCKUX
orepanuil B pa3IuyHbIX crIoco0ax MpoBepKu ycnoBus Jlemone

HazBanue crioco0a mpoBepku Yucio x Yucno + u —
Yepes ypaBHEHUE ONMMCAHHOW OKPYKHOCTH 15 14

C 3apaHee BBIYMCIEHHON OKPY>KHOCTBIO ~4...7 ~4...6
CyMMa IpOTHUBOJIEKAIIHNX YTIIOB 10 13
MonudunrpoBanHas cymma yriioB ~7 ~9

Cnoco6 mpoBepKku C 3apaHee BBIUMCICHHOW OMUCAHHON OKPYXHOCTHIO
clielyeT NMPUMEHATh TOJIBKO B alIrOpPUTMaX, B KOTOPBIX TPEYTrOJbHUKH Iepe-
CTpaMBaIOTCA PEAKO. ITO B MEPBYIO OUepeb aNTOPUTMBI CIUSHUSA, a TAKXKe He-
KOTOpbIE ABYXIPOXOIHBIE AJTOPUTMBI, pacCMAaTPUBAEMbIE B CIEIYIOLIUX TJia-
Bax. TeM He MeHee CIleyeT 3aMEeTUTh, YTO ATOT CIOCOO MPOBEPKHU TPeOyeT /10-
MOJIHUTEIBHBIX 3aTPaT MaMSTH.

1.5. Anroput™Mbl NOCTPOEHUA TPUAHTYAsAIMHA Je/i0He

B nacTosiiiee BpemMsi U3BECTHO 3HAUUTEIBbHOE KOJIMYECTBO PA3IMYHBIX all-
TOPUTMOB NOCTpOeHMs TpuaHrysinuu Jlenone. Ha puc. 13 npusenena kmaccu-
(duKalys TOJIbKO OCHOBHBIX U3 HUX (KUPHBIM HIPU(TOM BbIIETIEHBI KOHKPETHBIE
anroputMbl). Kpome 3THX anropuTMOB, CYIIECTBYIOT U APYyrue, MEHEE U3BECT-
HbIE€, HO OHH 00JIaJJal0T 3aBE€JOMO XYIUIIMMHU XapaKTePUCTUKaAMHU.

B Tabn. 3 coOpaHbl OCHOBHBIE XapaKTEPUCTUKU BCEX 3TUX aJITOPUTMOB. B
KOJIOHKE A TIpe/ICTaBJIeHA OIIEHKa TPYJOEMKOCTH B XYJIIIEM ClIydae, B KOJIOHKE
b — TpynoémkocTs B cpeaHeM, B kojioHke B — Bpemst pabotsl Ha 10 000 Touek B
OTHOCUTEJIbHBIX €IMHUIIAX U B KOJIOHKE [" — aBTOpCKas SKCrepTHas OlleHKa Mpo-
CTOTHI peanu3aluu Mo 5-6anpHol cucreMe (4eM OoJibllie 3Be3704YeK, TEM ajro-
puTM nydie). Bece npuBenénHbie OlleHKU BPEMEHU MOJIYyYEHbl HAMU TIOCIIE pea-
JN3alliyd aITOPUTMOB B OJHOM CTUJIE (Ha CTPYKTYpe «Y3Jbl U TPEYTOJIbHUKN)
U Ha OJIHOM IporpaMMHo-ammapaTHoi miardopme. HekoTopbie U3 aaropuTmMon
HE peaJM30BaHbl, MOATOMY B TaOJHIIE TaM CTOST MPOYEPKU. 3aMETHUM, UTO
OIICHKM BPEMEHM JIOCTATOYHO YCJIOBHBI U OHH, BUIUMO, OYAYT CYIIECTBEHHO
OTJIMYATHCS B PA3UYHBIX MPOrPAMMHBIX peasiu3alusix U Ha pa3HbIX pacrpese-
JeHUSIX UCXOAHBIX ToueK. bojee moapoOHble pe3ynbTaThl CPaBHEHUM OTIEINb-
HBIX AJITOPUTMOB IIPUBEIEHHI B [17].

B nenom u3 Bcero MHOXeCTBa MPEACTABIECHHBIX AJITOPUTMOB IO OIBITY
Jy4Ille BCETO 3apEKOMEHIOBANl CEOSl aneopumm OUHAMUYECKO20 KIUUPOBAHUSL.
[TpumepHO Tak ke XOpouio paboTaeT aneopumm HOCIOUHO20 ceyweHus. UTo
HEMaJIOBa)XHO, 00a 3TU aJITOPUTMA JIETKO IIPOTrPAMMHUPYIOTCS Ha JIFOOBIX CTPYK-
Typax JaHHbIX.
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1. UTepaTrBHEIC aITrOPUTMEL.

—1.1. IIpocToii ”TepaTUBHBIN AJITOPUTM.
.1.1. ArepaTtuBHbIi agaroput™m "Yaajusii u crpoi''.

R-nepesom.

1.2.2. UTepaTHUBHBIH AJITOPUTM C HHIEKCHUPOBAHUEM LIEHTPOB
TPEYroJbHUKOB 2-D-nepesom.

1.2.3. UTepaTUBHBIN AJITOPUTM C HHIACKCHUPOBAHHEM LIEHTPOB
TPEYroJbHUKOB KBaIPOJAepPeBOM.

IMOMCKaA.

IOMCKaA.

—1.4.1. UTepaTuBHBIN 0J10COBOH AJITOPUTM.

—1.4.2. UTepaTUBHBbIA KBAAPATHBIN AJTOPUTM.

—1.4.3. UTepaTUBHBIN AJITOPUTM C OCJTOMHBIM CTryILLICHUEM.
—1.4.4. UTepaTUBHBINA AJITOPUTM C COPTHUPOBKOM B10JIb KPUBOIi,
3amoJIHAOIIel MII0CKOCTD.

—.4.5. UTepaTUBHBIN AJITOPUTM C COPTUPOBKOM M0 Z-Koay.

2. AIITOPUTMBI CITUSHUSL.

2.1. Anroputm ""Pa3gensii u BiaacTByii''.
2.2. PeKypCHBHBIII aJITOPUTM € pa3pe3aHueM 10 JUaMeTpy.
2.3. [TosiocoBBIE ANTOPUTMBI CIIUSHUS.
2.3.1. AJrOpuTM BBIIYKJIOI0 MOJOCOBOI0 CJAMSIHUS.
2.3.2. AIropuMT™M HEeBBIIYKJIOI0 I0JIOCOBOI0 CIAUSHMS.

3. JIBYXIIPOXOJHBIC aATOPUTMBI.

—3.1. JIByXnpOXOHbIE aITOPUTMBI CIUSHHUS.
3.1.1. Anropurm ""Pa3nensiii u BiaacTByit''.
3.1.2. PekypcUBHBIH AJITOPUTM C pa3pe3aHueM 10 TUaMeTpy.
3.1.3. AJITOPUTM BBITYKJIOTO IOJIOCOBOI0 CUSHMS.
3.1.4. AIropuTM HeBBIILYKJIOT0 MOJOCOBOIO CJAUSTHHUS.
—3.2. Moau(puuupoBaHHbIM HEPAPXUYCCKUN AJITOPUTM.
—3.3. J/IMHeHHbIA AJITOPUTM.
—3.4. BeepHbIil aJITOPUTM.
—3.5. AJITOPUTM PEKYPCHBHOI0 pacilenyieHus.
—3.6. JIeHTOYHBIH AJITOPUTM.
4. IlomaroBbie ¥ MPOYUE AIITOPUTMBI.

—4.1. IlomaroBbIid aJIrTOPUTM.

—4.2. IlomaroBsle aaropuTMbI C YCKOPEHHEM MOUCKa cocenen [enone.
.2.1. Homarosplii anroputMm c 2-D-1epeBoM nmoucka.

.2.2. Ki1eToOYHbIH NOMATOBBIN AJITOPUTM.

—4.3. AJITOPUTM MOCTPOEHUA Yepe3 3-MepHbIe BbINYKJIbIe 000JI0YKH.

Puc. 13. Knaccudukanus anropuTMoB MOCTPOSHUs TpUAHTyJsiuu Jlenone

—1.2. ItepaTuBHBIE aNTOPUTMBI C HHACKCUPOBAHUEM MTOMCKA TPEYTOJIbHUKOB.
1.2.1. UTepaTUBHBIN AJITOPUTM C MHAEKCHPOBAaHHUEM TPEYI0JbHUKOB

—1.3. WTepaTuBHBIE aNTOPUTMBI C KIIIUPOBAHUEM NOMCKA TPEYTOJIBHUKOB.
—1.3.1. UTepaTUBHBIN AJITOPUTM CO CTATHYECKHM KIIIHMPOBAHUEM

—].3.2. UTepaTUBHBINA AJTOPUTM C AMHAMHUYECKHM KIIIMPOBAHHEM

—1.4. UtepaTBHbIE AITOPUTMBI C U3BMEHEHHBIM MOPSAKOM T00ABIEHUS TOYEK.
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Tabnuua 3. O0mume XapakTepUCTUKU AITOPUTMOB TPHAHTYJISILIUN
(A, b — Tpy1o€MKOCTH B XyIIIEM cliy4yae U B cpeiHeM, B — Bpemst paboTsl, I — mpocroTa)

Hazanue anroputma A b B | T
HTepaTuBHBIC aITOPUTMBI
[IpocToit uTepaTUBHBIN ANTOPUTM O(N?) O(N?) | 5,80 |sokiokx
UtepaTuBHbIi anroput™ «Yaansit u ctpoit» | O(N?) O(N7?) 8,42 »
AJTOPUTM C MHJICKCUPOBAHHEM TTOMCKA ON?)  |O(N10gN)|9.23 | was
R-nepeBom
AJNTOPUTM C UHJICKCUPOBAHUEM TTOMCKA ON?) |O(N10gV)| 7,61 was
k-D-nepeBom
AJNTOPUTM C MHICKCUPOBAHUEM TTOUCKA ON?) |O(N1ogN)| 714 was
KBaIPOICPEBOM
AJITOPUTM CTATUYECKOTO KAITUPOBAHUS O(N?) O(N®) | 1,68 |sokrox
AJITOPUTM TMHAMHUYECKOTO KAIIMUPOBAHUS O(N?) O(N) | 1,49 |Horrxx
AJITOPUTM C MOJIOCOBBIM Pa30UEHUEM TOUEK O(N?) O(N) | 3,60 |sokkrx
AJITOpUTM C KBaJIpaTHBIM pa3Obuenuem Touek | O(N?) O(N) [2,6] |sookrx
AJITOPUTM MOCIIOMHOTO CTYIIECHUS O(N?) O(N) | 1,93 sorax
AJTOPUTM C UcopTHpouBKoﬁ TOYEK BJOJb O(N?) ON) | 5.01 | wie
(dbpakTaIbHON KPUBOU
AJNTOPUTM C COPTUPOBKOM TOUEK MO Z-KOJTy O(N?) O(N) 5,31 |soorrx
ANTOPUTMBI CITUSHUS
Anroput™m «Paznensit u BIacTByin» O(NlogN)|O(NlogN)|3,14 |
PexypcuBHBIN aaTOpUTM € pa3pe3aHueM I0 O(N1ogN)|O(Nlog)| 4.57| e
TUaMeTpy
AJNTOPUTM BBIMYKJIOTO TTOJIOCOBOTO ciusiEusA | O(N°) O(N) (2,79 »ox
AJITOPUTM HEBBIITYKIIOTO ITOJIOCOBOTO O(N?) ON) | 2.54| wee
CITUSTHUS
JIByXTpOXOHBIE aaTOPUTMBI

HBYXHp?XO,HHBIP'I anroputm «Pasznensi u O(NlogN)|O(N1ogN)| 2,79 | s
BJIACTBYH»
JIByXIIPOXOIHBIN aJITOPUTM C pa3pe3aHueM O(N1ogN)|O(Nlog)| 4,13 | was
0 TUAMETPY
JIByXnIpOXOAHBINA AITOPUTM BBITYKJIOTO O(N?) ON) | 2,56/ swx

IIOJOCOBOTI'O CIIUAHUSA
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[Tponomxenne Tad. 3.

Ha3zBanue anropurma A b B| I
JIByXNPOXOAHBINA aITOPUTM HEBBITYKIIOTO O(N?) ONY 1224 s
MOJIOCOBOTO CIIUSTHUS
MoaupuuupoBaHHbIA HEpapXUUECKUN O(N?) ON?) [1542
ANTOPUTM laae
AJITOPUTM JIMHEITHOTO 3aMETaHUs O(N?) O(N) 4,36 |Horrrx
Beepnslii anroputm O(N?) O(N) 4,18 |sorrx
ANTOPUTM PEKYPCUBHOTO pacCIICIICHHUS O(NlogN)|O(NlogN)| — | *
JleHTOYHBIN aIrOpUTM O(N?) O(N) |2,60 |sokkrx

[TomraroBeie ¥ MPOYHE aTTOPUTMBI
[TomaroBslii aIroOpuT™ O(N?) O(N?) — | xx
[TormaroBsriit anroput™ ¢ k-D-nepeBom ON?) |O(N1og)| — | =
MOKCKa
[TormaroBslil KJIETOYHBIN AITOPUTM O(N?) O(N) — | ek
AJITOPUTM NOCTPOEHHUS Yepe3 3-MEPHBIE BbI- O(NlogN)|O(NlogN)| — | w
MyKJIbIe 000JI0YKHU

W3 npyrux Xopoumux aJlropuTMOB CIEIYET OTMETUTh O8YXNPOXOOHbIIL Al
20pUMM HEGLINYKI020 NONOCOB020 CAUAHUA W JTEHMOYHbIU ANCOPUMM, HO OHU

HCCKOJIBKO CJIOKHEC B pCain3aluu.

Ha npakTuke TpuaHTrynsuusi CTPOUTCSA JJI PELICHUS KaKUX-TUOO MpHu-
KJIaaHbIX 3a1a4. [Ipu 3TOM mouTu Bcerjia BO3HUKAET 3a7a4a JIOKaJTUu3alul HEKO-
TOPOM TOYKH IJIOCKOCTH HA TPUAHTYJISALIUUA — TIOUCKA TPEYTOJIbHUKA, B KOTOPBIT
oHa momnajaer. ToibKko B pe3yibTaTe paboThl AITOpUTMA TUHAMHYECKOTO KIIIH-
pOBaHUSL CO3/IAETCSA CTPYKTypa KdIlla, KOTOpas M MO3BOJIIET 3(PPEKTUBHO BbI-
MOJIHATh YKa3aHHYIO JIOKalIu3aluio. Bo BceX OCTajdbHBIX aaropuTMax TaKou
CTPYKTYpPBI HE CO31aETCs U €€ He0OX0IUMO CO3/aBaTh JOTOIHUTEIBHO.

B cienyronmx 4eThIpéx riaBax BCE 3TH alTOPUTMbI MOCTPOCHUS TPUAH-
ryasinuu Jlenone OyyT pacCMOTPEHbI TOJIPOOHO.




I'naBa 2. UtepaTuBHBIC AJITOPUTMBI
IMOCTPOEHUA TPUAHTYAsAUM /lesioHe

Bce HUTCPATUBHBIC AJITOPUTMBI UMCIOT B CBOEH OCHOBE OYCHb IMPOCTYIO
HNICIO ITOCJIICAOBATCIBHOI'O Il06aBJICHI/IH TOYCK B YaCTHUYHO ITOCTPOCHHYIO TPpUAH-
ryJIALuIo I[eJ'IOHC. q)OpMaJILHO OTO BBIT'TIAIUT TaK.

Hmepamusnwiii ancopumm nocmpoernusi mpuau2yisiyuu /lenone.

JlaHo MHOKeCTBO U3 N TOYEK.

lae 1. Ha nepBbIX TPEX MCXOAHBIX TOYKAX CTPOUM OJUH TPEYTOJbHUK
(mpenmnosiaraeTcs, YTO TOYKU HE JIeKAT Ha OJHOM MPSMOM, MHAaYe HaJ0 BHIOPAThH
JIpYTUe TOYKH).

I[llac 2. B 1iukiie 1o 7 a1 BCEX OCTAJIbHBIX TOUEK BBIIOJIHIEM IIark 3—5.

lllaz 3. Ouepennasi n-si TOYKa JOOABISETCS B YKE MOCTPOCHHYIO CTPYK-
Typy TPUAHTYJISIUMU CIAEAYIOmMUM oOpa3oM. BHauane mpou3BOAUTCS JOKaIM3a-
1Y TOYKH, T.€. HAXOJUTCS TPEYTrOJbHUK (IOCTPOEHHBIN paHee), B KOTOPBIH IO-
najaeT odepeaHas Toyka. JInbo, eciu Touka HE MOMaJacT BHYTPh TPUAHTYJIS-
I[UU, HAXOJIUTCS TPEYTOJIbHUK Ha TPAHUIIC TPUAHTYJISALNUU, OJIVOKANIIMA K ode-
pEIHOM TOYKE.

Lllae 4. Ecin TOYKa nomnaja Ha paHee BCTABJIECHHBIA y3€J TPUAHTYJISLNH,
TO Takas TOYKa OOBIYHO OTOpACHIBAETCS, MHAYE TOYKA BCTABJISICTCS B TPUAHTY-
JSUUIO B BUAE HOBOro y3ia. [Ipu 3ToM eciii Touka nonajia Ha HEKOTOpoe pedpo,
TO OHO pa30MBaeTCs Ha JIBa HOBBIX, a 00a CMEKHBIX C peOpPOM TpPEyrojJbHUKA
TaKXe JENATCS HAa JBa MEHbIIMX. ECau TOouka momana CTporo BHYTPb KaKOro-
HUOYIb TPEYTOJIbHUKA, OH pa30MBAETCS HA TPU HOBBIX. Eciu Touka momana BHE
TPUAHTYJISIUHN, TO CTPOUTCS OJUH WA 00Jiee TPEYTOJIbHUKOB.

Lllaz 5. ITpoBOAATCS JIOKAIBHBIE TPOBEPKHA BHOBB ITOJIyYEHHBIX TPEYTOJIb-
HUKOB Ha COOTBETCTBHE YCIOBUIO J[€JIOHE U BBINOJIHAIOTCS HEOOXOAUMBIE IIepe-
crpoenus. Koney ancopumma.

CII0)KHOCTBH TAHHOTO AJTOPUTMA CKJIAJIBIBAETCSA U3 TPYJOEMKOCTH MTOMCKA
TPEYTOJIbHUKA, B KOTOPBIM HA OYEPETHOM Iare J00aBISETCS TOYKA, TPYIOEM-
KOCTH MOCTPOCHUSI HOBBIX TPEYTOJIBHUKOB, a4 TaKX€ TPYJIOEMKOCTH COOTBETCT-
BYIOIIMX MEPECTPOCHUN CTPYKTYPbl TPUAHTYJISILIMU B PE3YJIbTATE HEYIOBIETBO-
PUTENIBHBIX MPOBEPOK IMAP COCEAHUX TPEYTOJbHUKOB MOIYUYECHHOW TPUAHTYJISA-
MM HA BBITIOJIHEHUE yCIOBUSA [[enoHne.

[Ipy mocTpoeHNM HOBBIX TPEYTOJIBHUKOB BO3MOKHBI JIBE CUTYAIIMH, KOTAA
noOaBiiieMasl TOYKa MOMagaeT MO0 BHYTPh TPUAHTYJSILMHU, OO BHE €. B
IIEPBOM CJIy4ae CTPOSTCS HOBBIE TPEYTOJBHUKH W YUCJIO BBINOIHAEMBIX AJIrO-
PUTMOM JielicTBHM pukcupoBaHo. Bo BTopoM HEOOXO0AMMO MOCTPOEHUE JTOMOJI-
HUTEJBbHBIX BHEIIHUX K TEKYIIEW TPUAHTYJSILMU TPEYTOJIbHUKOB, NMPUYEM HX
KOJIMYECTBO MOKET B XYyJUIEM CIIy4ae PaBHATHCS 71 —1, TlIe 7 — YKUCIIO TOYEK B
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TeKkyuel Tpuanrysiuu. OHaKo 3a Bce 1mary padboThl aliroput™a OyaeT 100aB-
JeHo He Oosiee 3- N TpEeyroibHUKOB, Te N — o0IIee YnCiI0 UCXOIHBIX TOYEK.
[TosTomy B o0omx ciay4asx oOlee 3aTpauyrmBacMoOe BpeMsi Ha MOCTPOCHHE Tpe-
yroJIbHUKOB cocTaBisier O(N).

UToOBI HECKOJIBKO YNPOCTUTH AJITOPUTM, MOXKHO BOOOIIE M30aBUTHCS OT
BTOPOTO CiIy4asi, MPEJBAPUTEIHHO BHECS B TPHAHTYJSIIIUIO HECKOJBKO TaKUX
JIOTIOJTHUTENBHBIX y3JI0B, UTO MOCTPOEHHAs HA HUX TPUAHTYJIAINS 3aBEIOMO Ha-
KpPOET BCE MCXOIHBIC TOUYKH TPUAHTYJSAIMH. Takas CTpyKTypa OObIYHO Ha3bIBa-
eTcsi cynepcmpykmypou. Ha npakTuke 1ist CynepcTpyKTYphl OOBIYHO BHIOMPAIOT
cieayronme BapuanTsl (puc. 14):

(a) () (6) (@) (9)

Puc. 14. BapuaHTsl cynepcTpyKTyp: a — TPEYTOIbHUK; O — KBApaT;
6 — TOUKH Ha OKPY>KHOCTH; 2 — TOUKH Ha KBaJpare; 0 — BBIMYKJIas 000104Ka

a) BEpIIMHBI PABHOCTOPOHHETO TPEYTOJbHUKA, TIOKPHIBAIOIIETO BCE MHO-
YKE€CTBO UCXOJHBIX ToUeK (puc. 14,a);

0) BepIIMHBI KBaJipaTa, MOKPHIBAIOIIETO BCE MHOYKECTBO MCXOJIHBIX TOUYCK
(puc. 14,0);

B) 0(+/ N ) Todek, paBHOMEPHO PACHPEICICHHBIX IO OKPYKHOCTH, TTOKPHI-
BaroIeil BCE MHOXKECTBO UCXOJIHBIX Touek (puc. 14,8);

r) O(+N) Touek, paBHOMEPHO pAaCIpEACICHHBIX MO KBaJApaTy, MOKpPHI-
BaIOIIEMY BCE MHOKECTBO MCXOJIHBIX TOUeK (puc. 14,2);

71) UCXOJIHBIC TOYKH, MOMAJAIONINE HA BBHIMYKIYI0O 000J0YKY MHOXKECTBA
UCXOJHBIX TOUEK (puc. 14,0).

B [17] npuBoasTcst pe3yapTaThl 3KCHEPUMEHTAIBHOIO CpPaBHEHUS pas3-
JMYHBIX BAPUAHTOB CynepcTpyKTyp. [Ipn 3TOM nmokaseiBaeTcs, 4TO MPHU UCIIONb-
30BaHUU CYNEPCTPYKTYPbl HA PA3JIUYHBIX PACHPEACIICHUSAX HCXOIAHBIX JaHHBIX
BO3MOYXHO KaK yBEJIMYEHHE CKOPOCTU pabOThI aIrOPUTMOB, TaK U €€ CHUKEHHE,
HO He Oonee yem Ha 10 %.

JIto6oe nobaBneHnEe HOBOW TOYKU B TPUAHTYJISILUIO TEOPETUYECKH MOXKET
HapywuTh yciaoBue JleaoHe, mo3toMy mnocie 100aBiIeHHus TOUYKU OOBIYHO cpas3y
e TIPOU3BOANUTCS JOKabHAS IPOBEPKA TPUAHTYJISIIMHN Ha yciioBue Jemone. Jrta
IPOBEpKa JIOJDKHA OXBATUTH BCE BHOBBH MOCTPOCHHBIC TPEYTOJBHUKUA M COCEI-
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HUEe ¢ HUMH. KOTUYECTBO TaKMX MEPECTPOCHUN B XYIIIEM CITydae MOXKET OBbITh
OYCHb BEJUKO, UTO, IO CYTH, MOXET MPUBECTH K MOJTHOMY MEPECTPOCHUIO BCEH
TpuaHryssiiuu. [loatomy TpynoémkocTs nepectpoenuit coctasiser O(N). On-

HAaKO CpEJIHEE YHCIIO TaKUX IEePECTPOCHUN Ha pPEalIbHBIX JAHHBIX COCTABIISCT
yyTh MeHee Tpex [17].

Takum 00pa3om, HauOONBIINK BKJIAJ B TPYJIOEMKOCTh UTEPATHBHOTO aJl-
ropuTMa Aa€T Mporeaypa NOMCKa 0YEpEIHOr0 TpeyroibHuka. IMeHHO mosToMy
BCE UTEPATUBHBIC AJIITOPUTMBI IIOCTPOCHUSI TPUAHTYJISINMA J[eJIOHE OTIMYAr0TCs
IIOYTHU TOJBKO MPOLEAYPOU OUCKA OUEPEAHOTO TPEYTOJIbHHUKA.

2.1. IIpocToil MTepaTUBHBbIN AJITOPUTM

B npocmom umepamusnom anecopumme nouck o4epeHOro TpEyroabHUKA
peanuzyercs ciaeayomuMm oOpazoM. bepércs n1000i TpeyrojlbHUK, YK€ MpHU-
HaJUIeKAUUN TPUAHTYJISIUU (HapuMep, BRIOUpaEeTCsl CydaiHo), U oclieI0Ba-
TEIbHBIMHU TIEPEXOJAMH TI0 CBSI3AHHBIM TPEYTOJIbHUKAM MILETCS UCKOMBINA Tpe-
YTOJbHUK.

[Tpu 3TOM B XyJIIeM ciy4yae MPUXOTUTCS MepeceKaTh BCe TPEYroIbHUKH
TPUAHTYJISILUU, IO3TOMY TPYIOEMKOCTh Takoro noucka cocrasisger O(N). On-

HAKO B CPEJHEM JIJIs PABHOMEPHOTO pachpeesieH!us B KBaapaTe HyKHO COBEp-
IIUTh TOJIBKO O(W ) omepanuii mepexona [65]. Takum obOpazom, Tpymo&m-
KOCTb NPOCTEHIIEro UTePaTUBHOTO alrOpUTMa cOocTaBiseT B XyaueM O(N?), a
B cpequeM — O(NY?) [45.,48].

Bo MHOruX nmpakTU4eCcKy BaKHBIX CIIy4asiX UCXOIHBIEC TOUKU HE SABIISIOTCS
CTaTUCTUYECKH HE3aBUCUMBIMU, NPU ITOM I-s TOUKA HAXOAMUTCS BOIU3U
(i+1)-i1. IToaToMy B KayecTBE HAYaJbHOTO TPEYTOJIbHUKA JJIsl MOMCKA MOKHO

OpaTh TpEyrojbHUK, HaWJEHHBIN paHee A Ipeaplaylied Touku. Tem cambiM
VMHOTJa YAAeTCA NOCTUYb HAa HEKOTOPBIX BUAAX UCXOMHBIX JaHHBIX TPYAOEMKO-
CTH TIOCTPOCHHUS TPUAHTYJISALHUH B cpeaHeM O(N).

Ha mpaktuke 0OBIYHO HCTIONB3YIOTCSA CIETYIOIINE CIIOCOOBI MOUCKA Tpe-
YTOJIbHUKA MO 33JJaHHOM TOYKE BHYTPU HETO U MO HEKOTOPOMY HCXOIHOMY Tpe-
YTOJBHUKY (puc. 15):

1. ITpoBoauTCS TIpsiMasi 4epe3 HEKOTOPYIO TOUKY BHYTPH HCXOJIHOTO Tpe-
YTOJIbHUKA U LEJEBYIO TOUYKY, a 3aT€M HY>KHO HUJTH BJOJIb 3TOM MPSMOM K 1EIH
[45] (puc. 15,a). Ilpu 3TOM HEOOXOAMMO KOPPEKTHO 0O0pabdaThIBaTh CUTYAIlWH,
KOT/Ia Ha ITyTH MOTYT BCTPETUTHCS Y3IIbI M KOJTTUHEApHBIEe pEOpa.

2. JIBUraThcs MomaroBo, Ha KakJIoM IIare IpoBOJIS MPSAMYIO Uyepe3 IEHTP
TEKYIIEero TPEyroJIbHWKAa W IEJICBYIO TOUYKY M 3aTEM IEPEeXOoJs K COCCIHEMY
TPEYTOJIbHHUKY, COOTBETCTBYIOIIEMY CTOPOHE, KOTOPYIO IEepeceKaeT MOCTPOCH-
Has nipsmas [48] (puc. 15,0).
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(a) (0) (6)

Puc. 15. BapuaHTbI IOKaTU3aIiuK TPEYTOJIbHUKA B HTEPATUBHBIX aJITOPUTMAX:
a — TIepexXoIbl BAOJIb MPSIMOM; 6 — IIepexo/1 uepe3 Oikaiiiee K 1einu
pebpo; 6 — mepexo1 uepes pas3aestoliee peopo

3. JIBuraThCsi MOIIArOBO, HA KaXKJIOM IIIare mepexojia uyepe3 Takoe pedpo
TEKYIIETO TPEYTrOJbHUKA, YTO ITIEJIeBasi TOYKA W BEPIIMHA TEKYIIETO TPEYTroib-
HUKa, TIPOTUBOJICKAIAs BRIOUpaeMOMY TIepeceKkaeMomMy pedpy, Jekar mo pas-
HBIC CTOPOHBI OT MPSAMOU, OompeensieMoi JanabpIM pedpom [17,67] (puc. 15,6).
OT0T cnocod 0O0BIYHO obecreunBaeT OoJiee NIUHHBIA MyTh 0 LENH, HO OH aj-
TOPUTMUYECKH TPOIIE U TTOITOMY OBICTpEE.

JUtst mpaBUSIBHON pabOTHl AAHHOTO AJNTOPUTMA MOMCKA CYIIECTBEHHBIM
SBJSETCA TO, YTO B TPUAHTYJIALMU BBINIONHAETCA ycioBue [lemone. Eciam ycno-
BHE /lenoHe HapyLIEeHO, TO HHOT 1A BO3MOYKHO 3alIMKJIMBAHUE AJITOPUTMA.

[Tocne Toro kak TpeOyeMblil TPEYTONbHUK HAMIeH, B HEM CTPOSITCSI HOBBIC
y3eJ, péOpa U TPEyroJbHUKH, a 3aTEM MPOU3BOJUTCS JOKAIBHOE MEPECTPOCHUE
TPUAHTYJISILU Y.

2.1.1. UTepaTUBHBIN AJTOPUTM «Y JAJIAH U CTPOM»

B umepamusenom ancopumme «¥Yoansii u cmpoii» He BBIIOJHIETCS HUKA-
KHUX IlepecTpoeHui. BMecTo 3Toro npu KaxxJoil BCTaBKke HOBOro y3ia (puc. 16,a)
cpa3y K€ YIAISI0TCA BCE TPEYIOJbHUKH, Y KOTOPBIX BHYTPb OIHMCAHHBIX OK-
PYKHOCTEH monajaaer HOBbIM y3en (puc. 16,6). Ilpu 3TOM Bce ynaneHHbIEe Tpe-
YTOJIBHUKHA HESIBHO OOpa3yloT HEKOTOpbIM MHOroyroipHuk. Ilocime 3Toro Ha
MECTE YIAJICHHBIX TPEYTOJBHUKOB CTPOMTCS 3alOJHSOIAs TPHAHTYIISIUS ITy-
TE€M COEJIMHEHUSI HOBOT'O y3Jia C 3TUM MHOTOYTOJLHUKOM (puc. 16,8) [72].

JlaHHBII aNrOpUTM CTPOUT Cpaszy BCE HEOOXOIUMBIE TPEYTOJbHUKH, B OT-
Ju4re OT OOBIYHOIO UTEPATHBHOTO AJITOPUTMa, TZI€ MPU BCTABKE OAHOTO y3ja
BO3MOXHbl MHOTOKpaTHBIE MEPECTPOEHUS OJHOTO M TOrO K€ TPEYroJIbHHKA.
OpnHako 37€ch Ha MEPBbIN IUIaH BBIXOJUT MpPOLEAypa BbIAEIECHUS KOHTYypa yaa-
JIEHHOTO MHOTOYTOJIbHUKA, OT 3()()PEKTUBHOCTU pabOTHI KOTOPOrO 3aBUCUT 0O0-
111asi CKOPOCTh JIFOPUTMA.
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(a) (6) (6)

Puc. 16. BctaBka TOUKH B UTEPATUBHOM QJITOPUTME « Y AalIsiii U CTPOID»:
a — JIOKaU3alysl TOUYKU B TPEYTOJIbHUKE; 6 — yJaJIeHHE TPEYTOJIbHUKOB;
6 — IIOCTPOCHUE HOBBIX TPEYTOJIbHUKOB

B memom B 3aBUCUMOCTH OT MCHOJIb3YEMOW CTPYKTYPHI TaHHBIX 3TOT all-
TOPUTM MOYKET TPATUTh BPEMEHH MEHBIIIE, YeM aJITOPUTM C MEPECTPOCHUSIMH, U
Ha00OpOT.

OueHka Tpy10EMKOCTH JAHHOTO alrOPUTMa MOJHOCTHIO COBNAAAET C OLe-
HKaMU JUIsl IPOCTOTO0 UTEPATUBHOTO aJiITOPUTMA.

2.2. AITOpUTMBI ¢ MHIEKCUPOBAHMEM MOUCKA
TPEYroJbHUKOB

B ancopummax ¢ unoexcupoeanuem noucka Bce paHee NOCTPOEHHBIE TPe-
YTOJIBHUKH 3aHOCATCA B HEKOTOPYIO CTPYKTYPY, C MOMOUIbIO KOTOPOH MOYKHO
JIOCTATOYHO OBICTPO HAXOAMTH TPEYTOJbHUKH, COJEpKAIIME 3aJaHHbIE TOUKH
IJIOCKOCTH.

2.2.1. ATepaTuBHBIH AJITOPUTM C HHICKCHPOBAHUEM TPEYIr0JIbHHUKOB

B anecopumme mpuaneynayuu ¢ unoexcuposanuem mpeyorbHUKO8 s
BCEX IMOCTPOCHHBIX TPEYTOJIBHUKOB BBIUUCISETCS MUHUMAJIBHBIN 00bEMITIOIIHIA
IPSIMOYTOJIBHUK CO CTOPOHAMHU, NapaJIEIbHBIMHU OCSIM KOOPJMHAT, U 3aHOCHUTCS
B R-nepeBo [40]. [Ipu ynaneHun crapbix TpeyroJbHUKOB HEOOXOIMMO UX y[a-
75Tk U3 R-niepeBa, a npu MocTpOEHNN HOBBIX — 3aHOCHUT.

JI1st moucKa TpeyroJibHUKA, B KOTOPBIM NONAaAaeT TEKYIas BCTABIIsIeMas B
TPUAHTYJISIUIO TOYKA, HEOOXOAUMO BBINOJIHUTH CTAHIAPTHBIM TOYEUYHBIN 3a-
npoc K R-7epeBy U Moay4duTh CIUCOK TPEYTrOJbHUKOB, YbH OOBEMIIIOLIUE TPS-
MOYTOJIbBHUKM HaXOJATCS B IaHHOM TOUYKeE. 3aTeM HaJ0 BbIOpaTh U3 HUX TOT Tpe-
YTOJIbHHUK, BHYTPh KOTOPOT'O NOMAAAeT TOUYKA.
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OtMmeTuM, 4TO CTpyKTypa R-mepeBa He MO3BOJIAET HAWTH OOBEKT, OJIH-
JKaMIMK K 3aJaHHOM TOYKe. MIMEHHO MO3TOMY HAHHBIM aJITOPUTM TPUAHTYJIS-
IIUM C UCIIOJb30BaHUEM R-mepesa cienyer NpUMEHATh TOJIBKO C CYNIEPCTPYKTY-
poii, yTOOBI UCKITIOYUTH NONAJAaHUE OYEPETHON TOUKHA BHE TPUAHTYJISLIUU.

Tpyno€MKoCTh mOMCKa TpeyrojibHUKa B R-7epese B Xyaliem ciiyyae co-
craBisier O(N), a B cpeaem — O(log N) . [1pu aTom MokeT ObITh HaiiieHo OT 1

10 N TpeyroJIbHUKOB, KOTOPBIE HAJ0 3aT€M Bce MPOBEpUTh. Kpome Toro, mosis-
JISIFOTCA TONOJIHUTEIIBHBIE 3aTPaThl BPEMEHU HA NOIJEPKAHUE CTPYKTYPBI Jiepe-
Ba — O(log N)npu KaXI0M NOCTPOEHUHU MU yJaJE€HUU TPeyroibHUKOB. OTcrona

MOJIy9aeM, 4TO TPYAOEMKOCTh aJITOPUTMA TPUAHTYIISAIUU C WHICKCUPOBAHHEM
TPEYTrONBHUKOB B XyJmeM ciydae cocraBmsier O(N°), a B cpenHeM —
O(NlogN).

2.2.2. UTepaTUBHBIA AJITOPUTM C HHICKCHPOBAHUEM LIEHTPOB
TPeyroJbHUKoB k-D-nepesom

B ancopumme mpuaneynsyuu ¢ unoexcuposanuem yeHmpos mpeyeoibHu-
k08 k-D-0epesom B k-D-nepeBo (ripu k =2) [12] nmoMemniarorcs TOJIBKO EHTPHI
TpeyroibHUKOB. [Ipu ynaneHun crapbix TPEyroabHUKOB HEOOXOIUMO YIANSTh
uX 1eHTpsl 3 k-D-nepeBa, a npu moCTpOEHUU HOBBIX — 3aHOCHTb.

JIy1s1 BBITIOJIHEHHUs ITOMCKA TPEYTOJIbHUKA, B KOTOPBIA NONAAAeT TEKYILast
BCTaBJsieMasi B TPHAHTYJISALMIO TOYKA, HEOOXOAMMO BBITTOJHUTH HECTaHIAPTHBIN
ToueuyHbli 3ampoc k k-D-mepeBy. Ilouck B nmepeBe HEOOXOAMMO HayMHATH C
KOPHS M CIIyCKaTbCsl BHU3 JI0 JUCTHEB. B cilyyae eciii MOTOMKM TEKYILETO y3J1a
k-D-nepeBa (oxBaTbIBatoIUii MOTOMKH MPSIMOYTOJIBHUK) HE MOKPHIBAIOT TEKY-
HIYI0 TOYKY, TO HEOOXOIMMO BBIOpaTh I JajJbHEHILEro CIycka 1mo JepeBy Io-
TOMKa, OJIMKaMIIero K TOUKe IOKCKa.

B pesynbrate Oyner HaiiieH HEKOTOPBIA TPEYTOJbHUK, LIEHTP KOTOPOTO
OKaXETCs JOCTaTOYHO ONM3KO K 3ajaHHON Touke. Ecnm B HalieHHBIA Tpe-
YTOJIBHUK HE MONAJaeT 3a/JaHHasl TOYKa, TO Jajnee HeoOXOAMMO HMCIOJb30BaTh
OOBIYHBIM aJNTOPUTM MOMCKA TPEYTOJIbHUKA W3 MPOCTOr0 UTEPATUBHOIO aJiro-
pUTMA MOCTPOEHUS TPUAHTYISAUNHA [lenone.

TpynoéMkocTh moucka TOUkH B k-D-1epeBe B Xy/lieM ciiydae COCTaBIIsET
O(N), a cpeaaem — O(log N) [12]. Hanee MoxeT ObITh 3a/IeiiCTBOBAaHA IMPOIIe-

Iypa Tepexoaa Mo TPEeyroJbHUKaM, KOTOpas MOXKET HUMETh TPYJOEMKOCTh B
xynmem ciydae O(N). Takxe 31ech UMEIOTCSL JOMOJIHUTENIbHBIE 3aTpaThl Bpe-

MEHHU Ha MOJJep:KaHue CTPYKTyphl nepeBa — O(log N) mpu KaxaoM MocTpoe-

HHUH U YOAJICHHUH TPCYT'OJIBHHUKOB. OTCIOI[a mojaydacm, 4To prHOéMKOCTL aJiro-
PUTMA TPUAHTYJIALUU C MHACKCUPOBAHHUCM LICHTPOB TPCYT'OJIbHUKOB B XYyIIICM

cydae coctaBnsier O(N?), a B cpenem — O(Nlog N).
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2.2.3. UTepaTUBHBIH aJITOPUTM C MHIEKCUPOBAHUEM IIEHTPOB
TPEYroJibHMKOB KBAa/IpoJepeBOM

B ancopumme mpuaneynayuu ¢ unoexcuposanuem yeHmpos mpey2oibHu-
K08 k8adpooepesom B nepeBo [11,40] Takxke mMOMEarTcsl TOIbKO IIEHTPHI Tpe-
yTOJIbHUKOB. B 11e710M paboTa anropurma v ero Tpy10€MKOCTb COBIIAIalOT C Ta-
KOBBIMH JUISI TIPEABIAYIIETO alropuT™Ma TpuaHryassuuu. OgHako, B OTJIMYKHE OT
anroput™a ¢ k-D-nepeBoM, kBaJiposiepeBO 0oJiee IPOCTO B pealiu3aliu U Io-
3BoJIsIeT 00Jiee TOYHO HAXOAWUTh ONMKaiiiuii TpeyroiabHuK. B To ke BpeMs Ha
HEPaBHOMEPHBIX pacIpeesieHUsIX KBaApoaepeBo ycTynaet k-D-nepesy.

2.3. AITOpUTMBI ¢ KIIIUPOBAHUEM
MOMCKA TPEYroJbHUKOB

Aneopummul mpuan2yiayuu ¢ KOWUPOSAHUeM NOUCKa HECKOJIBKO MOX0XKHU
Ha QJITOPUTMbI TPUAHTYJISIIUU C WHIACKCUPOBAHUEM IEHTPOB TPEYTOJBHUKOB.
[Ipu 3TOM CTpOUTCS K3l — CHEUUANIbHAS CTPYKTypa, MO3BOJISIONIAS 3a BpeMs
O(1) HaXoAUTH HEKOTOPBIM TPEYTOJILHUK, OJU3KUI K UCKOMOMY. B oTinuue ot
QITOPUTMOB TPUAHTYJISILIUA C MHACKCUPOBAHUEM, U3MEHEHHBIC TPEYTOJIbHUKU
U3 KolIa He yJajistoTcs (Ipearnoiaraercs, 4To KakAbld yJaleHHBIA TPEyroib-
HUK KakK 3alllCh B NaMATH KOMIIbIOTEpA MPEBPAIA€TCsS B HOBBIN TPEYTOJbHUK, U
MO03TOMY JIOITYCTUMOCTb CCBHUIOK Ha TPEYTOJIbHUKU HE HApYIIAETCs MpHU padoTe
QJITOPUTMA), OUH U TOT K€ TPEYrOoJbHUK MOXET MHOTOKPAaTHO HaXOJUTHCS B
K3IIIe, a HEKOTOPBIE TPEYTOJIbHUKK BOOOIIE TaM OTCYTCTBOBATh [17].

OcHOBHas uaes K3IIMPOBAHUS 3aKIIOYAETCS B MOCTPOEHUU HEKOTOPOTO
0oJjiee MPOCTOro, 4YeM TPUAHTYJIISALUS, TUTAHAPHOTO Pa30MEHUs TNIOCKOCTH, B KO-
TOPOM MO>KHO OBICTPO BBIMOJHATH JOKAIM3AIUIO TOYEK. JJI1 KaXI0Tr0 AIeMeHTa
MIPOCTOTO pa3OUeHUs JellaeTcs CChUIKA HA TPEYTOJNIbHUK TpuaHryisinuu. [Ipore-
Jypa MOUCKa CBOJAUTCS K JIOKAJTU3AIMK 3JIEMEHTa MPOCTOT0 pa30oueHus, Iepexo-
Jla MO0 CCBUIKE K TPEYTOJIbHUKY U MOCIEAYIONIEeH JOKaIu3aluu UCKOMOIro Tpe-
YTOJIbHUKA aJITOPUTMOM M3 MPOCTOTO UTEPATHUBHOTO AJNTOPUTMA TPUAHTYJIALINU
Jlenone. B kadecTBe Takoro pa3OMeHHs MPOIIE BCErO HCIOJIb30BATH PETYIIsAP-
HYI0 ceThb kBajapaToB (puc. 17). Hanmpumep, ecnu nanHoe miaHapHOE pa3OUeHHE
MOJIHOCTBIO TTOKPBIBAETCS KBAJIPATOM [O; l]x[O; 1], TO €ro0 MOXXHO pa3OUTh Ha

2
m” paBHBIX KBaJIpaTOB. 3aHyMEpPYyEM HX BCEX €CTECTBEHHBIM OOpa3oM ABYMS
napamerpamu i, j =0,m—1. Toraa no maHHo¥ Touke (X,y) Mbl MTHOBEHHO MO-

JKEM HaWTH KBajapat Lx/ mJ,L y/ mJ , Te LJ — omeparys B3ATHS 110N YacTH.

Kom B Buae peryisipHOW ceTH KBaJpaToB HamOoJiee XOpolio padoTaer
JUIs PaBHOMEPHOI'O PACHPEETICHUs] HUCXOJHBIX TOYEK U PpAaCTpENeNICHUM, He
UMEIOIIMX BBICOKMX NMUKOB B (DYHKIIMM IJIOTHOCTU. B ciydae xe, ecnu 3apaHee
U3BECTECH XapaKTep paclpeieieHHs, MOKHO BBIOpaTh KaKOe-TO MHOE pa3OueHue
IJIOCKOCTH, HallpUMEpP B BHUJIE HEPABHOMEPHO OTCTOSIIIMX BEPTUKAIBHBIX U T'O-
PU3OHTAIBHBIX MPSIMBIX.
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Puc. 17. Jlokanu3zauus To4ek B K31ie (S — HaliIeHHBIM KBapar,

T— cBA3aHHBIN C KBAaJPAaTOM TPEYTOJbHUK, T — KOHEUHBIN TPEYTOJIbHHUK )

2.3.1. UTepaTuBHBIN AJTOPUTM CO CTATHYECKUM
KAIIMPOBAHUEM MOUCKA

B aneopumme mpuancynayuu co cmamuueckum K3uUposaHuem noucka
HE0OX0MMO BBIOpATh YHMCIIO 7 U 3aBECTH KAII B BHJE 2-MEPHOTO MAaccuBa 7
pa3MepoM m X m CChUIOK Ha TpeyrojbHukH [17]. IleppoHayaabHO 3TOT MacCUB
HAJ0 3aIO0JHUTh CChUJIKAMH Ha CaMblil EPBbI MOCTPOCHHBIA TPEYrOJbHUK. 3a-
TEM TIOCJIE BBITIOJHEHHUSI OUEPEHOT0 MOMCKa, KOTOPBIA OBbLI HAa4aT ¢ KBajpara
(i,j) 1 B KOTOpOM OBbLT HaWJIEH HEKOTOPBIM TPEYTroabHUK 71, HEOOXOAMMO OOHO-

BUTb MH(M)OPMALUIO B KOLIE: 7; ;= ccolika_na_T . Pasmep cTaTHYecKoro Kaiua

ciesyeT BeIOHpaTh o hopmyie m=s- N”%, riae s — kodbdUIHEHT cTaTHIeCKO-
ro k»ma. Ha mpaktuke 3HaueHue s cinenyet opars = 0,6 —0,9.

ITepBoe Bpems, moka K311 He OOHOBHUTCS TOJIHOCTBIO, TIOMCK MOXET UATH
JIOBOJIBHO JIOJITO, HO TIOTOM CKOPOCTH MOBBIMIAETCSA. DTOT0 HEIOCTaTKa JIUIIEH
CICAYIOIIUHN aITOPUTM.

2.3.2. UTepaTUBHBIN AJITOPUTM € JUHAMHYECKHAM KIIIMPOBAHUEM
MOUCKA

B ancopumme mpuancynayuu ¢ ounamuueckum KIUWUPOBAHUEM NOUCKA
HEO0OXO0MMO 3aBECTU K3II MUHUMAJIBHOTO pa3Mepa, Hampumep 2x 2. [To mepe
pocta uucia J00aBICHHBIX B TPUAHTYJSLUIO TOYEK HEOOXOAUMMO MOCIIEI0Ba-
TEJIHLHO YBEIWYUBATH €ro pa3mep B 4 pa3a (B 2 paza mo o0erM ocsiM KOOPIUHAT),
NepenuchbiBasi IPU 3TOM UHPOPMALIMIO U3 CTAPOTO K3IIa B HOBBIU. [Tpu 3TOM 114
YBEIMYEHHMSI K3IIa HAJ0 BBINOJIHUTH CIEAYIONINE MEPEChUIKH (/7 — cTapblid K311,

' o, .. .ot ' ' ' o v
W' — woBbId): Vi,j=0, m—=1: hy ;15 010,00 =N ;. JaHHBIA anro-
PUTM K3IIMPOBAHUSA MO3BOJISIET OJAMHAKOBO 3(()EKTUBHO pabdOTaTh HA MaJIEHb-
KOM U OOJIBIIIOM KOJIMYECTBE TOYEK, 3apAHEE HE 3HAS UX YHCIIA.

2j°
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VYBenuuenue pasmepa IMHAMUYECKOrO K3Ia B 2 pasa cIeayeT IpOU3BO-
JUTH KaKIbli pa3 MpU JOCTHKEHHM YHCIA TOYeK B TPUAHTYISLMH 1 =r-m’,
rae r — Ko3hPUIMEeHT pocTa AMHAMUYECKOTO KdIa, a m — TEeKyUIUid pasMmep
koma. Ha npaktuke 3HaueHne kodh@uimenTa pocta IMHAMUYECKOTO K311Ia clie-
nyeT BbIOpaTh =~ 3 —8§.

JIy1ist GONBIIMHCTBA CIIyYalHBIX pacnpeneeHui UCXOAHBIX TOYEK JTaHHbBIN
aJITOPUTM pabOTaeT 3HAYUTEIBHO OBICTPEE BCEX OCTaJIbHBIX aaropuTMoB [17].
OpHako Ha HEKOTOPBIX PEAIBHBIX JAAHHBIX, B KOTOPBIX IIOCIIEIOBATEIbHBIE HC-
XOJHbIE TOYKM HAXOAATCA BOJIM3M Apyr Apyra (Hampumep, TOYKU H30JIUHUHN
KapT penbeda), aJIroOpuT™M IUHAMHUYECKOIO KAIIMPOBAHUS MOXKET TpPaTUTh
Oosnbliiee BpeMsi, UeM Jpyrue ajropuTmsl. s ydyéra Takod CUTyalluu B ajro-
PUTM cliefyeT J00aBUTh JOIOJIHUTENbHYIO NpoBepKy. Ecin ouepennas no0as-
JsiemMasi TOYKa HaXOAUTCS OT MpeblIyIiel TOUKH Ha pACCTOSHUU OOJIbIIEM, YEM
HEKOTOpoe A (mopsiika TEKYIEro pasmMepa KIETKU K3I1a), TO IOUCK HeoOXoau-
MO HauyaTh C TPEYIOJIbHUKA M3 K314, MHAY€ HYKHO HAyaTb C IIOCIEIHEro II0-
CTPOEHHOI'0 TpPEeyrojbHUKa. B Takoil MoaMdUKanMK aJropuT™M AUHAMUYECKOTO
KAIIMPOBAHUS CTAHOBUTCS HEMPEB30OWIEHHBIM MO CKOPOCTH pabOThl Ha 0OJIb-
IIUHCTBE PEAJIbHBIX TaHHBIX.

2.3.3. TpyaoéMKOCTH AJTOPUTMOB € KINIMPOBAHUEM MONCKA

Jlns ycTaHOBJEHUSI TPYJIOEMKOCTH aJTOPUTMOB C KAIIMPOBAHHUEM HaM
MOHA00UTCS CleAyIoIIas Teopema, mpeacTaBicHHas B [45,48]:

Teopema 4. IlycTte nana TpuaHrynsanus [leloHE Ha MHOMXKECTBE TOYEK,
PaBHOMEPHO pacHpencsi€HHbIX B KBajpare. IlycTh JaHbl 1Ba TPEYroJdbHUKA W3
ATOM TpUaHTyJsiuu. Toraa Juis mepexoda W3 OJHOTO TPEYroJIbHUKA B JIPYrou
BJIOJIb MPSIMOM, COEIMHSIONIEH HEKOTOPBIE TOYKH 3TUX TPEYTOJIBHUKOB, B CPEl-

HeM TpeOyeTcs G(x/ﬁ )= /N orieparui, rjae ¢ = const.

B cnenyromeit TeopemMe yCcTaHaBIUBAETCS TPYLOEMKOCTh alrOpUTMa CTa-
TUYECKOro K3mupoBanus [17].

Teopema 5 (mpyooémkocmyb aneopumma cmamuiecko2o KIUUPOBAHUSL).
[Tycth manbsl N ToueK, Ha KOTOPBIX TpeOyeTcs MOCTPOUTh TpUaHTysiuto Jleno-
HE U KOTOpbIE paclpeie]ieHbl B €IMHUYHOM KBaJpaTe paBHOMEPHO U HE3aBUCH-

Mo. Ilycts pasmep kama paseH m xm, rae m~ N ¥ Torma TPYAOEMKOCTD aJI-
9/8
FOPUTMA CO CTATHYECKMM KIIIHPOBAHHEM B cpeHeM coctapiser O(N”*).

2
Loxaszamenvcmeo. 1lpn MCHONB30BaHUM K3IIA, UMEIOLIETO M~ SYEEK U
2 o
MIEPBOHAYAJIBHO ITyCTOM, B CPETHEM TIEPBBIC M~ ONEpaluid NPUBOAIT B CYMME K
2
m .
c- ZH\/Z nepexojaMm (Ha ocHOBaHUM TeopeMbl 4). bynem cuurtarth, 4To mocie-

IOYIOIIME Oonepanuu T100aBJICHHUsS] TOYEK B TPUAHTYJSALMIO NMPUBEIYT K IMOMNaja-
HUIO B SIYEHKY K31Ia, B KOTOPYIO YK€ MPUXOAUIOCh MOMa1aTh, a IOTOMY OyneM
CUMTATh, YTO JIOKAIA3ALUIO TOUKH HEOOXOAUMO MPOBOJUTH B MPENEIax TOJIBKO
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OZIHOW JaHHOM SYEWKH, a HE BCEr0 €AMHUYHOTO KBaapara. ECiau npuHATh, YTO B
o . . 2 . .
CpeIHEM B SYEHWKE Ha I[-M LIare HaxOIUTCs l/ m° TOYEK, TO 3TO HAET €IIE

N ; . .
C‘Zi:szrl\/; /m nepexonoB. Mroro, obmas TpymaoéMKOCTh OmNepaldii IMoucKa

paBHa
m?+1 N+1
R(m)cZ\/_+Z\/_/mz j x+—jx/_dxz
i=m*+1 m+1

~R(m)=c- I\/_dx+—j\/_dx —c-Z xs/z

3/2
=c-— m3—m2—1+— :
3 m

[TpupaBHAB IPOM3BOIHYIO R () K HyJTIO ¥ IPUHSAB HEKOTOPHIE YIPOIIE-

HU, TIOJIyYUM OLIEHKY ONTHUMAJIbHOIO 3HA4YE€HUs ISl pa3Mepa Kdlla U OLUEHKY
TPYIOEMKOCTH:

N2

2
m

E'(m)zc-% 3m® —2m — =0 = 3m'-2m’=N

Tak Kak IpU m —> 00 WiIeH 2/m° CTAaHOBHTCS IPEHEOPEKHMO MalbIM IO
4
CpaBHEHHUIO ¢ 3m ™, TO

3m*~ N = m'~N"*; R(m")~N"",
qTO " mp€606aJlOCb OOKLBCIWNJ.

Teopema 6 (mpyooémxkocmsb ancopumma_OUHAMUYECKO20 KIOUIUPOSAHUSL).
[Iycte maHo N TOYEK, HA KOTOPBIX HAJI0 MOCTPOUTH TPUAHTYALMIO JlenoHe u
KOTOpbIC paclpeieeHbl B €IMHUYHOM KBaJpaTe PaBHOMEPHO U HE3aBHCHUMO.
[IycTh pa3mep K3Ila yBEJIMYMBAETCS B 2 pasza KaxIblil pa3 MpU JOCTHKEHUU

YyCclia TOUeK B TPUAHTYIALMH 1 =r-m’, TJe ¥ — Kod(QPUIUEHT pocTa JUHAMU-
YECKOIo K3Ia, a m — TeKyIIMii pa3Mmep k3ma. Toraa Tpyno0EMKOCTh aaropuTMa
CTaTUYECKOTO KALIUPOBAHUS B cpesiHeM cocTtaBisieT O(N ).

ﬂommmeﬂbcmeo. PaCCMOTpI/IM IIHKJI I[O68BJ'ICHI/I$I TOYCK IIpU IMOCTOSAH-

HOM pasmepe kdma m =27 . [lycTh mpu mociaenHeM yBEIUYESHUH KdIIa IpO-
M301IJI0 KOMUPOBAHUE CTapbIX fA4eeK B 4 HOBBIX. TeM caMbIM MpPHU UCIOIb30Ba-
HUU HOBOTO K3IlIa BHavasie OyJeT BO3MOXKHA JIOKAJIU3AIUS TOYEK B CPEIHEM B

Tpezienax TPy 1o 4 sueiikn. Torna mepsble m° onepauuii BCTaBKH TOUEK Oy-
IyT NPUBOJUTH B CPEIHEM K IONAJAHUIO B STYEHMKH, B KOTOPBIE MBI €IIE HE I10-
najany B JaHHOM IUKJIE. A MO3TOMY Hajo OyJeT MPOBOIUTH JIOKATU3AIUIO B

. . ) .
npeaenax 4 suyeek, T.e. MPUAETCS BBINOJHATh MOPSIKA Cw/l/ m =c-\/; / m 1e-
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PEX0JIOB MpH MOUCKE, TJI€ | — HOMEP TEKYIeH 100aBIsieMOl TOUKH, a ¢ — HEKO-
TOpasi KOHCTAHTA.

Tak kak yBeIMUYEeHHUE K31Ia B 2 pasza MPOU3BOJIUTCS MPU JOCTUKECHUU YHC-
a ToYeK B TPHAHTYJIAINM, PaBHOTO 7-m”, To Torma N <r-M*, rae M — mak-
CUMaJIbHBIM pa3zmep kdwa. [lycre M =2" . Torma MOXHO 3ammcath CYMMAapHOE
KOJIMYECTBO OIIEpaLUil IIEPEX0A0B IIPU MOUCKE:

P-1( r2?P42P% 227D

R(N,I")SRI(N,I"):Z Z 2c- —+ Z

p=l1 i=r-22P =220 4P

[TocTynuB Tak ke, Kak ¥ B TIPEABIAYIIEM ClTydae — 3aMEHUB CYMMBI UHTE-
rpajiaMu, HalJEM OIIEHKY uucia nepexonos R(N,r):

P .22p+2p+1 .22(p+1)
’ Vx ' Vx
I 2c

RI(N,r)SRz(N,r):I S j ¢ ~=dx |dp =
P

2P 220 P! 2
_ dc 5 x:r'zzp*sz_F 2c 3 w2 b _P:
3.2° x=r22P 3.2° x=r22P 4274 || p=1
2c 2p p+1N3/2 2p\3/2 2pen32\ ||
(277 427 = 2(r - 27 ) 4 (- 220 | <
3.27 p=1
= 3/2 2 p+4 =
< 2c (r.22(p+l))3/2 P P: cr?? .22 \|p P:
3.-2° p=! 3 p=I

- %((f’) 4) :"”3/27'16(M2 —4)~R(N,r) =167'cr1/2N.

Takum o00pa3om, KOJIMUECTBO MEPEXOJ0B B CPEIAHEM CiIydyae JUHEHHO 3a-
BUCHUT OT N: O(R(N))=0O(N).

Kpome omepanmii moucka B ajlropuTMe JIUHAMUYECKOTO KIIIMPOBAHMS
MIPOU3BOJIATCS JIOKAJIbHBIE MEePeCTpOoeHUs (MX KOIM4ecTBO mopsaka 3-N [17]),
a Tak)Ke OomNepalyu yBEeJIUYEHUs Kola. TpyToEMKOCTh YBEIMUYCHUS KAIIIA MOTY-

qyaeTcs MopsaIKa O(Z; 2P) =0Q2"" =1)=O(N).

Hroro, obmast Tpy10EMKOCTh aJICOPUTMA JMHAMUYECKOTO KAIIUPOBAHUS
B CpEJHEM Ha PaBHOMEPHOM pacrpeiesiieHuu B KBaapare paBHa O(N ), uTo u

mpeb606anocy, 00Ka3amsn.

Taxum 00pa3zom, TPyAOEMKOCTH aITOPUTMOB TPUAHTYJISIIIUH C KILIUPOBa-
HUEM, KaK M BCEX HUTEPATUBHBIX AJITOPUTMOB, COCTABIAIOT B XYALIEM CIydae

O(N?), a B cpeflHEM Ha PaBHOMEPHOM pACTpPEAEICHUH s CTaTHYECKOTo Kd-

mmpoBanmst — O(N”*) u ws quHamudeckoro kammposanus — O(N).
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2.4. UrepaTuBHbBIC AJITOPUTMbI TPUAHTYJISIIIMH C
U3MEHEHHBIM MOPSAKOM J00aBJICHUS TOYEK

B [45] npennaraercs M3MEHUTH MOPSAJIOK J0OABICHUSI TOYEK TaK, YTOOBI
KaKJ1asi cIeAyroIas Touka Obljla MAaKCUMaJIbHO OJIM3Ka K MpeablayIiei 100aB-
JICHHOM TOoYKe. Toraa, 3alioMuHas TPEYroJbHUK, HAWJACHHBIM HA MPEAbIAYIIEH
WUTEpALIMU, MOKHO UCIIOJIB30BaTh €r0 B KAYECTBE OTIPABHOM TOUYKH JJIsI TEKYIIIe-
ro OMCKa, MMPUMEHSS aJITOPUTM MOUCKA U3 TPOCTOTO UTEPATUBHOTO AITOPUTMA.
VY nauno nepectpanBas MOPSAOK J00ABICHHUS TOYEK, MOYKHO JIOCTHYb OYCHb He-
IJIOXUX pe3ysibTaToB. OJIHAKO NP STOM Ha MEPBBIN IJIAaH MOXKET BBIUTH TPYJI0-
E€MKOCTh ATOM caMOi TTPen00padOTKH.

2.4.1. UTepaTuBHBIN MOJOCOBOH AJITOPUTM

B umepamuenom nonocosom anecopumme mpuaneynayuu Hy>KHO pa3OUTh
BCE TOYKH Ha ITOJIOCHI TI0 OJHOM KOOPAMHATE, a 3aTEM OTCOPTUPOBATH BCE TOUKH
BHYTPH T10JIOC TI0 Apyroi koopauHate [17]. B aTtoM ciydae, mogoOpaB cOOTBET-
CTBYIOIIEE KOJUYECTBO TOJIOC, MOYKHO CYIIECTBEHHO YMEHBIIUTH PACCTOSHHEC
MEXTy TIOCJIeIOBATENIbHO T00aBIsseMbIMH Toukamu (puc. 18).

B [5] Teopernuecku oOmpeAeieHO ONTUMAIBHOE KOJIMYECTBO MOJIOC
m= L«/bN / 3aJ JUTsl pa30MeHrs TOYEK Ha TOJIOCHI IPU PAaBHOMEPHOM HE3aBUCH-
MOM pacrhpeeieHUu TOUYEK B MPSMOYTOJbHUKE pa3MepoM b X @, UCXOs U3 yC-
JIOBUSI MUHUMU3AIUU CYMMapHOTO OOIIEro pacCTOSIHUS MEXIY MOCIeA0BaTEb-
HBIMHU TOYKaMU pa3OueHus. B 1aHHO OlleHKe, K COKaJICHUIO, HE YYTEHO BpeMsl,

3aTpauyrMBaeMoe Ha NMpeaoOpaboTKy — pa3doueHue Ha nojockl. [loaTomy Ha mpak-
TUKE YHCIIO TIOJIOC JydYIlle BHIOMpATh BCE KE B HECKOJIBKO pa3 MEHBIIE, YeM

pUBEACHHAs OLIEHKA, M0 (opmyJie m= Lw/sbN aJ, r7e § — KOHCTaHTa pa30ue-

HUS Ha MOJIOCHl UTEPATUBHOTO MOJIOCOBOIO aiaroputMa. Ilpu 3ToM 3HaueHue s
cienyer BeiOupath = 0,15-0,19.

Tpyno€MKOCTh [TaHHOTO aJIrOpPUTMa COCTABISIET B XYJIIEM Cly4yae
O(N?), a B cpeZlHEM TIPH UCIIONIb30BAaHUH ANTOPUTMA COPTUPOBKH C JIMHEHHOM
CJIOKHOCTBIO (Hampumep, uudpoBoit copTupoBkn) — O(N).

=TTt TTTTTTAaTT T,

Puc. 18. ITopsiiok BEIOOpa TOYEK B UTEPATUBHOM TIOJIOCOBOM alITOPUTME
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2.4.2. UtepaTuBHbIH KBaJPATHBIN AJITOPUTM

B umepamuenom xeaopamnom ancopumme mpuaneynayuu [17,48] HeoO-
XOJIUMO Pa30uTh IUIOCKOCTh C TOYKaMHu Ha O(+/N) KBaapaToB, a J00aBlICHHE

TOYEK TMPOU3BOJIUTH TOCICIOBATEIHPHBIMA T'PYIIIIAMHA, COOTBETCTBYIOIIMMHU
CMEXHBIM KBajipaTaM (puc. 19).

Puc. 19. [Topsaok BeIOOpa TOYEK B UTEPATUBHOM KBAJAPATHOM aJITOPUTME

B [48] pa3buenne npousBoautcs Ha ' N KBaApaToB, U TPYIOEMKOCTh Ta-
KOTO aIrOpPUTMa COCTABISIET B XyamreM ciydae O(N?), a B cpeguem — O(NV?).

B [17] pa3buenue nmpousBOIUTCS HA m X M KBaApaToOB, TIE m =L\/SN J

3nadenue s cienyeT BeiOupath ~ 0,004 — 0,006 . [Ipu 3TOM TPpyI0EMKOCTH TaKO-
O aNTOPHTMA COCTaBNIsAeT B XyameM ciaydae O(N?), a B cpeaaem — O(N). Ha

MIPAKTUKE JAHHBIA AJTOPUTM pabOTaeT HEMHOTO OBICTpEe, YeM MPEbITyIIHiA
(mpumepno Ha 10-20%) [17].

2.4.3. UTepaTUBHBIN AJTOPUTM € MOCJIOMHBIM CIyILLICHHEM

B umepamusnom ancopumme mpuaneynayuu ¢ nociotiHbIM ceyujeHuem
[19] HeoOxoauMoO pa3OUTh IJIOCKOCTh ¢ Toukamu Ha n = (2" +1)x (2" +1) ame-
MEHTapHBIX SYCCK-KBAJPATOB OJIMHAKOBOTO pa3Mmepa. Kakmwlid KBajapatr Hyme-

pyercst ot 0 1o 2" mo ropuzonTany u ot 0 70 2" 1Mo BepTukanu. Jlaaee BBOIUT-
csl moHATue cos. CuuTaeTcs, 4To TOUKa MPUHAJUISKUT CIIOKO i, €ClIu 00a HOMe-

pa eé kBazpaTa KpaTHbl 2’ (TOrja BCe UCXOJHBIE TOUKHM 00pa3yloT cioii 0, cioi
i+1 Oymer mMOIMHOXXECTBOM CJIOS i, a MaKCUMaJbHBIH HOMEpP CIOA
k =min(u,v)). Ilo 3HaYeHUsIM Map HOMEPOB BCE TOUKHU CIOSl I AeNSITCS Ha 4

IIOOMHOXCCTBA.
TJIOBBIC TOUKH (00a UX HOMECPA KPATHBI . — 39TO CHOﬁ l .
1)y 6 2! +1;
BHYTPCHHHC TOYKH (00d UX HOMECPA HC KPATHEI : .
2 y 6 21+1 :

i+1
3) X-rpanruHble TOYKH (TOJIBKO HOMEP IO KoopauHate X KpaTeH 2™ );
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4) Y-rpaHnuHbIE TOYKH (TOIBKO HOMEP Mo KoopAuHate Y kpaten 27).

JloGaBreHre TOYEK B TPHAHTYJSIIIUIO HAJIO MPOW3BOAUTH IMOCIOWHO, OT
CJI0SI ¢ MAaKCMMAJIbHbIM HOMEpPOM JI0 HYJIEBOTO. BHYTpu clios HYKHO BHayaie
BHECTHU BCE TOYKH 2-TO THIA, 3aTEM 3-TO U B KOHIIC 4-T0.

Ha puc. 20 npuBenen nmpumep pa3z0ueHUsT TIOCKOCTH HAa KBAJpAThl MPHU
u=3,v=2un=9-5 no sranam:

a) BCe TOYKH cjios 1;

0) BHyTpeHHue TOUKH ciios 0

B) X-rpaHn4Hble TOukH ciios 0;

r) Y-rpanuunbie Touku cios 0.

Ha puc. 20 uncna (ot 1 u Gosibiiie) onpeaensoT NopsI0K BeIOOpa KBajIpa-

TOB (M COOTBETCTBEHHO, TOYEK BHYTPHU HHUX) Ha KaXKJIOM dTarie; paHee oopado-
TaHHBIC KBAJIPaThl 3aTEMHEHBI.

JUi1 mpou3BOJIBHBIX HAOOPOB TOYEK TaKOM alropuT™, Kak U BCE JIpyrue

. 2
UTEpATUBHBIE, UMeET TpynoeéMKkocTh O(N ™). Eciu ucxoaHble TOUKHU pacrpese-
JIEHbl PAaBHOMEPHO, TO TPYJO0EMKOCTh anropurma B cpenneM Oyaer O(N). Kpo-

Me Toro, B [19] mokasbiBaeTcs, 4TO €CJIM UCXOJHBIE TOUKH YIOBJIETBOPSIOT He-
KOTOPBIM (DUKCUPOBAaHHBIM (HE BEPOSTHOCTHBIM) OTPAHUYCHUSM, TO TPYHOEM-
KOCTh anropuT™a OyaeT u B xyamem ciaydae O(N).

Henocrarkom mpeapiaiyniux ABYX ajJrOpUTMOB (TIOJJOCOBOIO M KBAaApaT-
HOT0) SIBJIAETCS TO, YTO IPH BCTABKE KaXJOW HOBOM TOYKH MPOUCXOJUT YACTOE
IIOCTPOCHUE JUIMHHBIX Y3KHUX TPEYTOJIBbHHUKOB, KOTOPBIE B JaJbHEWILIEM Iepe-

f_-

Puc. 20. ITopsaok BeIOOpa TOYEK B UTEPATHBHOM
aJITOPUTME C MTOCIONHBIM CTYIICHUEM
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CTpauBaroTCcs. B anroput™me co CrylieHMeM TOYeK, Kak MpPaBUIIO, yaaeTcs n3oa-
BUTHCS OT TAKUX CUTyalud, pABHOMEPHO MOCIJIEOBATENbHO BCTABJISIS B TPUAH-
TYJSILUIO y37bl. 332 CUET 3TOr0 JAAHHBIA aJTOPUTM CTPOUT MEHbILE Y3KHUX Tpe-
YTOJIBHUKOB U MO3TOMY OBICTPEE BBIMOJIHSAETCS HAa pealbHbIX JAHHBIX, YEM MHO-
TUE IPYTUE aIrOPUTMBI.

2.4.4. UtepaTuBHBIN AJITOPUTM C COPTHPOBKOM B/10JIb KPUBOIA,
3al0JIHAIOLIEH MJIOCKOCTH

Wnest umepamusHuvlx ancopummos ¢ copmuposkol 6001b KpUGoll, 3anoJi-
HslOWel NI0CKOCMb, 3aKII0YaeTCsl B «pPa3BOpPAYMBAHHM» IUIOCKOCTH B OJHY
NPSIMYI0, TIPYA 3TOM OJIM3KHE TOYKH Ha 3TOW MPSIMOW OyAyT Takke OJM3KH U Ha
UCXOIHOM TJIOCKOCTH. B Teopun ppakraioB W3BECTHO 3HAYUTEIHHOE KOJUIECT-
BO KPHBBIX, 3aIOJHSIONIMX IIOCKOCTh. OJHMMH W3 HamOoJiee W3BECTHBIX M
yIOOHBIX JIJIS IPUMEHEHUS B 3a/1a4e MOCTPOCHUS TPUAHTYJISIAN SBIISTIOTCS KPH-
Bbie [leano u ['mnpbeprta [10].

IIpn noctpoennn kpuson Ileano mcmonp3yeTcs nMpencTaBiIeHUE TOUYEK B
CHUCTEME CUHCIIeHHUs 1o ocHoBaHMIO 9. Ha mepBom miare o6iacTe onpeaeneHus
VCXOJHBIX TOYEK TPUAHTYJISAIMU IEIUTCA HAa 9 paBHBIX KBaJApaToB. DTU KBaJpa-
Thl HyMepyroTcs unucinamu otT 0 1o 8 u obpasyercst kpuBasi IEPBOM HUTEpaluu
(puc. 21,a). Janee kaxxaplil U3 KBaAPAaTOB JEIUTCS €lle Ha 9 yacTed, U K HOMe-
py, MOJYyYEHHOMY Ha NEPBOM MTepaluH, B KOHUE qo0aBiseTca HoBas uudpa

(puc. 21,0).

JUisi MOCTpOEHUs TPHUAHTYISUUMU HEOOXOIMMO I KaKI0M HMCXOAHOU
TOYKH BBIYKCINTH KOJ lleaHo, oTCOpTHpPOBATH TOYKH IO 3TOMY KOAY U B 3TOM
MOPSIAKE BHOCUTH UX B TPUAHTYJIALIUIO.

Puc. 21. Tloctpoenue kpusoii Ileano: a — neppas nrepauus;
O — BTOpas UTEpays B IIEHTPAILHOM KBaJ[paTe
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AnaniornyHo kpuBoi [leaHO MOXXHO HMCMOJNIB30BaTh KpuBYI0 [ 'uianOepra.
[Ipu sTOM neneHue 001acTu pa3MeNIeHUs UCXOHBIX TOUEK BBITIONHSETCS Ha 4
YaCcTH B COOTBETCTBUHU C puUC. 22.
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Puc. 22. Iloctpoenue kpuBoii ['unsbepra:
a — TiepBasi uTepanys; 6 — BTOpast; 6 — TPeThs

Tpyno€MKOCTh UTEPATUBHBIX AITOPUTMOB C COPTUPOBKON BIOJIH KPUBBIX
[leano m I'mmpbepra cocraBmseT B xymmem ciydae O(N°), a B cpeqHeM —
O(N). Ha npakTuke TaHHBIC alTOPUTMBI PabOTAIOT MPUMEPHO C TOH Ke CKOPO-
CTBIO, UTO U UTEPATHUBHBIN ITOJIOCOBOM aITOPUTM.

2.4.5. UTepaTuBHBII AJITOPUTM C COPTUPOBKOM MO Z-KOIy

B umepamuenom ancopumme ¢ copmupoexoii no Z-xkody M KaxI0u
TOYKH TUIOCKOCTH (X,)) CTPOUTCS CHEHHAIbHBIA Z-KOJ. 3aT€M BBITIOJIHSIETCS

COPTHPOBKA BCCX TOUYCK IIO 3TOMY KOAY, ITIOCJIC YCTO TOYKHU BCTABJIAKOTCA B TPHU-
AHTYJIIOHUIO B 9TOM ITOPAAKE.

Jlns moctpoeHus Z-Koja HY»KHO pa3OHTh MPSAMOYTOJIBHYIO 001acTh pas-
MEIIEHUS MUCXOJHBIX TOUEK Ha 4 paBHBIX MPSMOYTOJIbHUKA U 3aHYMEPOBATh UX
ABon4HbIMU yuciamu ot 0 no 11, B coorBercTBHM € puc. 23,a. Jlanee KaxIblid

U3 MOJYYEHHBIX MPSIMOYTOJILHUKOB HAJ0 OMNATh pa30UTh HA 4 4acTH, ONSAThH 3a-
HYMEpOBaTh UX JABOMYHBIMU uuciamu oT 0 1o 11, u 106aBUTH K KOHIy KOja,

noyiydeHHoOMy panee (puc. 23,0). [Ipu He0OX0IUMOCTH TaK MOXKHO PEKYPCUBHO
MPOJIOJKUTE JOCTATOYHO JAJIEKO.

OJHaKO Ha MPAKTUKE CTOJb CJIOKHBIC MaHUITYJAIUU MPOJECIbIBATH HE
CTOUT. B AEUCTBUTEIBHOCTH Z-KOJ MOKHO IMOJIYYUTh OYEHb MPOCTO. JlJIst 3TOTO
HaJI0 BHAYaJie MEPEUTH OT MUCXOJHBIX KOOPAWHAT (X,y) K LEJIOYUCICHHBIM KO-

opmuHataM (X,Y), msmensiomumcs B auanasone (0; 2° —1), rae k — HekoTo-

poe uenoe yucio. [locne aToro cieayer mpocTo B3sATh IO OYepear Bce OUTHI KO-
opauHat X u Y ¢ nmepBoro no nociaeaHuilt u copMupoBaTh HOBYHO OUTOBYIO TO-
CJIeI0BaTeIbHOCTH (puC. 23,8).
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Puc. 23. UtepaTuBHBIN aITOPUTM C COPTUPOBKOI MO Z-KOAY: @, 6 — TOPSAOK
BCTaBKHM TOYEK B TPUAHTYIIALIUIO; 8 — IOOUTOBOE TOy4YeHUE Z-KOo1a

B otnnuune ot kogoB Ileano u ['mnpbepra, B Z-koae ONM3KUE 3HAYCHUS
KOJIa HE BCErjla COOTBETCTBYIOT OJU3KOMY PaCIOJIOKEHHUIO Ha IIOCKOCTH, IO-
ATOMY IOHCK TPEYrOJIbHUKOB WHOTJA BBIMOJIHIAETCSA AOJIBIIE, YEM B IPEABILY-
miem aiaroputMe. Ho mpu 3Tom cama mpoleaypa BBIYUCICHUS KOJa padoTaeT
3HaYUTENbHO ObIcTpee ams Z-Kojaa, yeM st konoB leano u I'mnnbepTa.

TpyoEMKOCT JAHHOIO QJITOPUTMA COCTABIIET B XYJALIEM CiIydae

O(N?), a B cpenem — O(N). Ha npakTuke NaHHBIA aIropuTM MOKA3bIBAeT

MPAKTUYECKU TY K€ CaMyI0 CKOPOCTb padOThl, YTO U aJITOPUTMBI C COPTUPOBKOM
BJI0JIb KPUBOM, 3aMOJTHSIONIEH MIJIOCKOCTD.



I'naBa 3. AJropuTMsbl NOCTPOCHUS
TPUAHTYJSILMH /leJIoHe CIIusAHUEeM

KoHuenrtyanbHO Bce anreopummsl causnus MPeIonaraT pa3OueHue uc-
XOJTHOTO MHOKECTBA TOYEK HA HECKOJIbKO MOJAMHOXECTB, IOCTPOCHHUE TPUAHTY-
JSUUA HA 3TUX MOAMHOXKECTBAX, a 3aTeM 00belMHEHUE (CIUSHUE) HECKOIBKUX
TPUAHTYJISIUN B OJIHO LIEJOE.

3.1. Aaroputm ciausinusa «Pa3nesnsid u BJIacTByi»

B ancopumme mpuaneynayuu « Pazoensii u énacmeyiiy [39,48] MHOXKECTBO
TOYEK pa3OMBaeTCs Ha BE KaK MOKHO Oojiee paBHbBIE YaCTU C MOMOUIbIO TOPH-
30HTAJIBHBIX M BEPTUKAJIBHBIX JUHUHN (pucC. 24). AJITOpUTM TPUAHTYJISLIUUA pe-
KYPCHUBHO MPUMEHSETCS K MOAYACTSIM, a 3aTeM MPOU3BOJIUTCA ciusHue (00beau-
HEHUE, CKJICMBAHKE) MOJYYEHHBIX MOATPUAHTYIISIIIUN. Pekypcusi mpekpamiaercs
Npu pa3OMEHUN BCEr0 MHOXKECTBA HA JOCTATOUYHO MaJCHbKUE YaCTH, KOTOPHIC
MOXKHO JIETKO MPOTPHUAHTYJIMPOBATH KaKUM-HUOYIb APYTMM MPOCTHIM CIOCO-
o6oM. Ha npaktuke yno0HO pa3duBaTh BCE MHOXECTBO Ha 4acTH 1o 3 u no 4
TOYKH.

Ecnu nonycTuTh, 94TO YKCIIO TOYEK B TPUAHTYJISIIIUU Beeraa Oyaer > 5, To
BCE MHOXKECTBO TOYEK MOXKHO Pa30UTh Ha AJ€MEHTapHbIe 4acTH 1mo 3 u mno 4
Touku. [lencrBurensHo, VN >35:

N =3k;
N=3k+1=3(k-1)+4; k>2,N>5.
N=3k+2=3(k-2)+4-2;

Puc. 24. Pa3bueHne MHOKECTBA UCXOAHBIX TOUEK B aJITOPUTME
TpuaHryasiuun «Paznensii u B1acTByi»
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Pexypcusnviu arzopumm mpuaneyvaauuu « Pazoensau u eracmeyiny.

lae 1. Ecnu yncio touek N =3, TO MOCTPOUTH TPUAHTYJIALIMIO U3 1 Tpe-
YTOJIbHUKA.

Lllaz 2. naye, ecnu yncno ToueKk N =4, IOCTPOUTHh TPUAHTYJIALMIO U3 2
WU 3 TPEYrOJIbHUKOB.

lllaz 3. Inaue, ecnu yucno Touek N =8, pa30UTh MHOXKECTBO TOYEK Ha
JIB€ 4acTU MO 4 TOYKHU, PEKYPCHUBHO NPUMEHUTH AJITOPUTM, a 3aT€M CKJIEHUTb
TPUAHTYJISILUU.

lllaz 4. Inaue, ecnu yncio Touek N <12, pa3OUTh MHOKECTBO TOYEK Ha
nBe 4yacTu mo 3 u N —3 TOUKH, PEKypCHBHO NMPUMEHMUTH AJITOPUTM, a 3aTEM
CKJIEUTh TPUAHTYJIALINH.

lllaz 5. Nnaue (uucno touek N >12) pa3OuTh MHOKECTBO TOYEK HA JIBE
YacTH TI0 LN /ZJ u fN / 2—| TOYKH, PEKyPCUBHO MPUMEHHUTH JITOPUTM, & 3aTEM

CKJICUTH TPUAHTYJIALIUUA. Koney ancopumma.

DneMeHTapHble MHOXECTBA U3 TPEX WIIM YETBIPEX 3JIEMEHTOB (puc. 25)
JIETKO TPUAHTYIHPYIOTCS (MOXKHO Ja)K€ MPOCTO MepedpaTh MHOMXKECTBO BCEX
BO3MOYKHBIX BAPUAHTOB).

Puc. 25. Tpuanrynaunn MHOKECTB U3 3 U 4 Touek

Tpynoémkocts anroputMma «Paszmensii u  BIacTByW»  COCTaBIIAET
O(NlogN) B cpeiHeM U XyJIIEM CIIydasix.

OcHoOBHas U camas CIJIOkKHas 4acTh anroputMma «Paznensii m BimacTByii»
3aKJIFOYAETCs B CIMSHUM JBYX YAaCTUYHBIX TPUAHTYJsUUW. s 3TOro moxer
HCIIOJI30BAThCS HECKOJIbKO HSKBHUBAJICHTHBIX NPOLEAYp ChusiHug (00parum
BHUMAaHHE, YTO BCE CO3/1aBA€MbIC YACTUYHBIC TPUAHTYJISILUU SIBJISIOTCS BBIITYK-
JIBIMH, U HUKECIIEIYIONME MTPOLIETyPhl CYIIIECTBEHHO UCIOJIb3YIOT 3TOT (haKT):

1. «Ypansui u cTpoii».
2. «CTpo¥ii U nepecTpauBaii».

3. «Ctpoii, nepecTpauBas.

3.1.1. CiusiHre TPUAHTYJISIUN «Y Al U CTPOi»

Ilpoyeoypa causnus mpuaneynayuti « ¥Yoansii u cmpoti» Obliia IpeaioKe-
Ha B [39,48] kak yacThb COOTBETCTBYIONIIErO ajIropuTMa TpuaHrysinuu «Paspe-
JISIA U BJIACTBY .
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BHavane i IByX COEAMHSAEMBIX TPUAHTYJALUN HAaXOAATCA JBE OOLIUE
kacarensHsle F,F u PP, nepBas U3 KOTOPBIX CTAHOBUTCA TEKyLIEH 0a30601i

aunuet (puc. 26,a). 3aTeM OT 0a30BOM JMHWM HAYMHAETCS 3aIlOJHEHHUE Tpe-
YTOJIbHUKAMH TIPOMEXKYTKA MEXIY TPUAHTYJIAIUSIMU. JJig 3TOro HE00X0uMO
HaWTU ONMKalmuil kK 0a30BOM JIMHUU y3el JI000H M3 JIBYX YaCTUYHBIX TPUAH-
T'YJSAIAN — TaK Ha3bIBAEMOT0 coceda [lenone st 6a3oBoit muHuM. [Touck 3TOTO
cocella MOKHO TPEJICTAaBUTh KaK POCT «ITy3bIpsi» OT 0a30BOM JIMHUHU, TIOKA HE
BCTPETUTCS KaKOU-HUOYb y3ed. «I1y3bIpb» — 3TO OKpYKHOCTh, KOTOpasi MPOXo-
IUT 4epe3 Touku F) U F, U LIeHTp KOTOPOH HaXOJUTCS Ha CPEIUHHOM IEpIIEH-

TuKysspe Kk 6azoBoi nuHuM. Hanpumep, Ha puc. 26,6 nepBbIM TaKUM HalJIeH-
HBIM Y3JIOM CTaHOBUTCSI Touka 4. Ha HalieHHOM y37ie 1 0a30BOM JIMHUU CTPO-
UTCS HOBBII TPEeyroybHUK (B HamieM cinydae AFyBA). OgHako mIpyu 3TOM HHOTAA

BO3HUKAET HEOOXOJUMOCTh MPEIBAPUTENIBHO YJAIUTh HEKOTOpbIE paHee Mo-
CTPOCHHBIE TPEYTOJIBHUKH, KOTOpPbIE MEPEKPHIBAIOTCSI HOBBIM TPEYTOJbHUKOM.
Tak, Ha puc. 26,6 nomxen ObiTh ynaneH AF BA. Ilocae 3TOro oTkpeITas CTopo-
Ha HOBOT'O TPEYTOJbHUKA CTAHOBUTCS HOBOM 0a30BOM JMHUEW (HA puc. 26,6 —
ARF), 1 LUKJ IPOJOJDKAETCsl, TOKa He OyAeT JOCTUTHyTa BTOpasl KacaTelbHasl.

R P

(a) (6) (6)

Puc. 26. CnusiHue TpUAHTYJSIIUNA: @ — TOUCK KacaTeNbHBIX; 6 — TIOUCK OJIKaiiero
cocena Jlemone st 6a30BO# JIMHUH, 8 — IOCTPOSHUE TPEYTOJbHUKA

JlanHas mponeypa CIUSHUS OYCHb IMOX0XKa Ha aJIrOPUTMBI IIPSMOTO TI0-
CTPOCHHUS TPUAHTYJIAIMU, 00CyXmaaeMmble HiKe. [103TOMy €ii CBOMCTBEHHBI Te
K€ caMbI€ HEeJIOCTaTKH, & IMEHHO OTHOCHTEJILHO OOJIBIIINE 3aTPaThl BPEMEHU Ha
MIOMCK ouepenHoro cocena Jlemone. B memom sta mporeaypa uMEET TPYI0EM-
kKocTh O(N) OTHOCHUTETHHO OOIIEro KOJIMYECTBAa TOYEK B JBYX OOBEIUHSIEMBIX

TpUAHTyJISIIUsAX [48].

3.1.2. Ciausinve Tpuanryasauuii «CTpoi u nepecrpauBam»

B npoyeoype cruanus mpuaneynayuii « Cmpoii u nepecmpausaii "MeeTcs
nBa sTana padotsl [17]. BHadame cTposTCs 3aIlOIHSIONINE 30HY CIUSHUS Tpe-
YTOJIBHUKH MEX]y KacaTteabHbIMU (puc. 27,a). Jlinsg 3Toro neppas KacaTelbHast
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)P, nenaerca texymei 6azooil smHuen O,0,. OTHOCUTENBHO TEKylleH 0a3o-
BOM JIMHUM PAcCMAaTPUBAIOTCA ABE CleAyromue TOYku N, u N, BIOJIb TpaHUI
cIMBaeMbIX TpuaHryasauuil. U3 aByx tpeyroasHukoB AQO,N, u AQQ,N, BbI-
Oupaercss  TOT,  KOTOpBIM,  BO-NEPBBIX,  MOXHO  IOCTPOUTH  (T.e.
ZQ,0O,N, <180° mnst mepsoro u ZQ,Q0,N, <180 1t BTOporo TpeyrojabHHUKa), U,
BO-BTOPBIX, MAKCUMYM MHUHUMAJILHOTO YTJIa KOTOPOTO OO0JiblIe (TaKk BHIOMpAETCs
«0oJyee paBHOCTOPOHHUI» TPEYTOJBHUK, KOTOPBI C MEHbIIEH BEPOSTHOCTHIO
Oynet nepectpoeH B Oyayiiem). Ilocie 3Toro oTkpbiTas CTOpOHa BHOBb ITOCTPO-
CHHOT'O TPEYroJIbHUKAa CTAHOBUTCS HOBOM 0a3oBoi nuHueit (puc. 27,6). Janee

HUKIT ITOCTPOCHUA TPCYT'OJIBHUKOB IIPOAOJIKACTCA, ITOKAa HC 6y,ueT JOCTUTHYTA
BTOpas KaCcaTcClibHaA.

Ha BTOpOM 3Tame Bce BHOBb MOCTPOEHHBIE TPEYTOJbHUKH MPOBEPSIFOTCS
Ha BBIMOJIHEHHUE YCIOBUA [[enoHe ¢ ApyruMu TpeyroJbHUKaMU U MPU HEOO0XO-
JUMOCTH TPEYTOJIbHUKHU NepecTpanBaroTcs (puc. 27,8).

" R 5 1§

(@) (6) (6)

Puc. 27. CnusHue TpUaHTyJIsUUN: a — IpeABapUTENBHOE
CIHMSTHUE; O — BBIOOP OYEPETHOTO TPEYTrOJIbHUKA; 8 — (PMHATIbHAS
TPUAHTYJIALNSA TIOCIIE IEPECTPOCHUH TPEYTOIbHUKOB

[Ipouenypa cnusanuss «Ctpoil W mepecTpanBail» 3HAYUTEIBHO MPOIIE B
peanu3auuu npeablayleid u 00bIMHO padoTaeT 3aMETHO ObICTpee Ha peabHBIX
naHHBIX. B 11€em0M oHa mMeeT Tpymo€MKocTh B Xyamiem ciydae O(N) oTHOCH-

TEJIBHO OOIIEr0 KOJMYECTBA TOYECK B JABYX CIMBAEMbIX TPHAHTYJISAIUSAX, 4 B
CpeIHEM Ha OOJILIIMHCTBE PACHPOCTPAHEHHBIX paclpeieieHu — O(\/ﬁ ) win
O(M), rne M — ob1iee KOJIMYECTBO TOYEK BJIOJIb TPAHUIl CIUBACMBIX TPUAHTY-
nsui [17].

3.1.3. Ciusinmne Tpuanryasuuii «CTpoi, nepecrpanBasp)

lIpoyeoypa cruanus mpuaneynayuii «Cmpou, nepecmpaugasy OTINYAET-
Csl OT MPEABITYIIEH TOIBKO TEM, UTO MEPECTPOCHHUSI BHIMOIHSIIOTCS HE HA BTOPOM
aTarne paboThl, a HEMOCPEJICTBEHHO MOCIE MOCTPOCHUS OYEPEIHOTO TPEYroib-
Huka [17] (puc. 28). B TakoMm ciyyae oTmnagaeT He0OOXOAUMOCTh TOMHUTH CITU-
COK BCEX MOCTPOCHHBIX TPEYTOJILHUKOB, HECKOJIBKO YMEHbIIIAETCs 00Iee KOJu-
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(a) (0) (6)

Puc. 28. lllaru cousinus «Ctpoii, mepectpanBas»: a — IOCTPOEHUE
MEPBOT0 TPEYTOJIbHHUKA; O — HEMEJJICHHbIE TIEPECTPOCHHUS;
6 — IOCTPOEHUE BTOPOr0 TPEYToJbHUKA

YECTBO ITPOBEPOK yCIOBUs [[e10HE M KOJUYECTBO BBIIOJIHEHHBIX TIEPECTPOCHUIA.
OpmHaKo IPH ATOM JJIsl HEKOTOPBIX CTPYKTYP JaHHBIX (HarmpuMmep, «Y3Ibl U Tpe-
YTOJIbHUK» ) HEOOXO0IUMO IIPWIaraTth JOTIOJHUTEIIbHBIC YCUIIHS JIJII COXPaHCHHS
CCBUIKM Ha TEKYIIyl0 0a30BYIO JUHHUIO, TaK KaK oOpasyroIui e€ TpeyroJibHUK
MOKET OBITh IEPECTPOEH.

B uenom 3ta mpoueaypa UMEET Takyr Ke TPYAOEMKOCTb, YTO U MPEIbI-
Jy1ias, ¥ Ha IPaKTUKe paboTaeT HEMHOTO MeJJICHHEe e€.

3.2. PekypcHBHBIN QJTrOPUTM € pa3pe3aHueM M0 JUAMETPY

Pexypcusnuiti arcopumm mpuaneyiayuu ¢ paspezarHuem no ouamempy
oxX0x Ha «Pa3nensii u BIacTBy#», HO OTJIUYACTCS OT HETrO CIocoOoOM pasjere-
HUS MHOYKECTBA MCXOJHBIX TOYEK Ha JBE YaCTH M IMPOILEIYPOU CIHUSHHS JIBYX
YaCTUYHBIX TpUAHTYJsIUi. Mcmonap3yemas 3/1ech npoleaypa CIMsSHUS ONcaHa
B pabore [58].

Jlist pa3neneHus MHOXKECTBAa TOUEK Ha JIBE€ YaCTH BHadalle HEOOXOIUMO
MOCTPOUTH BBIMYKIIYIO 000JIOUKY BCEX MCXOIHBIX TOUYEK (ITa orneparusi BbIIOJI-
Hsercs 3a Bpemsa O(N) [12]). Janee mo BBIMYKIOM 000J0YKE BBIYUCISAETCS

muametrp DD, (puc. 29,a) [12]. D10 BbINOMHAETCA B XyALIEM CIy4ae 32 BpeMs
O(NlogN), a B cpenaem — 3a O(N). 3arem HEOOXOAMMO HAWTH TaKylO Tapy
Touek B u P,, 4uto oTpe3ok AP ObUl «OYTW» NEPHEHAUKYIAPEH AUAMETPY
DD, n nenusl MHOXECTBO BCEX MCXOIHBIX TOYEK IPUMEPHO HA JIBE PABHBIC
gactu. B xauecTBe nepBoro npubivkenus g F 1 P, MOKHO B34Th TOUYKH I10-
CepeiMHe YYacTKOB BBINYKJION 000104ku Mexay D, u D, (puc. 29,a).

ITocne BeIOOpa P, n P, Bce MHOKECTBO MCXOJIHBIX TOUYEK AEIUTCS HA JBE
yacTH, npuueM P u P, nonajgatoT B 06a MHoxecTBa. [locie 3Toro gaHHbI an-

TOPUTM TPUAHTYJISLIMKM MPUMEHSIETCS] pEeKYPCUBHO K 00euM yactsam (puc. 29,0).
3areMm 00€ MOJy4YEHHbIE TPUAHTYJSILUUA COEIUHSIOTCS BIOJbL 0OIero pedpa
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D, R PP P ;
B B 2 P

(a) (0) (6) ()

Puc. 29. Cnusinue TpuaHryIsiiuil: @ — MOMCK AUaMEeTpa U TOYEK
pasnenenus; 6 — pa3aelbHasi TPUAHTYJISIHS; 8 — COSTUHCHHE
TPUAHTYJISALIUN 110 001IeEMy pedpy; & — MepecTPOCHUS

PP, (puc. 29,6) 1 BBINOIHAIOTCS HEOOXOIAMMBIE MEPECTPOCHUS MAp COCETHUX
TPEYTOJIbHUKOB JJIs yAOBIEeTBOpeHUs ycnoBus Jlenone (puc. 29.2).

JIaHHBIA aNrOpuTM CIMUSAHUA O CPAaBHEHUIO C «Pa3gensdail u BIacTByW»
CJIO’KHEE B IIPOLIEAYPE pa3ACICHUs] TOYEK HA YaCTH, HO MPOILE B CIUsHUU. Tpy-
JOEMKOCTh JITOPUTMA C pa3pe3aHueM IO JUAMETPY COCTABIIAET B XyJLIEM U B
cpennem cinydasx O(Nlog N). B nienom anroputm paboTaeT HEMHOTO MEJIJICH-

Hee, yeM «Pa3nersii 1 B1acTBy .

3.3. [1os10coBBIC AJTOPUTMBI CJAUSHUS

Jlorapudmuyeckas COCTaBIAONIAS B TPYJAOEMKOCTH ABYX MPEIBIITYIINX
QITOPUTMOB TIOPOXKACHA UX PEKYPCUBHBIM XapakTepoM. M30aBUBIIMCH OT pe-
KYPCHHU, MOKHO MOMBITATHCS YIYUIIUTh U TPYAOEMKOCTh TpUaHryiasiuuu. B [17]
npeajgaraetTcsi pa3OuTh UCXOJHOE MHOMXECTBO TOYEK HAa TAaKUE MOJMHOYKECTBA,
YTOOBI TOCTPOEHUE 110 HUM TPUAHTYJISAIUN 3aHUMAJI0 MUHUMAJILHOE BpeMs, Ha-
IIPUMED 32 CYET NPUMEHEHHUS CHEUUAIBHBIX AJITOPUTMOB, ONITUMU3UPOBAHHBIX
JUTSI KOHKPETHBIX KOH(UTYpaIIUii TOUEK.

OCHOBHasI UJIESl NOOCOBBIX ANICOPUMMOS CUAHUA TIPEATIONaraeT pazoue-
HUE BCEro MCXOJHOIO MHOYKECTBA TOYEK HA HEKOTOPBIE IOJIOCHI U IPUMEHEHUE
OBICTPOTO AJIrOpUTMa MOJTYYEHHs] HEBBITYKIOW TPUAHTYJSLUU TOJOCHI TOYEK.
[TosryyeHHbIE YaCTUYHBIE MOJOCOBBIE TPUAHTYJISLMU OOBEAUHSIOTCSA, IPU ITOM
HeoOxoaumo: 1) nubo mocTpauBaTh TPUAHTYJISIIUU A0 BBIMYKIBIX, & 3aT€M HC-
NOJIb30BaTh OOBIUHBIM aNTOpPUTM CIAUSHUS U3 anroputMma «Pasmensit u Bmact-
Byil»; 2) 1100 MpUMEHATH 00JI€€ CIOKHBIN alTOPUTM COESTUHEHHS HEBBITYKJIIBIX
TPUAHTYJISIUH.

AJZZODMWIM noJyloco6020 CAUAHUA.

llae 1. Pazbuenne nCX0JHOTO MHOYKECTBA TOUEK Ha HEKOTOPBIE MOJIOCHI.

llaz 2. TlpuMeHEeHHE CIEHHATBHOIO OBICTPOTO AIrOpUTMa MOJYyYEHHUS
HEBBIITYKJIOW TPUAHTYJISIIUU ITOJOCHI TOYEK.
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[llaz 3. CiusiHUE NIOYYEHHBIX TpUaHTyJsuni. Koney anecopumma.
PaccMmoTpum 311 maru noapooHee.

[ITar 1. MHOXeCTBO BCceX TOUEK pa3OMBaeTCs Ha HECKOJBKO CTOJOIOB MO
MPUHITUITY OJMHAKOBOW IIMPHUHBI CTOJOIIOB WJIM OJMHAKOBOTO KOJUYECTBA TO-
YeK B CToJIONax (¢ momolbio udpoBoit coptupoBku). KonruecTBo To4ek B Ka-
YKJIOM CTOJIOIIE OKHO TOJIYYUThCS HE MEHee TPEX (3TOro TpeOyeT airOpUTM,
NPUMEHSIEMBIN Ha CIEIYIONEM Iare ajroputMa). Ecim 3To HE BBIOTHSACTCS
JUISl KaKOoTO-11M00 CTOJ011a, TO €ro HY»KHO MPUCOCAUHUTHL K coceqHeMy. Tpyno-
€MKOCTh JaHHOro Inara coctrarisieT O(N) B COOTBETCTBUU C TPYIOEMKOCTHIO
MPUMEHSEMBIX aJITOPUTMOB pa30HEHHUS.

[Iar 2. Bce TOYKH BHYTPH CTOJIOIIOB COPTHPYIOTCS 1O BEPTUKAIH (IO KO-
opauHate Y), ¥ 3aTeM KaXKJIbIi CTOJIOCI] TPHAHTYJIUPYETCS TI0 OTACIbHOCTH. J1JIs
ATOT0 MCIOJIB3YETCS CHEIUANBHBIA alropuT™ TpuaHryssiuuu (puc. 30,a). BHa-
qajie Ha TPEX CaMbIX BEPXHHUX TOYKAX B CTOJOIIC CTPOUTCS TEPBBIA TPEYTOJIb-
HUK, ¥ OH IIOMEYACTCs KaK TEKYIIMH. 3aTeM IOCIIeIOBATEILHO MePeONpParoTCs
BCE OCTAJIbHBIE TOYKH B CTOJIOIE, HAUMHAS C YeTBEPTOM, CBEPXY BHU3 U J100aB-
JSIOTCA K 9acTUYHOW TpuaHrysainuu. I[lycte AABC sBiIseTcs TEKYIIMM, TOYKa
B MeeT HaMMEHBIITYIO U3 TOYCK TPEYTOJIbHUKA KOOpPAUHATY Y, a P — odepeaHas
nobasisieMasl Touka U3 crojoma. Ha odepenHoM miare HeoOXOAWMO BBIOpATh,
Kakou TpeyroibHUK co3naBatb — AABP wnu ABCP (puc. 30,0). UHoraa oauH
U3 OTUX TPEYTOJLHUKOB TMOCTPOMTH HEBO3MOXKHO H3-3a IEpeceucHHil peédep
TpUaHTyJsIuu. Eciii Jke TOoCTpOUTh MOKHO 00a TpeyroJibHUKa, €CTECTBEHHO
BBIOpaTh TOT, Y KOTOPOTO MHUHHMMAJIBHBIM M3 YIJIOB OOJbINE, TaK Kak TOTAa C
OoJbIel BEpOSTHOCTHIO B OyayIlieM He MPHUAETCS €ro nepecTpanBaTh M3-3a He-
BBITIOJTHEHUS yCaoBuUs Jlemone.

\C

B

(a) ()

Puc. 30. TpuaHryiasiuus mouockl TOYEK

[Tocne mocTpoeHus: 04epeTHOTO TPEYTroJbHUKA HA/l0 IPOBEPUTH YCIIOBUE
Jlenone s BHOBb 00pa30BaBILUXCS MAP COCEAHUX TPEYrOJbHUKOB M MIPHU He-
00X0IMMOCTH MEPECTPOUTH UX. 3aMETUM, YTO IIPHU TAKOM aJTOPUTME MOCTPOEH-
Hasl TPUAHTYJISIUS TTOJIOCHI TOYEK OYyJIE€T HEBBIMYKIIOM.

Tpyno€MKoCTh TaHHOTO mIara coctaBUT B cpeaneM O(N) mpu yciIoBUH
BBIOOpA ONTUMAJIBHOTO KOJUYECTBA TOJIOC.
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3.3.1. Bb10op 4ncJ/ia M0JI0C B AJTOPUTME MOJOCOBOT0 CJAUSTHUS

OnHuM U3 BaXHEHIIUX [1apaMeTPOB IOJIOCOBBIX aJrOPUTMOB TPUAHTYJISA-
LIUU SIBJISIETCS] KOJIMUYECTBO I0JI0C, KOTOPOE CIIENyeT BbIOpAaTh TaK, YTOOBI MUHU-
MHU3HUPOBATh YUCIO IOCIEAYIOIUX NEPECTPOCHUN Nap COCEIHUX TPEyrOJbHU-
KoB. [lns aroro B [17] mpemyiaraeTcsi MUHUMHU3UPOBATh CPEAHIOID CyMMAapHYIO
JUIMHY pEOep BCceX MOJIYUYEHHBIX HEBBINYKIBIX TpuaHryssuuil. Crnemaem cie-
JQYIOLIME YIIPOLIAIOIINE TPEATIOIOKEHHUS

1. KoopauHatel TOU€K pacrpeiesieHbl B MPSMOYTOJIbHOM 00JaCcTH IIUPHU-
HOMU a ¥ BBICOTOM b paBHOMEPHO U He3aBUCUMO 1o X u V.

2. PaccTtogHue MexXly TOUKaMU Oy/IeM ONpeaesaTh Mo MaHXeTTeHy:

p({xiayi}a{xjayj}): yi—y‘,‘.

Torga cpenusiss cymmapHasi inHa péoep paBHAa CyMME CPEHUX JUUTHUH 110
X muiroc cymMma cpeanux JnH 1o Y. [lycth mmpuHa npsMoyronbHOM 001acTH
ecTb a, BbicOTa — b, yuciio nojioc — m. Toraa cpeHee Yuciao TOYEK B MOJIOCE
paBHo N /m, rae N — obuiee yucio Touek B TpuaHryssiiuu. [lo koopauHate X
pacCTOsTHUE MEXIY JBYMsI TOUKaMH B TIOJIOCE B CpEHEM PaBHO 1/3 OT MIMPUHBI
HOJIOCHI (CpeAiHee Pa3HOCTU JBYX PaBHOMEPHO paclpelesiEHHBIX Ha MHTEpBaje
BEJIMYMH). 3aMETUM, YTO B COOTBETCTBUHU C MPUBEACHHBIM AJITOPUTMOM OBICT-
POI TPUAHTYJISIUMU TOJOCH TOYEK IMOJydaeTcs He MeHee 2k —3 pébep B Kaxk-
JI0W ToJioce (BHayajle CTPOUTCS OJUH TPEYroJbHUK — 3 pedpa; 3aTeM ocTaércs
k —3 TOukM, W TIPU KaXKIOM J00aBIEHUM TOUYKHU CTPOSTCA 2 pedpa; HUTOro
3+ (k —3)-2 pédep). Cpennsiss mupuHa MoJIOCH paBHa a/m . IToro, mo koop-

nuHate X BO BCEX MOJIOCax CyMMa JyiuH pasHa (a/3m)(2k —3)m .

Teneps Hatiném cymmy nmuH pédep mo koopaunare Y. Bece moctpoeHHbIe
pEOpa B HEBBIMTYKIION TPUAHTYJISIIIUY MOJIOCHI JOJKHBI IPUHAJICKATH OJTHON W3
TPEX rpymm:

1. MHoxkecTBO pé€dep, 00pazyroIux JIEBYIO TPaHUILy TPUAHTYJISLIUH.

2. MHoxecTBO pEdep, 00pa3yrolIUX MPaByIo IPaHUILy.

3. MHoxecTBO pEbep CIIMBaHUS MEXKy TpaHUIaMU.

Ecnu npeneOpeub HEOOXOIMMBIMU TEPECTPOCHUSAMH TPEYTOJbHUKOB B
nporecce padoThl, TO MOJYYaeTCs, YTO MEPBBIC JIBE TPYIIIIbI OKA3bIBAIOTCS JIO-
MaHBIMH, POTSIHYBIIAMUCS «IIOYTH» C BepXa MOJOCHI 10 HU3a («IIOYTH» TIOTO-
My, 4TO C POCTOM N, a CleoBaTeNbHO, U k CpelHEee PAaCCTOSHUE OT TPAHMIIBI
WHTEpBaIa 10 OJKauIieit u3 kK paBHOMEPHO paclpee/IéHHBIX BEIMYNH HA WH-
TepBaiie, papHoe 1/(k +1), ctpemurcs k Hymro). CpeaHss JUIMHA 110 KOOPIUHATE
Y B KaX[I0#i U3 3THX JBYX rpyrit coctaBut b —(2/k)b . Tpetbs rpyima pedep siB-
JIIeTCS JIOMAHOM CO CpeaHel JIuHOM b — (4/ k)b o xoopaunare Y u emnié HeKo-
TOPHIMH JTOTIOTHUTENbHBIME pEOpamu. [lycTh cpemusis oOmias IIrHA MO KOOp-
nuHaTe Y TakuX JOMOJIHUTENhHBIX pébep paBHa gb. Torma cymma mo KOOpu-
HaTe Y BO BCEX IONOCAX monydaercs paHO# (b—(2/k)b+b—(2/k)b+b-

—~(4/k)b+gb)-m=(3+qg—(8/k))-bm . Takum oGpa3oM, HPHONMKEHHAS CYM-
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MapHas JUIMHA péOep B TPUAHTYISILIMIX IOJIOC TOYEK cocTaBisieT L(m)=
=(a/3)(2k -3)+(3+¢q—(8/k))-bm . Ecnu npencbpeus dwicHoMm 8/k , crpems-
MMMCS K HYJIO npu Oonbmux N, U y4ecTb, 4To k = N /m, To, Haili1 Mpou3-

BOAHYIO L 10 m W NMPUPaBHAB €€ K HYJIO, MOTYyYUM NPUOIMKEHHOE ONTUMATb-
HOC€ 3HAYCHUE IS M:

L(m)zL(m):g(Zk ~3)+ (3 +q)am =23“—N—a+(3 + q)bm;
m

2“12[ FB+qb=0: = 2aN =33+ q)bm’; = m' = |—N _ (3
3m 33+¢9)b

DTa oleHKa MO3BOJSET MUHUMHU3UPOBATh CYMMY JJUH PEOEP MOIOCOBBIX
TPHUAHTYJISIUH, T.€. CTPOUTH TPEYTOJIBHUKH, KOTOPbIEe HEe OyIyT ¢ OONBIION Be-
POSITHOCTBIO MEpecTpauBaThCa B JanbHeileM. Takum oOpa3om, BBIOOp uMcia
MI0JIOC B JJAHHOM QJITOPUTME BIIMSET Ha KOJUYECTBO MOCIEIYIONINX TepecTpoe-
HUIl U, CIeJ0BaTeNbHO, Ha BpeMs pabOThl Bcero aiaroputMa. Tak kak (opmy-
7a (3) BKIIIOYAET HEU3BECTHYIO BEJIMYUHY ¢, KOTOPYIO TPYAHO OLEHUTH, TO B
[17] ObL10 TPOBEAEHO MPAKTUYECKOE MCCIIETOBAHUE 3aBUCUMOCTH YHMCIIA MOJIOC
OT KOJIMYECTBA UCXOIHBIX TOUEK.

L'(m)=-

Uucno mosoc cienyer BIOUpaTh Mo ciaeayomiei hpopmyiie:

m =.ls-(a/b) N,

rjae s — KodphUuuueHT pa3oueHNs Ha MOJ0CHl aJrOPUTMA ITOJIOCOBOTO CIUSHUS,
KOTOpBIM Ha MpakTUKe cieayeT B3sth ~(0,11-0,15.

3.3.2. AIrOPUTM BBIITYKJIOT0 MIOJIOCOBOIO CJAMSIHUS

[TomraroBasi cxema pabOThl aeOpumMMa 6bINYKI020 HOAOCOB020 CAUAHUS
CXeMaTH4HO n300paxkeHa Ha puc. 31,a—e. OCHOBHas €ro ujes 3aKJIIYaeTCs B
MOCTPOCHUM BBIMYKJIBIX MMOJOCOBBIX TPUAHTYJISIMUN U MOCIEAYIOIIEM MTPUMEHE-
HUU JIIOOOTO aNTrOopuUTMa CIHSHUS, MCIOJIb3yeMoro B anroputme «Pazmensit u
BIacTByil». IlepBble nBa 1I1ara JaHHOTO alropuT™Ma IpuBeneHbl B pa3d. 0, a
3J1€Ch MBI PACCMOTPUM IOCJIECIHUN — TPETUH 1IIAr.

TTATTTTT T T TS cTTTAT T TT T T T TS cTTTAT T TS T T T TS cTTTATTTT T T TS

Puc. 31. Aaroputm BBITYKIIOTO MOJOCOBOTO CIUSHUS:
a—e — mary paboThl aNropuTMa; 0 — I0CTPAUBAHUE BBITYKJIOCTH
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Illaz 3a. Bemonnsercs o0Xoj BCEX TI'PAaHUYHBIX Y3JI0B P 4aCTHYHBIX

TPUAHTYJISIUUN. AHAIU3UPYIOTCA COCeIHUE K P BIOJIb IrpaHulbl y3nsl P, U
P,,. Ecom ZP_PP, <180°, To B Touke P, HapylmIaeTcsi YCJIOBUE BBIIYKIOCTH

TPHUAHTYJIILUU U HE0OXoauMo noctpouts AP PP

i+1°

a JaNbHEUIINN aHAJIU3 rpa-
HUYHBIX Y3JI0B HaJI0 MPOJOJLKUTE C Ipeplaymero yzna P (puc. 31,0).

Ilac 36. Jlamee HeoOXOOMMO ITOCICAOBATCIBHO CKIICUTH BCE CTOJIOIIBI
JIpyT C APYroM, MCIOJB3Yys JITOPUTM CIUSHUA W3 aJTOPUTMA TPUAHTYJIALUU
«Pa3znensii u BIacTBYm».

B nenom Tpy1o€MKOCTh alropuTMa BBITYKIIOTO TIOJIOCOBOTO CIUSTHUS CO-
ctaBisieT B cpenHeM O(N). OqHako JaHHBIN aarOpUTM JEeNaeT MHOTO JIUIIHEH
paboThl, TaK KaK MPU MOCTPOCHUH BBIMTYKIION 000JI0YKH y3KON MOJOCHl OOBIYHO
MOJIYYAIOTCS IJIMHHBIE Y3KUE TPEYTOJIbHUKH, KOTOPBIE TIOYTH BCETa MPUXOIUT-
Csl TIepecTpauBaTh MPHU CIUSHUU. DTOT HEIOCTATOK MCIPABJISETCS B CIEAYIIEM
QJITOPUTME HEBBIITYKIIOTO CIHUSIHUS.

3.3.3. AITOPUTM HEBBITYKJIOTO MOJOCOBOTO CJANSTHUS

[TomraroBast cxema pabOThI aneopumma HegblnyKi1020 NOIOCOB020 CAUAHUS
CXeMaTH4HO u300pakeHa Ha puc. 32,a—6. [lepBble JBa 1m1ara 3TOro aaropuTMa
npuBeAeHbI B pa3ll. 0, a 311ech Mbl pacCCMOTPUM Tiar 3.

e T e Btk e

Puc. 32. Anroput™ HEBBIIIYKJIOTO TIOJIOCOBOTO CIUSHUS:
a—6 — 11aru paboThl AIFOPUTMA; 2 — CIIUSHUE 110JI0C;
0 — IOKAJIbHOE JIOCTPAaNBAHUE BBITYKJIOCTH

[llaz 3. Ha BXOn anroputMa IOAAKOTCS HEBBITYKJIBIE MOJOCOBBIE TPUAH-
TYJSILKY, @ B X0/1€ pabOThl aJropuTMa nepeji O4epeaHbIM OCTPOEHUEM COEIu-
HSIOILEr0 pedpa U, COOTBETCTBEHHO, TPEYTOJIbHUKA MPOU3BOJUTCS TOCTpaUBa-
HUE BBITYKJIOCTH HA HEKOTOPOM PAaCCTOSHUU OT COEIMHSAIONIEro pedpa.

Paccmotpum sToT mar noapoOHee. IlycTs Ha ouepeqHOM IIare CIUSHUSA
OCTpOeH oTpe3ok B P, (F— Ha neBoil TpuaHryisuuu, P,— Ha npasoii). IlycTs
N,,N, — coceiHrne TOYKM IO TI'paHULAM TPHUAHTYJSALUU (CIEAYIOLIME HIXKE
B, P,)). B anropur™e BBIIYKJIOrO CIUSHHS HA OYEPEIHOM IIAre J0CTaTOYHO Obl-
J10 BBIOpATh, KAKOW TpeyroibHUK cTpouth — ABP N, umu ABP,N, (puc. 32,2). B
aJITOPUTME HEBBIMYKJIOTO CIMSHHUS HEOOXOAMMO MPOAHAIU3UPOBATH BBIMYK-
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JIOCTh TPAaHULBl U OIPEIENINTD NepByto Touky D, (D, ), Hauunas ¢ B, (P,), toe
HapyIIAeTCs BBIIYKIOCTb, U 3aIIOMHUTH clleAyromyto 3a Hell Touky C, (C,). To-

I/1a TIepe]l aHATM30M, KaKOW TPEYTOJIbHUK CIUSHUS CTPOUTH, TPOBOJUTCS Clie-
nyroutas nposepka. Eciu C, (C,) Bbiie N, (V,), TO JOCTpauBaeTcs BBIITyKIas

o6omnouka Ha rpanune ot C, 1o B, (or C, 10 P,) u uiyTcs Cleyomue TOYKH
D u C, ecnu oHU cyniecTBYIOT (puc. 32,0).

HeBrinykioe cnusinue, Mo CyTH, SBJISIETCS BAPUAHTOM 3aJja4d TPUAHT YIS~
[IMA MOHOTOHHOTO OTHOCHUTEIBHO BEPTHUKAIM MHOTOYrojbHUKa. Pelienue mo-
cieAHel 3a1auu npuBeaeHo B [12].

[Ipu Takom monaxone yAa€rcs 3aMETHO YMEHBIIUTh YUCIIO MEPECTPOECHUN
U, CIeJ0BaTEIbHO, BpeMs paboThl aniroputMma. B [17] mokazano, 4to anroputm
HEBBIIMYKJIOTO CIUAHUSA paboTtaeT mpumepHo Ha 10-15% ObicTpee, yem anro-
PUTM BBIIYKJIOTO CIUSHUS.



I'naBa 4. J/IByXnipoxoJHble ajJropuTMbI
MOCTPOEHUA TPUAHTYAsAUM /lesioHe

HpI/I IMOCTPOCHHUH TPUAHTYJIALINUN I[CJIOHG HUTCPATUBHBIMHA AJITOPUTMAMHU U
AJIropuTMaMu CIIMAHUA I KAKAO0TO HOBOT'O TPCYTOJIBHUKA JOJIZKHO OBITH Impo-
BCPCHO YCJIOBHUC I[CJIOHG. Ecnau ono He BBIITOJIHACTCA, TO JOJIXKHBI IIOCICAO0BATH
MNePeCTPOCHUA TPCYTrOJIbHUKOB U HOBAsA CCPUA IIPOBCPOK. Ha IMPAKTUKE OOBOJIb-
HO MHOI'0O BPCMCHHU OTHHMAIOT KdK pa3 IIPOBCPKU Ha YCIOBHC I[CJIOHG " 1Iepe-
CTpOCHU:.

JIns1 yMEHbIIEHUST YUCiIa MPOBEPOK YCIOBUS JeTOHE U yIIPOILEHUS JIOTHU-
KU pabOoTHI aITOPUTMOB MOXKHO HMCTIOJIB30BaTh CIEAYIONINI moaxoa. BHavane 3a
IIEPBBIN NMPOXOJ HYKHO ITOCTPOUTHh HEKOTOPYIO TPUAHTYJISLIUIO, UTHOPUPYS BbI-
noyHeHue ycnoBus Jlenone. A mocie 3TOro 3a BTOPOMl MPOXOJ MPOBEPUTH TO,
YTO MOJYYUIOCh, U IPOBECTH HYKHBIE YIIYUIIAIOIIUE IIEPECTPOCHUS ISl IPUBE-
JICHUS] TPUAHTYJSINMUA K yCoBUKO [lemone. JlomyCTUMOCTh TakOM ABYXIIPOXOJI-
HOU CTpaTeruu ycraHaBiauBaeTcs B Teopeme 1 (cm. pazza. 1.1).

4.1. /IByX1IIpOXOAHBbIE AJTOPUTMbI CAUSTHUA

Haubonee ynauyno qByXmpoxojHasi CTpaTerusi NpUMEHUMa K ajJropuTMam
cnusiHUS. B HUX NpUXOIUTCA MPUKIAIBIBATh JOBOJBHO MHOIO alrOpUTMUYE-
CKHUX YCHUJIUH NJIsl TOro, 4TOOBbl 00ecreunuTh paboTy € «TEKyLIUM TpPEyrojbHU-
KOM» (Harpumep, Mpu 00X0Jle TPUAHTYJIALMK [0 TpaHUlEe, MPU CIUSHUH, I0-
CTPOEHHUH BBITYKIION 000JI0UKH), TaK KaK MOCJe TOro, Kak TPEYroJIbHUK MOCTPO-
€H, OH MOXET TYT K€ B pe3yJibTaTe HEeyJAauHOM MPOBEpKHU Ha yciioBue [lenone
HCYE3HYTh, & HA €r0 MECTE MOSABATCS JIpyrue TpeyroibHuku. Kpome toro, B aji-
TOPUTMAX CIHUSIHUSI Cpa3y CTPOUTCS JTOCTATOYHO MHOTO TPEYrOJIbHUKOB, KOTO-
pbI€ B JalbHEUILIEM HE MEPECTPANBAIOTCSI.

OO611ee KOJUYECTBO BBIMOITHIEMBIX MEPECTPOCHUN B aJITOPUTME HEBBI-
MYKJIOTO CIMSHUS COCTaBJsieT 0K0Io 35% OT 001iero 4ncia TpeyrojibHUKOB B
KOHEUHOW TPUAHTYJISILUU, B aITOPUTME BBINYKIJIOrO ciusius — 70%, B anropur-
Me «Pazgensii u BmactByil» — 90%, a B IPOCTOM UTEPATUBHOM AITOPUTME —
140%. VmenHo moaToMy Hambojee XOpOIIO JUIsl JBYXMPOXOTHOM CTpaTeruu
MOAXOJUT AJITOPUTM HEBBINYKJIOTO CiusiHUA. B anroputmax «Pasnensi u Bia-
CTBYI», BBIIIYKJIOTO CIUSHHS U PEKYPCUBHOM C pa3pe3aHUEM IO JUaMeTpy Ha
MPOMEXKYTOUHBIX 3Talax CTPOUTCS HEKOTOPOE KOJMYECTBO JIMHHBIX Y3KHX
TPEYTOJILHUKOB, KOTOPBIE OOBIYHO 3aTEM NIEPECTPANBAIOTCS.

Ha puc. 33 npuBeneH npuMep NpUMEHEHUS IBYXIIPOXOIHOU CTPATETHH K
QITOPUTMY BBIITYKJIOTO ITOJIOCOBOTO CIUSHUS.
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Puc. 33. JIByXnpoXoHbIil aIrOPUTM BBIIYKJIOTO MOJIOCOBOTO CIUSHUS:
a—e — TIOCTPOEHUE HEKOTOPOU TPUAHTYJISILIUU; O — ITOJTHOE MEPECTPOCHUE

B [17] noka3bIBaeTcs, YTO JBYX3TAIHbIE TIOJIOCOBBIE AITOPUTMBI U «Pa3-
Jensii U BIacTBYM» pabortaroT B cpeaHeM Ha 10—15% OwicTpee OpuUrHHATBHBIX
QITOPUTMOB. DTO, B YaCTHOCTH, OOBACHSIETCSI HEKOTOPBIM YIPOIIEHUEM JOTUKH
uX paboTBhI.

4.2. Moau(puuupoBaHHBIH HEPAPXUUYECKUN AJITOPUTM

Jl7i UTepaTUBHBIX aJrOPUTMOB JBYXIIPOXOJIHAS CTpATETHsl, KaK MpaBuio,
HE TOJUTCS, TaK KaK cpasy ke 00pa3yloTcs y3Kue JJIMHHBIE TPEYTOJIbHUKH, KO-
TOpbIE B JAJbHEHIIEM AENATCS Ha Jpyrue emé€ MeHbUIME U emé Oojee y3Kue.
Tem He mMeHee B [59] onmuchIBaeTCS MOOUDUYUPOBAHHBLI UEPAPXUYECKUL Al20-
pumm, SBISIOUINICS, IO CyTH, OOBIYHBIM HUTEPATUBHBIM AJITOPUTMOM, BBINOJ-
HAEMBIM 3a 2 IPOX0/a.

Kak u nmisi OpuruHaIbHOTO MPOCTOTO UTEPATHBHOTO AJTOPUTMA, TPYIO-
€MKOCTh JaHHOTO cocTaBiisieT B xyAuem O(N, (2) , a\B cpeareM — O(N*?). Ho Ha

MPAKTUKE ATOT aJrOpUTM paboTaeT 3HAuYUTe e/JIeHHee UcXoaHoro. Tem
HE MEHEE OH HCIOJIb3YeTCS MJIA TMOCTPOCHHS CIEUUATBHBIX HEepapXUUeCKUX
TPUAHTYJISIUHN, TPUMEHIEMBIX IS pa0O0ThI C OONBIIMMHU HAOOPAMH TaHHbIX.

4.3. JIMHeHbIN aJITOPUTM

Jlunetinoiti  aneopumm (anreopumm JAUHEUHO20 3AMEMAHUsL NIOCKOCHUL)
MOYKHO MPEACTABUTh KaK YaCTHBIA CIydail IBYXMPOXOJHOIO aJrOPUTMa BBITYK-
JIOTO CIUSAHUS C OJHOM I0JI0COW. B JaHHOM aliroputmMe BHa4dalle BCE UCXOAHBIC
TOYKHU TUIOCKOCTH COPTHPYIOTCS 1O BepTukanu (puc. 34,a). 3aTeM, mocieaoBa-
TeJBHO Mepedupasi TOUKH CBEPXY BHU3, OHU COCIUHSIOTCS B OJHY HEBBITYKIIYIO
TpuaHryJsiiuio (puc. 34,6). Jlanee TpuaHryasiys 10CTPAaUBACTCs 10 BBITYKIION
(puc. 34,6). I B 3aKkitoueHre MPOU3BOIUTCS MOJTHOE MEPECTPOSCHUE TPUAHTYJISI-
IIUU JIJIs1 BBITIOJTHEHUS yeaoBus [enone (puc. 34,2).

Tpyno€MKOCTh TaKOTrO aiaropurma cocrasiisieT B cpeaHeM O(N). Tem He

MCHCC Ha HPAKTHUKC 3TOT aJIIOPHUTM pa60TaeT CYIECCTBCHHO MCAJICHHEC ITOJIHO-
HCHHOTI'O aJIrOpruT™Ma I0JIOCOBOTO CIIMAHUA.
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Puc. 34. JIunelHbIi aITOPUTM: a — UCXOAHBIE TOUKH;
6 — HEBBITTyKJIasl TPUAHTYJISIMUS; 8 — IOCTPAUBaHUE 10
BBIMYKJIOH; & — IEPECTPOCHUE TPUAHTYIISINH

4.4. BeepHbIl aJITOPUTM

B 6eeprom ancopumme tpuaHrynauuu (aneopumme paoudaibHo2o 3ame-
MaHus NAOCKOCmMuU) BHAYale W3 UCXOJTHBIX TOYEK BBIOMpAETCs Ta, KOTOpas Ha-
XOJIUTCSA KaK MOXKHO OJIIKE K IIEHTPY Macc Bcex Touek (puc. 35,a). Hanee mis
OCTAJIbHBIX TOYEK BBIYUCISETCS TOJSPHBIM yTrodl OTHOCUTEIHHO BBIOpaAHHOM
[EHTPAILHON TOYKH U BCE TOYKH COPTHPYIOTCA 1O 3ToMy yriy (puc. 35,0). 3a-
TE€M BCE TOYKU COCAUHSIOTCS pEOpamMu C IEHTPAIBHONW TOYKOW M COCETHUMU B
OTCOPTUPOBAHHOM crucke (puc. 35,8). [loToMm TpuaHTyIaus 1OCTpauBaeTcs 10
BBINTYKJION (puc. 35,2). 1 B 3akitoueHre MPOU3BOAUTCS MOJIHOE MEPECTPOCHUE
TPUAHTYJISIUY JJI BBITIOJIHEHUS ycoBus Jlenone (puc. 35,0).

Puc. 35. BeepHblii alrOpUTM: @ — UCXOJIHBIE TOUYKH; 6 — KPYTroBas
COPTHPOBKA; 6 — HEBBIYKJIasi TPUAHTYJISIINS; & — JOCTPAaBaHUE
710 BBIITYKJIOH; O — IEpeCTPOCHUE TPUAHTYJIISIIUN

Tpy0o€MKOCTh TaKOro ajropuTMa coctapiger B cpeaHeM O(N). Aunro-
PUTM pabOTaET MPUMEPHO C TOU KE CKOPOCTHIO, YTO U MPEABIAYIIUNA — JIMHEH-
HBIN aJITOPUTM.

4.5. AJIrTOpUTM PEeKYPCHBHOI0 pacuienieHus

Aneopumm pexypcusHoeo pacujenierus padboraeT B nBa mpoxoda [54].
Btopo#i mpoxoa aHajgoruyeH BCEM IBYXIPOXOAHBIM alrOpUTMaM TPUAHTYIIS-
1MUY, a MIEPBBIM MOX0X HA PEKYPCUBHBIN aITOPUTM C pa3pe3aHueM Mo AUaAMETPY,
HO pa3pe3aHue NPOU3BOJUTCS HE OTPE3KOM, a HEKOTOPOU JIOMaHOM.
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[Tepen HavasioM pabOTHI AJIrOpUTMa BBIUMUCISIETCS BBIMYKIash 000J0YKa
BCEX MCXOJHBIX TOYEK. Ha KaxJIoM 11are peKypcuu jis 3aJJaHHOTO MHOXECTBA
TOYEK M UX 000JIOUKH (HE 00s3aTEIbHO BBIMYKJION) BBITIOIHSAETCS JCICHUE BCEX
TOYEK Ha JABE 4acTu. {7 sToro Ha 000J0YKE HAXOIATCS MPOTUBOMOJIONKHBIE
Touku P u P, fensiiue MHOTOYroJbHUK 00O0JI0YKY IPUMEPHO TOIoJIaM. 3aTeM

HaXOJATCS BCE TOUKU S; CpPeAM 3a/laHHbIX, HE MONajaroIue Ha 000JI04YKy U Ha-
xonsmuecs ot npsimMoit PP, He Gosiee 4eM Ha 3aJJaHHOM pacCTOSHUM A, T.e. Ho-
NaJaIIKe B HEKOTOPBIA KOopuaop pacuierenus (puc. 36,a). 3atem Touku B,
S, u P, mocnenoBaTelIbHO COEAMHAIOTCS B JIOMaHylo, KOTopas pa3OuBaeT wuc-

XOJTHO€ MHOYKECTBO TOUEK Ha JIBE YacTu. Pazmenstomnias ToMaHast Ipu 3TOM TI0-
najgaet B 06a MHoXxecTBa (puc. 36,0). Kpome Toro, Tak kak 0007109Ka HEBBIMYK-
Jasi, TO HEOOXOAUMO MCKIIOYHTH CIy4al BO3MOYKHOTO IEPECEUCHHUsT TOCTPOCH-
HOI JToMaHOW ¢ 000J0ukoi. Ecniu mosrydeHHbIe MHOYKECTBA HE SIBIISIOTCS Tpe-
YTOJIbHUKaMH, TO K HUM OIATH PEKypPCHBHO TPUMEHSETCS TaHHBIA aJITOPUTM
(puc. 36,8). Ilocie mocTpoeHUs TPUAHTYIISIIUA OTACTBHBIX YacTEH BBITIOTHICTCS
WX COCIMHEHUE BIIOJIb pa3Jeistonieit Jomanon (puc. 36,2,0).

Puc. 36. AITopuT™M peKypCUBHOTO PACIICIJICHUS: @ — BBIOOp HAIpaBJICHUS U
KOpHUIOpa; 6—e — IIaru pacileIuIeHus; 0 — IEPECTPOCHUE TPUAHTYJIISIHH

TeopeTnueckn aaropuT™M PEKYypCHUBHOTO pPACHICTUICHUS UMEET TPYHO0EM-
kocth O(Nlog N) B cpenreMm u xymamiem ciydasx [54]. OgHako Ha MpaKTHKE

poIeIypa PacUISIUICHUS SBIISICTCS] CIOXKHOM JUIsl peanv3ariii, MEJICHHON B
paboTe U B IIEJIOM AJITOPUTM pabOTaeT CYIIECTBEHHO MEIJICHHEE JIIOOBIX JIBYX-
MIPOXOJTHBIX AJITOPUTMOB CITHSTHUSI.

4.6. JIeHTOYHBIN AJITOPUTM

Unea nenmounoco ancopumma npemnoxena F0.JI. Koctiokom. Hekoro-
pBIE BIIEMEHTHI 3TOrO AITOPUTMA TOXO0KU HA aJITOPUTM HEBBIITYKIIOTO CIUSHHSL.

Ha mepBom miare Bce Touku pa3OuBaroTCs Ha IMOJOCH (puc. 37,a). 3arem
TOYKH COPTUPYIOTCS BHYTPH MOJIOC M MOCIEAOBATEIHO COSIUHSIIOTCS B JIOMa-
HeIe (puc. 37,0). B mocnexyroiieM Bce TOIOCH CKIEUBAIOTCS MEXKIy COO0M TpH
MOMOIIY TPONEAYPHI CIUSHUS U3 alTOPUTMA HEBBIMYKJIOTO MOJIOCOBOTO CIIUSI-
Hus (puc. 37,8). llocme 3Toro mosiydeHHas TPUAHTYJISANUS JOCTPAUBACTCS [0
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Puc. 37. JleHTOUHBII aNTOPUTM: @ — pa30MEHHE HA MTOJIOCHI; O — MMOCTPOEHUE
B T10JI0CaX JIOMAHbIX; 6 — CIUSHHUE T0JI0C; & — JOCTPAUBAHKE 10 BBITYKJIOCTH;
0 — IEPECTPOEHUE TPUAHTYIISILIUU

BBIITYKJION (puC. 37,2) U MPOU3BOJUTCS TMOJHOE MEPECTPOCHUE TPUAHTYISLUH
JUTsI BBITIOTHEHUS ycnoBus Jlenoune (puc. 37,0).

B nmanHOM anroputme MCHONB3YETCs MPOIEaypa CIUSHUS, COCTUHSIONMAS
JomaHble — pé6pa Oymymiei tpuanrysuun. [losroMy Hambosiee yao0HO 3TOT
ANTOPUTM peal3yeTCs Ha CTPYKTYPE JAaHHBIX «Y3Ibl, pé0pa U TPEYTrOIbHUKI,
IpeACTaBIISIONICH pEOpa B IBHOM BHJIC.

['maBHBIM TTapamMeTPOM JAHHOTO AJTOPUTMA SIBISIETCS KOJIWYECTBO IOJIOC,
KOTOpbIE HEOOXOIUMO BBIOpATh MO TOM K€ camoil (popmylie, 4To U IS ajro-
PUTMOB TIOJIOCOBOTO CIIUSTHHS:

m=./s-(a/b)-N,

rae s — koddduireHT pazoueHusT Ha TOJIOCHI, 3HAUECHHUE KOTOPOTO Ha MPAKTUKE
caenyert B34th ~ 0,1-0,15.

Tpyno€MKOCTh TaHHOTO aITOpUTMa COCTaQQr) cpenneM ciaydae O(N).



I'1aBa S. Ilpoyue ajaropurMsl MOCTPOCHUA
TpUuaHryJasauuu /lejsone

Bo Bcex PACCMOTPCHHBIX BLIIIC AJITOPUTMAX HA PA3HBIX 3TAIlaX IMOCTPOC-
HHA TPUAHTYJEIOUHA MOTYT OBITH IMOJYUYCHBI TPCYI'OJIbHUKU, KOTOPBIC B dadJIb-
HEUIIEM 6y,ZIYT IEPCCTPOCHLBI B CBA3U C HCBBIITOJIHCHUCM YCJIOBUA I[CJ'IOHG.

OcCHOBHas U AICOPUMMO8 NPAMO20 NOCHMPOEHUs 3aKITI0YAeTCS B TOM,
4TOOBI CTPOUTH TOJBKO TaKUE TPEYTOJIbHUKH, KOTOPBIE YJIOBIETBOPSIOT YCIIO-
BUIO JleloHe B KOHEUHOW TPUAHTYJISIIIUMU, a TOATOMY HE JOJKHBI TepecTpau-
BaThcs [58].

S.1. [TomraroBbId aJArOPUTM

llowazoswiu ancopumm [58], U3BECTHBIA TAKKE KAK AI2OPUMM NPAMOSO
nepebopa M mMemoo aKmueHvlX pébep, KOHIENTYyaIbHO MOXO0X Ha aJrOpUTM
CIVSHUS TPUAHTYJIINUN «Y TN U CTPOM», ONIMCAHHBIN BBIIIIE.

B anroputrme BHayane BbiOMpaeTcs HEKOTOpasi 0a3oBast TMHUS AB , Hauu-
Hasi OT KOTOPOH OyAyT CTPOUTHCS BCE MOCHEAYIOIIHNE TPeYroibHUKU (puc. 38).
bazoBasi nuHMs OepeTcss Kak OJAMH W3 OTPE3KOB MHOTOYTOJbHUKA BBITYKJION
000JI0YKH BCEX UCXOJIHBIX TOYEK TPUAHTYJISIIINH.

Puc. 38. Bei6op ovepenHoit TOUKH JJ1s1 BKITFOUCHHS
B TPUAHTYJIALUIO B IMOIIAIrOBOM aJITOPUTMC

Hanee nyst 6a30BOM JMHUM HEOOXOJIUMO HAWTH coceda [lenonwe — y3en,
KOTOPBIM BMECTE C KOHIIAaMU JJaHHOW 0a30BOM JWMHUU B TpUAHTyJAluu Jlenone
ABJISICTCSL BEPUIMHAMHU OJIHOTO TpeyrosibHUKA. [Iporecc moumcka MOXKHO Tpen-
CTaBUTh KAaK POCT «IIy3bIps» OT 0a30BOM JMHUM, MMOKA HE BCTPETUTCS KaKOM-
HUOYAb y3ei. B naHHOM ciydae «Imy3bIpb» — 3TO OKPY>KHOCTb, KOTOpasi poxo-
JUT 4epe3 TOYKU A U B U UEHTP KOTOPOW HAXOAUTCS HA CPEAUHHOM MEPIEHIU-
KyJsipe kK 0a30Boi TUHUY (TIOXO0KEe ONpeieNieHue «ITy3bIpsi» AaHo B 1. 3.1.1).
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B nmomaroBoM anroputme A moucka cocena JlenoHe Hy»KHO BbIOpaTh
cpeaM BCceX TOYEK P TPUaHTYJSIMU Takyro, uTo LAPB Oyner MakCUMalbHbIM

(HanmpuMmep, Ha puc. 38 Oyzaer BbiOpaHa Touka P ). Haiinennslii cocen Jlenone
COENIMHAETCS OTPE3KaMH C KOHIIaMH 0a30BOM JIMHUM U 00pa3yeT TPeyroJbHUK
AAPB . HoBble pébpa AP, 1 BP, IOCTPOEHHOTO TPEYrOJIbHUKA IOMEUYAOTCS KaK
HOBBIE 0a30BbI€ JIMHUH, U MPOIIECC MOUCKA TPEYTOJILHUKOB MPOJI0KACTCS.

Tpy108MKOCTB TIOIIATOBOrO anroputMa coctapiser O(N’) B cpeaHeM u

B Xy[uIeM ciayyae. M3-3a cToab 60bIIoi Tpy10EMKOCTH Ha TPAKTHKE TaKOM aj-
TOPUTM IIOYTH HE NPUMEHSAETCS.

5.2. [lomaroBbie AJIrOPUTMBI ¢ YCKOPEHUEM
nouMcka coceaeiu Jlejaone

KBagpartnyHas ci0XKHOCTH MOIIArOBOIO aJrOpUTMa O0YCIIOBJIEHA TPYHO-
EMKOW IpoLeaypor nmoucka cocena Jlemone. B cnenyrommx AByX alropurMmax
IPEAJaratoTcs JBa BapuaHTa yCKOPEHHUS ITOUCKA.

5.2.1. Ilomaroseiii aaroputMm ¢ k-D-nepeBom noucka

B nowazcoeom anecopumme c k-D-0epesom noucka BHaAUalIe BCE UCXOIHBIC
TOYKHU TPUAHTYIAIMK nomeniatores B k-D-nepeBo (npu k£ =2) [12] unu moboe
npyroe, no3Boisitoniee 3(Hh(PEKTUBHO BBHIMOIHATH PETHOHABHBIN MMOMCK B 3aJ1aH-
HOM KBaJIpaTe CO CTOPOHAMU, TAPAJIICITBHBIMUA OCSIM KOOPIMHAT.

Jlanee mpy BBINOJHEHUH ITOMCKA OYEPETHOIO cocena JleJloHe UMUTHPYET-
Csl IOCTENIEHHBIN POCT «ITy3bIps». HadabHBINA «I1y3bIpb» ONPENEIAECTCS KaK OK-
PYKHOCTb, TUAMETPOM KOTOPOHM SIBISIETCSl TeKyllas Oa3oBas JuHUA. B nane-
HEHIIEeM, €CIM BHYTPH TEKYLIErO «Iy3bIps» HE HaWJE€HO HUKAKUX TOYEK, TO
pa3Mmep «Iy3bIpsh» yBEJIHMUMBAeTCs, Hampumep, B 2 pasza (Ha puc. 39 uudpamu
0003HaY€HbI BO3MOKHBIE 3TAIbI POCTA «ITY3BIPSI»).

Puc. 39. BriGop odepenHoit TOUKH B MOLIArOBOM
anroputme ¢ k-D-ngepeBoM mouncka
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Jlns onpeneneHus TOYEK, NONABIINX B TEKYIIUN «ITy3bIPb», BBIIIOJIHICTCS
3anpoc K OMHApHOMY JE€peBY Ha MOUCK BCEX TOYEK BHYTPHM MHUHUMAIbHOTO
KBaJIpaTa, O0OBEMIIIOIIETO TEKYIIUA «ITy3bIpb». Cpeln HalWJEHHBIX B KBaJpaTe
TOUEK OTOPACHIBAIOTCS BCE, HE MOMAJAIOLIUE B TEKYIIUN «IIy3bIpb». Jlanee cpe-
JI1 OCTaBILIKXCS TOUYEK MPSIMBIM [IEpEOOPOM HAXOAUTCS UCKOMBIN cocen Jlenone.

TpynoémkocTs naHHoro aiaroputma ¢ k-D-nepeBom B cpeaHem Ha psiae
pactpocTpaH€HHBIX pacnpenenenuii coctasisier O(NlogN), a B Xyamiem ciy-

gae — O(N?).

5.2.2. Ki1eTo4HbIi MOMIATOBBIM AJITOPUTM

B xknemounom nowazoeom ancopumme npemiaraeTcsi MOCTPOUTH KIIETOU-
HO€ pa3OMeHHE IJIOCKOCTH M MOUCK OYEpEeNHOro cocena Jlemone BecTH, mocie-
JIOBATEJIbHO Nepedupasi TOUKH B OnM3iexaux K 0a30BOM JIMHUM KieTKax [3].
J171st 5TOr0 Ha MEepBOM 3Talle BCE MHOKECTBO UCXOJHBIX TOUEK pa30MBaeTCs Bep-
TUKAJIBHBIMU U TOPU3OHTAIBHBIMUA PABHOOTCTOSAIIMMU JIMHUAMHM Ha KIETKH U
BCE TOYKH MOMEUIAIOTCA B CHUCKH, COOTBETCTBYIOIIME 3TUM KieTkam. Obriee
KOJIMYECTBO KJIETOK JIOJIKHO OBITH Mmopsijika O(N) .

Puc. 40. BriGop ouepe1HOM TOUKH B KIIETOYHOM aJITOPUTME

Jlanee mpy BBINOJIHEHUH ITOMCKA OYEPETHOTO cocena JleJIoHe UMUTHPYET-
CSl POCT «ITy3BIPsD» M MPOBEPSIOTCS BCE KIETKH C TOYKAMU B MOPSJIKE OJIM30CTH
KJIETOK K 0a3oBoii maNM (Ha puc. 40 nmudpamMmu momMedeH mopsIoKk 00xo1a Kie-
TOK). TpyIO€MKOCTh JAHHOTO ANTOPUTMa B CPEIHEM Ha psIE pacupoCTpaHEH-

HBIX pacrpeeneHuii coctapiaser O(N) [3], a B xyamiem ciayuae — O(N°).

5.3. AJITOpUTM NOCTPOCHUS Yepe3 TPEXMEPHbIe BbINMYKJIbIE
000J109KH
I[&HHBII;’I AJIr'OpUTM OCHOBAH Ha HHTCPCCHOM CBOMCTBE TPUAHTYJIAIOUN,

CBSI3BIBAIOIEM €€ C BBIIYKJIBIMU 000JOYKaMU B TPEXMEPHOM IPOCTPAHCTBE.
Ecnu kaxayro UCXOIHYIO TOUKY (X, V) CABUHYTH MapajieJbHbIM IIEPEHOCOM Ha
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napaGoNons, MONTyunuB TOUuKy (X,y,x° + y>) B TPEXMEPHOM IIPOCTPAHCTBE, TO

OKa3bIBACTCS, YTO HIDKHSS YacTh BBIMTYKIIONW OOOJIOYKH TaKHX TPEXMEPHBIX TO-
YeK B MPOEKIHUH Ha TIIOCKOCTh JX) COBIAMAET C TpUuaHryssanuen lemoune [27].

N3 3TOr0 CBOICTBA OYEBHIHBIM 00pPa30M BBITEKAET caM aaropuTMm. BHa-
yajie CTPOUTCS TPEXMEpPHasl BbIMyKiIasi 000710YKa HA MHOXKECTBE TOYEK, CIBUHY-
THIX C IJIOCKOCTH Ha MapadoJIoOn, a 3aTeM HUKHUE T'PaHU BBIMYKIION 000J0UKH
npeoOpa3ytoTcs B TpHaHTyJsiuu. Ha mepBblil B3MIISLT MOXKET MOKa3aThCsl, UTO
IIOCTPOEHHUE BBIMYKJION 000JI0UKH B IIPOCTPAHCTBE SBISIETCS OOJIee CI0KHOM 3a-
Ja4yeu, 4eM mnocTtpoeHue TpuaHrysauuu Jlemone. OIHAKO B HACTOSLIEE BPEMsI
U3BECTHBI OYEHb A(P(PEKTUBHBIE ATTOPUTMBI TIOCTPOEHUS BBITYKIIBIX 000J0YEK B
TPEXMEPHOM IPOCTPAHCTBE, B CPEIHEM pabOTarouIve 3a JIMHEeHHo-jIorapudu-
YECKOEe BpeMsl.

Onuum u3 takux sBisgercs anroputMm Quickhull [23], u3BecTHbIN Takke
KaK aJITOPUTM OBICTPOTO TTOCTPOCHUS BBITYKJIOW 000I0UKH.

TpynoémkocTs nanHoro aiaroputma ¢ k-D-nepeBom B cpeaHem Ha psiae
pactpocTpaH€HHBIX pacnpeneneHuii cocrarmsier O(Nlog N), a B Xyamiem ciry-

gae — O(N?).



I'naBa 6. Tpuanryasauusa [deone
C OrPAaHMYCHUSIMH

6.1. Onpenenenus
I{J’IH I[&J'IBH@ﬁH.IGFO PaCCMOTpPCHUA BBGI[éM IOHATHA NOJIUIUHUA U PECUOH.

Onpeodenenue 12. Ilonununueu Ha3piBaeTcs (Urypa, COCTOALIAs U3 HEHY-
JIEBOTO UKciia JoMaHbIxX (puc. 41,a).

Onpeodenenue 13. Pecuonom Ha3zbiBaeTCs (purypa, cocTosiiias U3 HEHYyJIe-
BOT'0 YKCJIa MHOTOYTOJIbHUKOB, MPUYEM JIOMYCTUMBI CAMOIIEPECEUCHHS U TIepe-
CEUYEHUS Pa3TUYHBIX MHOTOYTOJIHHUKOB. [Ipy 3TOM TOYKM TJIOCKOCTH, TPUHAI-
Jexaniue kK MHOroyrojibHUKaM (QUTyphl, CUUTAIOTCS MPUHAIICKAIIUMHI PETUOHY
TOTJIa ¥ TOJBKO Tornaa, korna k =1(mod 2) (#a puc. 41,6 peruoH COCTOUT W3

OJIHOTO CaMOIEPECEKAIOIIEr0Cs MATUYTOJIbHUKA U BHYTPEHHETO TPEYTOJIbHUKA).

Takue urypbl Ha MpPaKTHUKE YaCTO HCIONB3YIOTCSA JUIsl TMPEICTaBICHUS,
HaIlpumep, JUHUN C pa3pbIBAMU U MHOTOYT'OJIbHUKOB C JIBIPKAaMU BHYTPHU.

Onpedenenue 14. 3a0aua nocmpoenus mpuaHeyisayuu ¢ 02paHudeHusIMu.
ITycts nansl MHOXeECTBa TO4eK {P,,..., P, } , nonmumuauii {Q,,..., 0, } 1 peruoHOB

{R,,...,R, }. HeobxonuMo Ha MHOXkecTBe TOYeK {P,,..., P, }, BEpIIUH MOJWIU-

HUUW ¥ BEPIINH PETUOHOB MOCTPOUTH TPUAHTYJIAIMIO TAKUM 00pa3oM, 4TOOBI BCE
OTPE3KH MOJWIMHUN U PETMOHOB MPOXOIUIH 10 pédbpaM Tpuanryanun. Kpome
TOTO, €CJIM MHOXXECTBO PETHOHOB HE MYyCTO, TO JUISI BCEX MOCTPOSHHBIX Tpe-
YTOJIBHUKOB HEOOXOAMMO yCTaHOBJICHHE (aKTa MomnajgaHusl B 3aJaHHBIC PETHO-
Hbl (IIPU 3TOM KaXXJbIH TPEYrOJbHUK MOKET TMOMAacTh OJIHOBPEMEHHO B He-
CKOJIBKO PETHOHOB).

Onpedenenue 15. B 3agaue mOCTPOCHUSI TPUAHTYJISIIUU C OTPAHUYEHUSIMU
COCTABIISIIOIINE JIOMAHbIE UCXOJHBIX MOJUIMHUN U TPAHULIBI HCXOIHBIX PETHO-
HOB Ha3bIBAIOTCS CMPYKMYPHbIMU TUHUIMU.

‘Q‘

Puc. 41. Ilpumeps! puryp: a — NOTUIUHUS; 6 — PETHOH
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Onpeodenenue 16. PEOpa TpUAHTYISILIUU C OTPAHUYECHHUSIMH, 110 KOTOPBIM
IPOXOAT MCXOJHBIE CTPYKTYPHBIE JIMHUH, HA3BIBAIOTCS CIMPYKMYPHbIMU PEO-
pamu (PUKCUPOBAHHBIMU, HETIEPECTPAUBAEMBIMH ).

B Takoif moctaHoBKe 3a7a4a OCTPOCHUSI TPUAHTYIISIIIMKA HAanboJee 9acTo
UCTIONB3YETCsI IPU MOJICITUPOBAHHUH pesibeda B reOMHPOPMAIIMOHHBIX CUCTEMAX.
3amaBaeMble TOYKU TPU 3TOM OMPEIENISIIOT TOUYKH TUIOCKOCTH, B KOTOPBIX M3Me-
PEHBI BBICOTHI Ha MOBEPXHOCTHU, MOJWIMHAN — MPOCKIIUN Ha MIIOCKOCTh CTPYK-
TYpPHBIX JIMHUU pesibeda, a peruoHbl — 00J1aCTU UHTEPECOB (puc. 42).

(a) ()

Puc. 42. Tlpumep TpHaHTyJIALIUK C OTPAHUYEHUSMMU:
@ — UCXOJHbIE JaHHbIE; 6 — TPUAHTYJISALMS

B cnydae, korma MHOKECTBA TOUCK M MOJTMIMHUN IYCTHI, a 3aaHbl TOJIb-
KO PETHOHBI, IMOJyYaeTCs KJIacCMYecKas 3ajiada MOCTPOCHUS TPUAHTYIISAINN 3a-
JAHHOW 3aMKHYTOM 00JIaCTH.

3azaya MOCTPOEHUsl TPUAHTYJISLUKA C OTPAaHUYECHHSIMH, TaK K€ Kak W 3a-
nada 0e3 OrpaHWYeHHH, sBiseTcs HeoAHO3HauHOW. Cpeau pa3inyHbIX BHIOB
TPUAHTYJALUMNA C OTPAaHUYCHUSIMU BBIICIISIIOT TAKKE TPU OCHOBHBIX BUJA TPUAH-
TYJISALUA: ONTUMAIIBHYIO, )KATHYI0 U TPUAHTYJIALMIO [lelI0He C OrpaHUYEHUsAMM.

Onpedenenue 17. TpuaHrynsiuus ¢ OTpaHUYCHUSMU HA3BIBACTCA ONMUMA-
JIbHOUL, €CITA CyMMa JJTUH BceX pEOep MUHMMAIIbHA CPEIU BCEX BO3MOKHBIX TPH-
AHTYJIALMI C OTpaHUYEHUSAMU, TOCTPOCHHBIX HA TEX YK€ UCXOJIHBIX TAHHBIX.

Tak kak 3amada MOCTPOEHHS ONTUMAJIbHOW TPUAHTYJISILIMU C OTrpaHHUYe-
HUSIMU BJsI€TCA NP-ITOJTHOM, TO HA MPAKTUKE OHA MOYTH HE MTPUMEHSETCHL.

O6006mas pacCMOTpeHHBIH B TJI. | KaJHBIN alrOpUTM, IMOJIy4aeM clie-
JIYIOIIUHN aJITOPUTM.
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JKaouwiu ancopumm noCmMpOEHUA MPUAHSYVIAUUU C OCDAHUYERUAMU.

[llaz 1. BO MHOKECTBO MCXOJHBIX TOUEK ITOMELIAIOTCS BCE BEPIIMHBI 3a-
JAHHBIX MOJUJINHANA U PETHOHOB, & TAK)KE T€HEPUPYETCS CIIMCOK BCEX BO3MOXK-
HBIX OTPE3KOB, COCIMHSIOIIMX IMapbl UCXOIHBIX TOYEK, U OH COPTHUPYETCS IO
JUTMHAM OTPE3KOB.

[llae 2. BeinionHsI€TCS BCTaBKa OTPE3KOB B TPUAHTYJISIIIUIO OT Oojiee KO-
POTKHX 0 JUIMHHBIX. BHayane BCTABIAIOTCA BCE OTPE3KH, SABJISIOLIUECA 4aCTs-
MM UCXOJHBIX MOJWJINHUN U PETMOHOB, 4 3aTEM — OCTAJIbHBIE OTPE3KU. Eciu oT-
pPE30K HE MEPECEKAETCS C APYTMMH, paHEE BCTABJICHHBIMHU OTpPE3KaMH, TO OH
BCTaBJIIETCA, NHAYE OH OTOpackiBaeTcs. Koney anreopumma.

3aM€TI/IM, 4qTO €CJIN BCC BO3MOJKHBIC OTPEC3KH HMCIOT pAa3sHYHO JIIMHY, TO
pe3yiibTaT pa6OTBI 9TOro0 aJIroOpuT™Ma OJHO3HAYCH, MHAYC OH 3aBUCHUT OT IIOPAAKA
BCTaBKH OTPC3KOB O,Z[I/IHaKOBOﬁ JJIINHBI.

YcnoBuem HpaBHHBHOﬁ pa6OTI>I KAaAHOIO aJIlropuTMa ABJIACTCA OTCYTCT-
BHC CPpCaU HCXOIHBIX MOJWJIMHUN U PCTUOHOB B3aUMHBIX HGpGCG‘IGHI/Iﬁ OTpE3-
KOB. Eciim TakoBbIe HUMCIOTCs, TO OT HUX HAIO0 N30aBUTHCS J0 Haydalia pa6OTBI
KAaOTHOT'O aJIrOpUT™Ma paS6I/IeHI/ICM 9THUX OTPC3KOB HA YaCTH.

Onpeodenenue 18. TpuaHTyIsA1Ks ¢ OTPAaHUYCHUSIMHU HA3bIBACTCS HCAOHOI,
€CJI OHA TTOCTPOEHA JKaTHBIM aJITOPUTMOM.

Tpyno€MKocTh pabOTHI KaJHOTO AJITOPUTMa MPU HEKOTOPBIX €ro yJiyd-
menusx coctapiasger O(N’log N) [37], He yuuThIBas IpeIBAPUTENLHOTO 3Tama
yAalieHusl Tepecekaronmxcs orpe3koB. Ilpu yuére mpenBapuTenbHOro 3Tama
cioxkHOCTh monydaercas O(N*log N), Tak Kak B pe3yipTaTe pa3OHEHHs OTpe3-
KOB Ha 4acTH MOKeT monyunthes O(N’) oTpes3kos. B ¢Bsi3u co cTONb 60MbIION
TPYJIOEMKOCTBIO Ha MPAKTUKE TaAKOH aJITOPUTM MIPUMEHSETCS PEAKO.

Onpedenenue 19. Tpuanrymisius 3aJaHHOTO HaOOpa Touek OyaeT Hazbl-
BaTbCsl mpuan2ynsayueu /leione ¢ oepanuyenusimMu, €Civ ycioBue JlenoHe BbI-
MOJIHAETCS JUIsl JTF000M Taphl CMEXHBIX TPEYTOJIBHUKOB, KOTOPBIE HE pa3jies-
I0TCS CTPYKTYPHBIMU pEOpamu.

Jlist mocTpoeHusi TpuaHryasanuu JlenoHe ¢ OrpaHUYEHUSIMH MOTYT OBITh
000011IeHb HEKOTOPBIE U3 IPUBEACHHBIX BhIIIE aNropuTMoB. Hanbomee xopoiio
JUTSI TAKOTO 000OIIEHUS MOAXOAAT UTEPATUBHBIC AITOPUTMBI TPUAHTYIISAIUH.

AJITOPUTMBI TPUAHTYJIALIMU CIUSHUEM HE MOAXOJAT, TaK KakK HE BCerja
BO3MOYKHO JI€JICHHE MHOKECTBA HMCXOJHBIX OOBEKTOB Ha HEINEPECEKArOIIUeCs
yacTu (HampuMep, KOTJa €CTh OOJIBIION PEruoH, OXBATHIBAIOIIUN BCE OCTallb-
HBbIE OOBEKTHI).

AJTOPUTMBI TIPSIMOTO TIOCTPOCHUS TPHAHTYJISIITUN TOAXOAST OOJbIINE, HO
B HUX HEOOXOIMMO 0OABUTH B IIPOLIEYPY MOMCKA ouepeaHoro cocena Jlemone
MPOBEPKY MEPECEUEHUS CO CTPYKTYPHBIMU JTUHUSMH.

BonbmnHCTBO 3P PEKTUBHBIX ABYXIMPOXOTHBIX AJITOPUTMOB MOCTPOCHUS
TPUAHTYJISIIUU B JAHHOM CIy4yae MCIOJIb30BaTh HENb3s, TaK KaK OHU JHOO 5B-



Tpuanrynsauus [lenoHe ¢ orpaHUYEeHUSAMU 71

JSI0TCA HEMNPUMEHUMBIMH aJTOPUTMaMU CIUSHUS, JTHUOO CTPOSIT OTPOMHOE KO-
JMYECTBO Y3KHUX BBITAHYTBIX TPEYTrOJbHUKOB, KOTOpbIE MOYTH BCerjga mepe-
CTpaMBaIOTCA, & IO3TOMY MX MPUMEHEHUE HeA((PEKTUBHO.

JUisi TpUAHTYJIALMKA C OIPaHUYEHUsMH HanOosiee yJO0OHO HCIIOJIb30BaTh
CTPYKTYPBI JaHHBIX, IPEJICTABIIAIONIMX B IBHOM BUe pEOpa, Tak Kak A péoep
HEO0OXO0IMMO XPAHUTh IONOJHUTEIBHYIO HH(DOPMAIIUIO O TOM, SIBJISIFOTCS JIU OHU
CTPYKTYpHBIMHU. 1103TOMY CTPYKTYpbl «¥Y35Bl C COCENIMU» U «Y3JIbl U Tpe-
YTOJIBHUKW» HEPUMEHUMBI. Y3 ocTaBmmxcs Haubosee NpUMEHsIeMON SIBIISIETCS
CTPYKTypa «Y31bl, POCTbIe PEOPA U TPEYTOJIBHUKI» KaK KOMIIPOMHUCC MEXKITY
pacxosoM MaMATd U yJ0oOCTBOM IpPUMEHEHHUA. J[OMOIHUTENbHBIM €€ JOCTOUH-
CTBOM SBJISIETCA BO3MOXKHOCTBH IIPOCTOI'O JBOJIIOLIMOHHOIO IEpexoaa K Hel OT
UTEPAaTUBHOIO AIrOpuTMa TpHAHTYJsuu JlenoHe 0e3 orpaHUYEHUM, UCIOJIb-
3YIOLIET0 KOMIIAKTHYIO CTPYKTYPY «Y3JIbl U TPEYTOJIbHUKUY.

6.2. llenmHo aJIrOpuUTM NOCTPOCHUSA
TPUAHTYJISIIMUA C OTPAHUYEHUSIMH

OnuH u3 nepBbiX 3QPEKTUBHBIX AITOPUTMOB MOCTPOCHUS] TPUAHTYJISILIUN
C OrpaHUYCHUSIMH OCHOBAH Ha MPOIEIYpE PErysipu3aliuu MmiaHapHoro rpada u
TPUAHTYJISIIUM MOHOTOHHBIX MHOTOYToJIbHUKOB [12]. TpynoémkocTs 3TOrO aj-
roputma coctanisieT O(NlogN), rie N — KOJIM4eCTBO UCXOIHBIX OTPE3KOB.

HcxoqHpIMU JaHHBIMU JUJISL YenHO20 an2opumma SIBISETCS MHOKECTBO
HENepeceKaronXCcsl OTPE3KOB Ha IUNIOCKOCTH, MO0 CYTH 00pa3yOIIKX IJIaHAPHBIN
rpad. Ecnu B TpuaHrynsnnio He0OX0AMMO MTOMECTUTh TAKXKE OTIENbHBIE TOUYKH,
TO UX ClIeAyeT J00aBUThH YK€ Mocie pabdoThl NaHHOTO AJrOPUTMa, HANPUMEp
UTEPATHUBHBIM CIIOCOOOM.

Uel’lHOIZ ancopumm noCmpOEHUA MPUAHSYVIIAUUU C OSDAHUYEHUAMU.

lae 1. I3 MHOXXECTBAa UCXOJIHBIX CTPYKTYPHBIX OTPE3KOB (opMHUpPYEM
CBSA3aHHBIN IUTaHApHBINA rpad (puc. 43,a).

lllaz 2. BemomnHseTcs peynspuzayus epaga, T.€. TOOABISIOTCS HOBBIC
pEOpa, He TIepeceKaroye Apyrue, Tak YTO KaKaas BepinHa rpada CTaHOBUTCS
CMEXHOU XOTsI OBl C OJTHOM BEPIIMHOW BBITIE HEE M OJHON HIbke. Perymspusa-
LU BBIIOJIHAETCS B JBa MPOX0Jia ¢ MOMOIIBIO BEPTHKAIBHOIO ITUIOCKOIO 3ame-
Tanus [12]. B nepBom mpoxoae CHHU3Y BBEPX IMOCIEAOBATEIBHO HAXOMSITCS BCE
BEPIIMHBI, U3 KOTOPBIX HE BRIXOAAT pEOpa, Benymue BBepx. Hampumep, Ha puc.
43,6 Takol aBisiercs BepmrHa B. IIpoBoas ropu3OHTaIbHYIO JUHUIO, OOHApY-
JKMBaeM Onuxkailiie repecekaeMble €10 cieBa u crnpana péopa rpada AD u EF.
3aTeM B 4eThIpEXyroidbHuke DEHG HaxoauM caMylr0 HU3KYIO BEPIIMHY U IPO-
BOAUM B He€ peOpo u3 B. AHAJOTMYHO BBIMOJIHSETCS BTOPOMl MPOXOJ CBEPXY
BHU3 (puc. 43,8). B pe3ynbraTe paboThl 3TOrO I1ara Kaxkjaas 00J1acTh IjaHapHO-
ro rpada CTAHOBUTCSI MOHOTOHHBIM MHOT'OYTOJIbHUKOM.
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Puc. 43. Cxema paboThI IIETHOTO aJrOPUTMA TPUAHTYJIALIUU:
@ — UCXOJHbIE OTPE3KH; O — IPOXOJ] CHU3Y BBEPX PETyJsipu3anuu rpada;
8 — MPOXOJ] CBEPXY BHU3; & — TPHAHTYJISILIMS MOHOTOHHBIX MHOT'OYTOJIbHUKOB

lllaz 3. Kaxnyto obnacTs rpada HeoOX0AMMO pa30UTh Ha TPEYTOJbHUKH.
JIJ1st 5TOTO0 MOXXHO BOCHIOJIB30BAaThCSl AITOPUTMOM HEBBIITYKIIOTO CIUSHUS JIBYX
TpuaHryssiui (puc. 43,2). Kouey ancopumma.

JIns peann3aluy [ENHOTO ajJrOpUTMa TPUAHTYISIUUM C OrPAaHUYEHUSIMHU
JydIlle BCETO HMCMOJB30BaTh CTPYKTYPHI JAHHBIX, B KOTOPBIX pEOpa mpeacTas-
JISIOTCS B SIBHOM BHje, Hanpumep «JIBorHbie péopa» (cM. m. 1.3.3) wnu «Y3isl,
pé6pa u TpeyroJpbHUKM» (cM. 1. 1.3.5).

Henocrarkom 1ienmHoro anaroputMa sIBIsSi€TCA TO, 4TO O ¢dopMe MoiTydae-
MOM TPUAHTYJISIIUA HUYETO 3apaHee CKa3aTh HeNb3sl. JTO HE ONTUMAajbHas TPU-
aHTYJISIAS, HE JKaJHas U HE TpuaHrysanus [lemone ¢ orpanndeHusmu. B nen-
HOM QJITOPUTME MOTYT MOJIy4aTbCSl OYEHD NIMHHBIE BBITSIHYTHIE TPEYTOJIbHUKH.

JUtst yay4diieHus: KauecTBa MOIYYEHHON TPUAHTYJIALMA MOYKHO IPOBEPUTH
ycnoBus [lenoHe mist BcexX Iap CMEXKHBIX TPEYTOJIBHUKOB, HE DPa3JElICHHBIX
CTPYKTYpPHBIM PeOpOM, U MPHU HEOOXOIMMOCTH IMPOU3BECTU MepecTpoeHus. B

pe3yabpTare OyAeT nojydeHa TpuaHryssnus Jlenone ¢ z‘pa}jtquHﬂMH.

6.3. UTepaTuBHBI AJIrOPUTM MOCTPOCHUS
TPUAHTYJIAU MU J[eJIOHE ¢ OTPAHUYCHUSMM

3a OCHOBY UmepamugHo20 ai2opumma nocmpoenus mpuaneyasayuu /leno-
He ¢ 0cpaHuyeHUusM MOXKET OBbITh B3AT JIF000I UTEPATUBHBIN AJITOPUTM IOCTPOE-
HUS OOBIYHOW TpuaHTysuu [lenone, Ho Hanbonee yaoOHO 3/1€Ch MCIOIB30-
BaTh AJITOPUTM JWHAMHUYECKOIO K3IMpOBaHUA (cM. 1. 2.3.2), Tak Kak IOCie
OKOHYAHUS €ro paboThl OyJeT JOMOJHUTENBHO CO3/IaHa CTPYKTypa K3IIa, KOTO-
past MOKeT OBbITh MCIOJIb30BaHa JJIsl MOCIENYIOWENd ObICTPON JIOKAaTU3alHuK TO-
YEK B TPUAHTYJISALHH.

HmepamueHblﬁ Al2opumm nOCMpPOEHUA MPUAHSYIAUUU ,HQJZOHQ C 02paru-
YEeHUAMU.

[llaz 1. BHauane BBINOJHAETCSA MMOCTPOCHUE OOBIYHOM TpuaHrysuuu Jle-
JIOHE I10 BCEM UCXOJHBIM TOYKAaM U BXOISILIHUM B COCTAB CTPYKTYPHBIX JIMHUH.
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[llaz 2. BeITIONHAETCS BCTaBKa OTPE3KOB CTPYKTYPHBIX JIMHUAW B TPUAHTY-
aauuro. Ilpu 5TOM Ha mepBOM JTare KOHIBI 3TUX OTPE3KOB YK€ BCTABJICHBI B
TPUAHTYJIALUIO KAK Y3JIBL.

[llaz 3. BeinonusieTcss kiaccu@UKanusi BCEX TPEYTOJbHUKOB TPHAHTYJIS-
LIUY 110 NONIAJJaHUIO B 3aJaHHBIC PETUOHBL. Koney areopumma.

Bropoii 3Tamn 3Toro anropuTMa Ha MpakTUKE MOKET ObITh PEaIM30BaH MO-
pasHomy. PaccMOTpuM pa3nuyHble BapUAHTHI IPOLIEAYPBI BCTABKU OTPE3KOB.

6.3.1. BcraBka cTpYKTYPHBIX 0Tpe3KOB «CTpoi, pa3ouBas»

ANTOPUTM BCTaBKHM CTPYKTYPHBIX OTpe3KoB « Cmpoti, pazousasy sSBISET-
cs1 HauOoJiee MPOCTHIM B pealin3allii U YCTOMYHMBBIM B paboTe.

B HeM HEoO0XOAMMO, TOCIENOBATENBHO MEPEXOs MO TPEYyroJdbHUKAM
BJIOJIb BCTaBISIEMOTO OTPE3Ka, HAXOIWUTh TOUKH €ro MepeceueHus ¢ peopamu
TpuaHrysnuu (puc. 44,a). B 3Tux To4kax mepeceueHus] Hy»KHO TOCTaBUTh HO-
BbIC y37Ibl TPHAHTYJSIUHU, pa3OUB CyIIecTBymue pédpa U TPEyroJbHUKH Ha
yactu (puc. 44,6). Ilocne 3TOro Bce BHOBb MOCTPOEHHBIE TPEYTOJIBHUKH JTOJIAK-
HBI OBITH MTPOBEPEHBI HA BBHITIOJHEHHE yCIOBUs JlenoHe u mpu HEOOXOAMMOCTH
NePECTPOEHBI, HE 3aTparuBas (PUKCUPOBaAHHBIX PEOEP.

Puc. 44. BcraBka cTpyKTypHBIX OTpe3koB « CTpoH, pa3ouBas»

B HEKOTOpPBIX Cilydasix HeJOCTaTKOM JAHHOTO aJlfOPUTMa BCTABKH MOXKET
OBITh CO3[JaHUE OOJIBIIOTO YKCIIa JOTOJHUTENBHBIX y3JI0B U pEOEp TpUAHTYIIS-
muu. B TO ke Bpems B IpyTUX CIydasx 3TOT HEAOCTATOK CTAHOBHUTCS MPEUMY-
IIECTBOM, HE IO3BOJISISi 00OPa30BBIBATHCS JJIUHHBIM Y3KHM TPEyTrOJbHUKAM, YTO
0COOEHHO IIEHUTCS TPU MOJETUPOBAHUH penbeda.

Jlpyroe mpeuMyImiecTBO 3TOTO aJropuTMa BCTaBKH MO CPABHEHHUIO C TO-
CJIEYIOIIMMHU TPOSIBISETCS MPHU TIOMBITKE BCTaBKU CTPYKTYPHOTO OTpE3Ka B
TPUAHTYJISIUIO, B KOTOPOM Cpelii mepecekaeMblx UM pedbep ecTb PUKCUpPOBaH-
Hble. Takue péopa, Kak U BCe OCTAJIbHbBIE, IPOCTO pa30UBAIOTCS HA JBE YACTH.
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6.3.2. BcTaBka CTPYKTYPHBIX OTPE3KOB «YIaJISIH U CTPOI»

B anroputMe BCTaBKH CTPYKTYPHBIX OTPE3KOB « Y Iajsii U CTpOW» HEOO-
XOJIUMO, TIOCJIEIOBATENIBHO MEPEXOI MO TPEYTOJbHUKAM BJOJIb BCTABJISEMOIO
OTpe3Ka, HAlTH BCce mepecekaemMble TPEYTroJbHUKHU (puc. 45,a) U ynamuTh UX U3
TpuaHryisuu (puc. 45,0). [lpu 3ToM B TpuaHryisiuu oOpa3zyeTcst Iblpka B BU-
JIe¢ HEKOTOPOTrO0 MHOroyroyibHUKa. [locie 3TOro B TpUAHTYIISIIIUIO BCTaBISETCS
CTPYKTYPHBI OTPE30K, AEISAUIMNA MHOTOYTOJIbHUK-IBIPKY HA JIBE YAaCTU — JIEBYIO
U TIPaBYyI0, KOTOPBIE 3aTE€M 3aIlOJIHSAIOTCS TPEYTOJbHUKAaMU (puc. 45.,6).

Puc. 45. BctaBka CTpyKTYpHBIX OTPE3KOB «Y Al U CTPO»

3amnoJiHEHUE JIEBOM W MpPaBOW YacTel NBIPKA TPEYTOJbHUKAMH MOKHO
IIPOU3BECTH, MPOXOAS BIOJb €€ TPAHULBI U aHAJU3UPYS TPOWKH IOCIIEI0Ba-
TEJIbHBIX TOUEK IpaHuIlpl. ECiM Ha MecTe 3TOM TPOMKHU TOYEK MOYKHO IMOCTPOUTH
TPEYTrOJIbHUK, TO OH CTPOUTCS U TPAaHULA YKOPAuMBAETCA. TaKkOW LUKI UAET,
MOKa KOJIMYECTBO TOUEK B JICBOU U MPaBOM rpaHuUIiax O0JIbIIe JBYX.

[Tocne 3TOr0 BCce BHOBBH MOCTPOCHHBIE TPEYTOJIBHUKHU JOJIKHBI OBITH TIPO-
BEPEHBI Ha BHINIOJIHEHHUE YCI0BUs [[eroHe u mpu HE0OXOIUMOCTHU MEPECTPOECHBI,
HE 3aTparuBasi GUKCUPOBAHHBIX PEOED.

OTnenpHBIM MPEACTABISETCS CIydail, KOTJa Mpy BCTaBKE CPeaud MHOXKe-
CTBa IepecekaeMbIX pEdep HaxoAsaTcs (pUKCHpOBaHHbIE pEOpa. Bo uzbexanue
TaKOM CUTyallud MOXKHO 3apaHee ellle 10 MepBOro dTarna padoThl aIropuT™Ma mo-
CTpOCHHs TpUaHTYJSUU JleoHe ¢ OrpaHMYeHUSIMU HAaWTH BCE TOYKH Iepece-
YeHHsSI BCEX CTPYKTYPHBIX OTPE3KOB M Pa30UTh 3TUMHU TOUYKAMH OTPE3KH Ha Yac-
TU. Takyro omepanuio MOXXHO BBITIOJHUTH, HAIIPUMEpP, C TOMOIIbIO aIropuT™Ma
3aMeTaHus MIocKocTH [12].

JlpyruM BapuaHTOM yueTa IMepecekaeMbIX (DUKCHPOBaHHBIX pEOEp sBIS-
eTcs creAyomui anroput™. [1ycTs mpu BcTaBKe 04epeTHOTO CTPYKTYPHOTO OT-
pe3ka AB oOHapy>KeHO IepeceyeHre C HEKOTOPbIM (PUKCHUPOBAHHBIM PedpoM
CD B Touke S (puc. 46,a). Torna Hago pa3outh nepecekaemoe pedbpo CD Ha
nBe yactu CS u SD, takxke pa3ouB cmexHbie TpeyroibHuku ACDE u ACDF
Ha aBe yactu ACSE, ASDE u ACSF, ASDF cootBerctBeHHO (puc. 46,0). Ilo-

CJIe ATOTO 3a/iada BCTaBKH MCXOJHOTO OTpe3ka AB CBOAUTCS K JABYM BCTaBKam
pébep AS u SB (puc. 46,8).
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Puc. 46. [lepeceyenue BCTaBIsI€MOTr0 CTPYKTYPHOTO OTPE3Ka
C paHee BCTaBJICHHBIM (PMKCHPOBAHHBIM PEOpPOM

Tenepb OCTAaHOBUMCS Ha BONPOCE BIUSHUSA CTPYKTYPhI JaHHBIX HA pealiu-
3aIlMI0 aJTOpUTMa BCTaBKM «Yansid u cTpoi». Hambosiee ClI0XKHOW YacThIO
31ECh SIBJISIETCS] YJIAJICHUE TPEYTOJbHUKOB, BPEMEHHOE 3alIOMUHAHUE TPAHUILIBI
00J1acTH yJaJICHHBIX TPEYTOJIbHUKOB W Toclienyromiee e€ 3amnoiaHenue. Hanbo-
Jiee TIPOCTO ATa 3ajiavya BBIMOJIHACTCS Ha CTPYKType «Y3Ibl, péOpa U TPEyroib-
HUKWY, TJIe TTPOCTO 3aIIOMHUHAETCS CITUCOK TPAaHUYHBIX pEoep.

Ha ctpykrype «Y31bl, mpocTbie pédpa U TPEyroabHUKNUY», YaCTO UCIOJIb-
3yeMOH MpU MOCTPOCHUHN TPUAHTYJISIIUU C OTPAaHUYCHUSIMU, peOpO MpeCTaBIs-
eTCsl B HESIBHOM BHJI€ KaK TPEYTOJIbHUK U HOMEP 00pa3zyroniero pedpa, Tak Kak B
OMHCaHUM pedpa OTCYTCTBYIOT CChUTKH Ha CMEKHBIE TPEYTOJIbHUKH.

B nanHOM anroputme BCTaBKU MU yJIaJE€HUU TPEYTOTHHUKOB BO3MOYKHBI
CUTYalluM, KOTJa, YAl TPEYyTrOJIbHUKH, HEOOXOAUMO COXPAaHUTh HEKOTOPHIC
oOpasytomue nx ¢pukcupoBannbie péopa. Hampumep, Ha puc. 47,¢4ne06xo01umo
BCTaBUTh CTPYKTYPHBIH OTpe30K AB , mpu 3>TOM BOJM3U H UTCS paHee
BcTaBiIeHHOE (prikcupoBaHHOe pedbpo KL . [locne ynaneHus Bcex nmepecekacMbIxX
TPEYTOJILHUKOB JOJIKHO ocTatbes pedpo KL (puc. 47,0), 3areM HEOOXOIUMO

3aMOJHUTh TPEYroJIbHUKaMU MHOTOyroidbHuk ABKLK cneBa ot pebpa AB
(puc. 47,8).

OTMeTuM TaKke BO3MOKHOCTh BOZHUKHOBEHHUSI CUTYaIlUH, KOT/Ia BUCSYEE
dbukcupoBaHHOE pedbpo BooOIIE HEe OyAET CBA3aHO C TPaHUIEH 00JIacTU YJaIeH-
HBIX TPEYroJbHUKOB (puc. 48,a,6). Ilpu 3TOM 3amava 3anonHeHus o01acTu Tpe-

Puc. 47. Coxpanenue GpUKCUPOBAHHOTO pedpa MpH yaajeHun
TPEYTOJIBHUKOB B aJITOPUTME BCTABKU «Y NAIIAN U CTPOID»

(@)
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Puc. 48. dukcupoBaHHOE pedpo, HE CBA3aHHOE C TPaHULICH
001acTH yAanEHHBIX TPEYTOJIbHUKOB

YI'OJIbHUKAMU, 663}/CHOBHO, CYIICCTBCHHO YCJIOXHACTCA. IIo cnoxHocTH cama

OHa B ICJIOM 3KBUBAJICHTHA 3a/1a4C IMOCTPOCHUS TPUAHTYJISAIUN ,HCJ'IOHG C orpa- li

HUYEHUSIMU BHYTPHU 3aJaHHOTO peruoHa. Jlis ee pemieHus Hy)KHO BPEMEHH
yAaJuTh Memaroiiee GuKCupoBaHHoe pedpo KL W3 TpHAHTYIALUH, 3al0JHUTH
OUHMIIEHHYIO 00JIaCTh TPEYTOJIbHUKAMH, a 3aT€M MOBTOPHO BCTABUTh paHEE y/a-
JeHHbIe pukcupoBaHHBIE pEOpa (puc. 48,8).

6.3.3. BcraBka cTpykTypHbIX 0Tpe3koB «llepecTtpauBaii u cTpoin»

OcHOBHas ujaes aiaropuTMa BCTaBKU CTPYKTYpHBIX OTpe3koB «llepe-
CTpauBail U CTPON» 3aKIIIOYAETCS B IONBITKE YMEHBIICHUS KOJIMYECTBA IEpece-
KaeMbIX pEOep, nepecTpanBasi napbl COCEIHUX TpeyFOHLHﬂq}: JI0 TeX 1Op, MOKa
HE OCTAHETCS HHM OJHOI0 IIEPECEKAeMOro TpeyrojapHuka (puc. 49,a—e), T.e.
BCTaBJISIEMBI CTPYKTYpPHBIM OTPE30K HE CTAHET YXKE CYIIECTBYIOLIUM peOpom
TpuaHryasuuu (puc. 49.2).

CaMbIM TJIaBHBIM HCIOCTATKOM 3TOI'0 aJITOPUTMaA SBJIACTCA BO3MOKHOCTD

L

00pa30oBaHMs TYNUKOBBIX CUTYyallMil, KOTJa JajdbHEHIINE EPECTPOCHUS Map co( a)

CEIHUX TPEYTrOJbHHMKOB HE YMEHBIIAKT YHCIA NEPECEKAEMBIX TPEYTOJIbHUKOB
[Ipumep Takou cutyauuu npuseneH Ha puc. 50,a. s paspemieHus CUTyamnun,
KOTJ]a HENb3s1 BBIIOJIHUTH IEPECTPOCHUE TPEYTOIBHUKOB C YMEHBIICHUEM YHUCIIA

Puc. 49. Ilpocroe nepecTpoeHue TpeyroabHUKOB B aJITOPUTME BCTaBKU
CTPYKTYPHBIX O0Tpe3KoB «IlepecTpanBaii u CTpoi»
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Puc. 50. MoauduinmpoBaHHOE MMEPECTPOCHHUE TPEYTOILHUKOB B aJITOPUTME
BCTAaBKU CTPYKTYPHBIX OTpe3KoB «IlepecTpauBaii u cTpon»

nepecevyeHnii, HeoOX0AUMO TEepecTpauBaTh T€ MEpPeceKaeMble Mapbl TPEYroib-
HUKOB, Ybs 0O0IIas CTOpOHAa 00pa3yeT MaKCHUMAJbHBIM yroji cO BCTaBIISIEMBIM
CTPYKTYpHBIM peOpom. 1 Tak 10 Tex mop, noka He o0pa3yoTcs napbl CMEKHb
TPEYroJIbHUKOB, YbU MEPECTPOCHUS] YMEHBIIAT YHUCIIO MepecedeHuil peoep.
puc. 50,a TakuM pedpoM (Cpellr TeX, YbH CMEXHbIE TPEYTOJIbHUKU MOYKHO Tie-
pecTpouTh) sBisieTcss AB, mo3ToMy OHO U mnepectpauBaercs (puc. 50,6). Ilocne
ATOTO BBIMOJHSIIOTCA OOBIYHBIE MEPECTPOCHUSI C YMEHbBIICHUEM IEepPECeUCHU

(puc. 50,6-3). a
Crnyuaii, Kor/1a BCTaBJISIEeMBIH CTPYKTYPHBI OTPE30K TepeceKaeT yxKe pa-

Hee BCTaBJICHHOE (PMKCHPOBAHHOE pedpo, MOIDKEH 00padaThIBaThCA TaK K€, Kak
Y B IPEABIAYILEM aJITOPUTME BCTABKU «Y NAIISIA U CTPOD.

Tpyno€MKOCTH BCEX TPEX PACCMOTPEHHBIX AJITOPUTMOB BCTABKU COCTaB-

2
JSA0T B Xyamem ciydae O(M°), rae M — KOJWYecTBO Y3JI0B B TPHAHTYJISIINH

MOCJIe 3aBepIIeHUsI pabOThl aITOPUTMA TPUAHTYJISIIMK C OTPAHUYCHUSIMU. 3ame-
THUM, 4TO TIPU OOJIBIIOM KOJIMYECTBE B3aUMHBIX MEPECEUCHUM CTPYKTYPHBIX JIH-
HUI 3Ta omeHka coctasnser O(N'), rae N — KOIMYECTBO MCXOMHBIX TOYEK M

BEPILINH UCXOAHBIX CTPYKTYPHBIX JTUHHM.

OueHka TpyJOEMKOCTH B CPEIHEM OYEHb CHIIBHO 3aBUCUT OT paclpeje-
JIEHUS CTPYKTYPHBIX JUHUN. ECIM MX KOJIMYECTBO HEBEIMKO U OHM MaJlo Iepe-
CEKaIOTCs MEXKIy co00i#, TO 00Iasi OlleHKa TPYJOEMKOCTH MOKET COCTABHUTh
O(N).
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6.4. Knaccudpurkanus TpeyrojibHUKOB

Tenepp paccMOTPUM TPETHUM ATAIl MOCTPOEHUS TPUAHTYJISILUHA C OTPAaHHU-
YEeHUSIMU — 3a/1auy KJacCU(UKAIUMU TMOJYYEHHBIX TPEYTOJIbHUKOB TPUAHTYJIS-
{1 I10 IIPU3HAKY UX MONAaJaHUA BHYTPb 3aJaHHBIX PETHOHOB.

B mpocreiimem ciydae MOXHO ISl KaXJIOTO OTHEJIBHO B3SITOrO Tpe-
yTOJIbHUKA BBIOpATh JIIOOYIO0 TOUKY BHYTPU HETO U MPOBEPUTH €€ Ha MonagaHue
BO BCE 3a/IaHHBIC PETUOHBI. TPyN0EMKOCTh Takoil onepanuu cocrasisieTr O(M ),

rae M — 4ducio Todek B rpaHuie peruoHa. Torma obmas Tpyno€MKOCTh alro-
putMa knaccudukanuu coctaBut T(N,M)=O(NM).

MoxHo noctynuts no-gpyromy [15]. IlycTe mis kaKaoro TpeyroibHUKa
HE00X0IUMO BBICTaBUTH Npu3Hak C; =1, ecau OH MomagaeT BHYTPb KaKOIro-

au6o pernona, u C; =0, eciu Het. [Ipeanonoxum, 4To Npu BCTaBKE CTPYKTYp-

HBIX JIMHUM, TIPUHAJJICKAIIUX TPaHUIIaM PETHOHOB, JJIs KaXJA0ro (PUKCUpOBaH-
HOTO pedpa 0TMeYaJoch, K KAKOMY PErMOHY OH OTHOCUTCS. [Ipu 3TOM BO3MOXK-
HO, YTO OJTHO U TO XK€ (PUKCUPOBAHHOE PEOPO MOKET OTHOCUTHCS K HECKOJIbKUM
pervoHaMm ofHoBpeMeHHO. Kpome Toro, ecim rpaHuiia HEKOTOPOTO PErHoHa
IPOXOJUT Yepe3 KaKoe-TO pedpo MHOTOKpPATHO, TO 3TO KOJIMYECTBO MPOXOK/Ie-
HUW TakKe JOKHO OBITh OTMEueHo. B OyayieMm mpu paccMOTpeHUHU momnajaa-
HUS TPEYTOJIBHUKOB B PETHOH MBI OyJIeM UTHOPUPOBATH p€Opa C YETHBIM KOJIH-
YECTBOM MPOXOKACHUI B COOTBETCTBUH C ONIPE/IETICHUEM PETHOHA.

Aneopumm onpedeﬂeHuﬂ NnonaodaHus mpeyecojlbHUKOS 6 3A0AHHbL pecUoOH

[TycTh naHa TpUAHTYISIIUS U U KaXKI0T0 (PUKCUPOBAHHOTO pedpa 0TMe-
YEeHO, CKOJIBKO pa3 TpaHulla JaHHOTO PErHoHa MPOXOIUT uepe3 pedpo.

Hlae 1. Jlnsg KaXaoro TpeyrojbHUKAa OOHYJINUTh NPHU3HAK MOMAJaHUs
BHYTpb peruona C, :=0.

Illaz 2. OtmeuaeMm R =1 Bce (ukcupoBaHHbIE PEOPA, IO KOTOPBIM Ipa-
HUIIA PETMOHa MPOXOAUT HEYeTHoe 4ucio pa3. OcranbHble péOpa OoTMEdaeM
R =0.

14
laz 3. Jlna xaxnporo pedbpa ¢ R =1 mpoBepseM ABa CMEXHBIX Tpe-
yroneuuka I, u T, . Ecmu C, =0 u C, =0, To ompezemnsieM, MOMafacT U TPe-
YroJIbHUK 7, BHYTPb peruoHa (IpocTast MpOBEpKa MOMNaJaHus [ICHTPa TPEYToJIb-

HUKa B peruoH). Ecnu nomazgaer, To BbIONHAEM 1Iar 4, HAUWHAS C TPEYrOJIbHU-
Ka T, , ’Ha4e BBIIOJHSACM LIar 4, Ha4YMHas ¢ TpeyroabHuka I, (puc. 51,a).

Llaz 4. BBINOJIHSEM TIOUCK BCEX TPEYTOJIbHUKOB B 33JJaHHOM 3aMKHYTOU
00J1aCTH AJITOPUTMOM PAcTPOBOM 3aluBKU ¢ 3arpaBkoit [13]. [Ipu aToM rpaHu-
el 00sacTH 3aJIMBKU ABIIOTCS péOpa ¢ R :=1. Kaxnplil HalijeHHBIA Tpe-

yronbHuK otMedaeM C; =1 (puc. 51,6). Koney arcopumma.
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Puc. 51. Kmaccudukanus TpeyroibHIUKOB

Tpyno€MKOCTh MEpBOTO M BTOPOTO IIara JaHHOTO ajJrOpUTMa COCTaBIISET
B cymme O(N). Crnoxuocts mara 3 pasHa O(MR), rae R — konu4ecTBo pEdep B

rpaHuiie, a M — KOIM4eCTBO HECBA3AHHBIX o0nacTed B peruoHe. TpyaoEMKOCTh
miara 4 coctasisier O(T), rne T — o01iee KOJIUYECTBO TPEYTOJbHUKOB BHYTPH

peruona. Takum o0pa3om, Tak kak O(T) = O(N), To obmas TpyaoEMKOCTh JaH-
HOTO aJirOpUTMa KilacCu(pUKaIMU TPEeyroJbHUKOB cocTaBisieT O(N + MR+ 1) =
=O(N + MR).

Ecnu B Hamiew TpUaHTyJISIUMU IPUCYTCTBYET K PETMOHOB, TO TaHHBIN aJl-
TOPUTM HY)XHO TIPUMEHUTH K pa3 u 001mas Tpya0EMKOCTh KIacCH(PUKAIIUUA CO-
ctaBut O(KN + KMR). PaccmoTpuM MOIU(UKAIIMIO 3TOTO aJITOPUTMA, IMO3BO-

Js01Iy0 0oJiee 3P(HEKTUBHO BBITIOJIHATH KIaCCU(DUKAIMIO HECKOJIBKUX PETHo-
HOB.

Aneopumm maccud)ukauuu mpeycoJjibHUKO8 nNo pecuoram

ITycTh naHa TpUAHTYJISAIUS U U1 KaKI0ro (MKCHPOBAHHOTO pedpa oTMe-
YEeHO, CKOJIbKO pa3 IpaHMIla KaKOro peruoHa Mpoxoaut depes pedpo. Ilo pe-
3yibTaTaM pabOThl 3TOTO AJrOPUTMA JUIS KaXA0ro TPEyrojbHUKA OyJeT MOiy-
YEH CIIMCOK PErMOHOB, K KOTOPBIM OH ITPUHAJICHKUT.

Ilaz 1. [1511 KaX/10T0 TPEYrojJbHUKA OOHYJIIEM CIIMCOK PErHOHOB S, = .

Bce pebpa Tpuanrynsnuu ormedaeM R, :=0.

Ilaz 2. ]na xaxporo peruoHa P, GopMHpyeM CIHCOK (PUKCHUPOBAHHBIX

p€6ep, 0Opaszyromux ero rpanuily. [IpuueM B CIUCOK BKIIIOYAEM TOJIBKO Te pEO-
pa, 1o KOTOPHIM TpaHUIla PETHOHA MPOXOIUT 0 pedpy HEYSTHOE YHCIIO pas.

Illaz 3. BeimonHseM 1war 4 B LuKJe Ui BceX peruoHoB B, k=1K .

Ilaz 4. OtmeuaeM R, =k Bce ¢ukcupoBaHHble pEOPaA, MPUHAIEKAIUE
TeKylleMy peruony F,. Jlamee i Kaxaoro oTMEYEHHOro pebpa mpoBepseM
iBa CMeXHBIX Tpeyronbhuka I, u T, . Ecim F, ¢S, u B ¢S, , TO onpegensewm,

1

(a)
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MOMajaeT JIU TPEYroNbHUK I; BHYTPh PErHOHA (IPOCTasi MPOBEPKA IIOMAJAHUS

IIEHTPa TPEYTOJIbHUKA B PETHOH). Ecii momamaer, TO BRITIONHSAEM Iar 5, Ha4u-
Hasl ¢ TPEYroybHUKa 7, , MHAYe BBIMONHACM LIar 4, HAYMHAs C TPEYToJbHUKA T,
(cm. puc. 51,a).

[llae 5. BBINOMHIEM MOUCK BCEX TPEYTOJIBHUKOB B 3aJJaHHOW 3aMKHYTOU
00JaCTH aJTOPUTMOM PAaCTPOBOM 3aJUBKH C 3aTpaBkoil. [Ipu 3TOM rpanwmiieit
00JIacTH 3aJIUBKM ABIAIOTCS péOpa ¢ R =k . JInd Kaka0ro HalMAEHHOTO Tpe-

yroipHuKa 7; BKIIOYaeM B CIIUCOK S; peruoH P, . Kouey ancopumma.

B sTOoM anroputme TpymoeMKocTh nepBoro mara coctasisier O(N), BTO-

K .
poro — O(N + Zk:]R ), TIe R, — KonnuecTBo pEOep, COCTABIAIONIMX TPAHUILY
peruoHa P, . TpyloeMKOCTb TPETbEro M YETBEPTOrO IIArOB COCTABISET
OR, +M, -R +1,)= =OWM,-R, +T,), rne M, — KOINYECTBO HECBA3aHHBIX
obnacTeil B peTuoHe, a 7, — o0l1ee 4uciI0 TPEYyroJbHUKOB BHYTPU pETHoHa b, .

Takum oOpazoM, o0Omas TPyAOEMKOCTh aJIrOPUTMa  COCTABIISAET
K K K X
O(N + Zk:le) + zk:lO(Mk 'Rk + Tk) =O0(N + Zklek ) Rk + Zklek) . Ilpm

YCIIOBUH, UTO PETHOHBI HE MIEPECEKAIOTCS MEXTy COOOM, a TpaHUIla KaXI0TO pe-
THOHA HE MPOXOJUT JIBAX/Ibl Y€pPE3 OJTHO U TO ke pedpo, MmoaydaeM oOIIyIo Tpy-

TOEMKOCTb, paBHY0 O(N + Kf M,-R)=0O(N).
k=1 k k

B 3akmrouenue sToro pasmena oOpaTUM BHUMAaHHE, YTO JUTSI COKpPAICHUS
BpEMEHHU KJIaCCH(PUKAINHA HEOOXOIUMO YMEHBIIATh KOJUYSCTBO y3JI0B B TPUAH-
TYJSIAA ¢ OTPAaHUYEHUSMH. B CBS3M ¢ ATUM OTMETHM, YTO MPUMEHEHHUE ajro-
pUTMa BCTaBKU CTPYKTYPHBIX OTpe3koB « CTpoH, pa30ouBas» He )KellaTeIbHO, TaK
KaK OH IOPOXKIACT 3HAYUTEIHLHOC KOJUYCCTBO JOMOTHUTCIIBHBIX Y3JI0B U pEoep
TPUAHTYJISAIMU, & MO3TOMY CYIIECTBEHHO YBEIMYUBACT BPEMS IOCIICTYFOIICH
KJ1accu(puKaIum.

6.5. BoiiesieHHe PerMOHOB U3 TPUAHTYJIAUMN

3amaya BbIIENICHUS PErMOHOB U3 TPUAHTYIIALMH SIBISIETCS OOpaTHOM 1O
OTHOLIEHUIO K Ipeabiayiel — 3agade kinaccugukauni. OHa UCHONIb3yeTCs IpH
pElIeHUH PAa3IMYHbIX 3a]a4 IPOCTPAHCTBEHHOT'O aHajiu3a Ha IUIOCKOCTU U MO-
JETUPOBAHUHN ITIOBEPXHOCTEN, ONTMCHIBAEMBIX B I'J1. 8 U 9.

Onpeodenenue 20. IlycTh 1aHa HEKOTOpask TPUAHTYIISLUIO U KaXKIOMY Tpe-
YrOJIbHUKY B HeW comocTraBieH HekoTopslil kon C.. B 3a0aue evioenenus pe-

2UOHO8 U3 MpUaH2yIayuy Heo0X0IUMO 0OBEIUHUTH BCE TPEYTOJBHHUKU C OIH-
HAaKOBBIMM KOJIaMH B PETUOHBI (puc. 52).

JI1g pelenust 3Toi 3a/1a4v MOXKHO MCTOJIb30BATh CIEIYIOIIAN AJITOPUTM,
npeIoKeHHbIN B [15].
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Puc. 52. Boienenne peruoHOB U3 TPUAHTYJISIIUA: d — UCXO/IHBIC
KJacCU(UIIMPOBAHHBIEC TPEYTOJIBHUKH; O — BhIACICHUE PEOED;
6 — 00beAMHEHNE pEOEP B PETHOHBI 4

Aneopumm gvidenenus pecuoHos uz mpuanyAauuu. 4

Lt
Hlae 1. Ins kaxnoro TpeyroiabHuka 7'; yctaHOBUTH npu3Hak D, B 0. O0-
HYJIUTh CIHMCOK KOHTYpPOB T'OTOBBIX PErMOHOB R, =(J,i =Z]E, r7e KOJIMYECTBO

pasHbIX KO0B C;, T.€. UCKOMBIX PETHOHOB. 1 4

[llaz 2. Haittu Bce pEOpa, KOTOpbIE€ BOMAYT B PE3YJIbTIHPYIOIHUE PETUOHBI,

T.€. p€0pa, UMEIOIINE CMEKHbBIE TPEYTOJbHUKH C PA3HBIMU KOAaMuU pnc.jfﬁ). 4

[laz 3. [T xaxaoro TpeyroiabHuka I'; ¢ D, = OWBBINOIHUATE ar # ¢ Te-

KyLIUM TPEYTrOJIbHUKOM ;.

llaz 4. HaunHas ¢ TEKyIIEro TpeyrojibHUKa 4, MGTO%-M 3anél§KH (kak

B QJITOPUTME 3aJIUBKU PACTPOBOI 00JIACTH METOJOM 3aTPABKH J IOCTPOUTD CITH-
COK CMEXHBIX TPEYroJbHUKOB S ¢ koaoM C, . Jlis Bcex TpeyrojbHUKOB B S yc-

TtaHoBUTh D; =1. CocTaBUTh CIMCOK B pEOep TpeyroNbHUKOB, HE PA3AEIISIOIINX

JIBa TPEYTOJIbHUKA U3 3TOT0 CHHUCKA. B3sSTh npousBosibHOE peOpo u3 cniucka B u,
UCIIOJIb3YsI CTPYKTYPY TPUAHTYJIALMU, 000NTH Mo péOpam U3 crucka B KOHTYP.
Ipoiinennsle pé6pa yaamuTh u3 ciucka B. [Toka crucox B ve nydr (hiionHats
00X0/1bI JJI TMOMCKA OCTABIIMXCSl KOHTYPOB. BhijienneHHbie KOHTYphl 100aBiiseM
B cliMcoK R. Koney aneopumma.

TpynoéMkocTs paboThl 11ara 4 aJropuT™Ma ONpenensieTcs U3 Tpyna0EMKO-
CTH aJTOPUTMOB 3aTpaBKU U OOXOMOB. AJITOPUTM 3aTPaBKH, BBIAEIHUB f, Tpe-

yTOJIBHUKOB, pabotaeT BpeMsa O(f,). Otu TpeyroabHuku uMmeror O(t,) pédep, u
ux o0xon 3aiMET Bpems O(?,). IloaTomy oOmas Ci0KHOCTB 11ara 4 cocTaBiIsieT
o(t).

Torma obmas Tpya0EMKOCTh BCETo aroputMa coctout u3 O(N) Ha mia-
rax 1-2 u Zil O(t,) na marax 3—4. A Tak Kak Zil t, =M, rne M — oOuiee ko-
JMYECTBO TPEYTOJbHUKOB B TPHAHTYJIISAINHU, TO CIOXHOCTh aJlTOPUTMa BBIJEIIe-
HUS pEeruoHOB cocTaBisier O(M) + Zil O@t)=0(M)=0(N).

3
4



I'naBa 7. OnrumMajibHass TPUAHTYJISALUA

7.1. TouHbIN AJATOPUTM

Kak ckazano B . 1.1, nog onmumansroil TpUaHTyJISIIIME OOBIYHO MOHU-
MarOT TPUAHTYJISLUIO C MUHUMAIBHON CyMMapHO# JJIMHOU pedep.

B pabote [60] Obu10 OKa3aHO, YTO 3ajaya MOCTPOEHUSI TAKOW TPUAHTY-
asuuu siBisiercss NP-TpynHOM, XOTs TOUHOTO JI0Ka3aTeNbcTBa JaHHOTO (pakTa B
HacTosIIee BpeMs He moiaydeHo. [loaTomy mis OOJMBIIMHCTBA pealibHBIX 3a7ad
CYHIECTBYIOIIAE AJITOPUTMBI TOCTPOEHUSI ONTUMAIIBHON TPUAHTYJISIIAA HENPU-
€MJIEMBI BBUY CJIIMIIIKOM BBICOKOW TPYJIOEMKOCTH.

ITo cyTu, 110060 TOYHBIN AITOPUTM MOCTPOCHUS ONTHMAJIBHOM TPUAHTY-
JSIUUU BBIHYXKICH pealn30BaTh MOJHBIN mepedop BCEX BO3MOXKHBIX TPUAHTYIIs-
LW, YTO Ccpa3y K€ MPUBOJUT K SKCIIOHEHIHAIBHON TPYJOEMKOCTH AJITOPUTMA.
TeM He MeHee MPUBEACHHBIN HUKE allTOPUTM IO3BOJISIET HECKOJIBKO COKPATHUTh
oO1iee BpeMs palbOThl 1O CPABHEHUIO C IMOJHBIM MEpedOpOM BCEX BO3MOKHBIX
TPUAHTYJISIIIUM, TIPU 3TOM OCTaBasICh aJITOPUTMOM C SKCHOHEHIMAJIBbHOM TPYIO-
E€MKOCTBIO B XYIIIEM CIIy4ae.

Obmas cxema pabOTHI aNropuTMa HAIIOMUHAET JKaTHBIA adroput™M. BHa-
qajie CTPOMUTCS BBIMyKJas 000JI0YKa BCEX HMCXOMHBIX TOYEK. 3aTEM aJTrOPUTM
(bopMHpYET TOJHBIN CIIMCOK BCEX BO3MOXKHBIX peOep TPUAHTYJIISIUU, HE CUUTAS
TeX, KOTOphIE YK€ BOIILIU B BBIMYKIYI0 000y0uKy. Jlaee 3amyckaercs peKyp-
CUBHAas MPOIEAypa BCTABKU PA3IMYHBIX pEOEP U3 MHOXKECTBA €II€ HEe BCTaBJICH-
HBIX pedep. [Ipu BcTaBke HEOOXOUMO MTPOBEPUTD, YUTOOBI OUEPETHOE BCTABIICH-
HOE pedpo He MEPECEKAIOCh HU C OJTHUM U3 PAHEE BCTABJICHHBIX.

Pabota pexypcuBHOI npoueaypsl J0JKHA OCTAHABIUBATHCA B IBYX CIIy-
yasx. Bo-nepBbIX, Korjga Bce pedpa TpUAHTYIALUU OyAYyT HOCTPOEHBI, T.€. NPU
JOCTUKEHUH TIyOMHBI pEKYPCHH, paBHOM 4KMCIy BHYTpEHHUX pEOEp B TPUAHTY-
asun 3N —2-C -3, rne C — 4ucio y3JI0B Ha BHEIIHEH I'paHUIle TPUAHTYIIS-
1uu. Bo-BTOPBIX, KOTJIa TEKYIIUA YaCTHYHO MOCTPOCHHBIN Tpad) TPUAHTYIISIINH
y>K€ UMEET JJIMHY OOJbLIe, YeM Y JIydlled MpeAblaylleld HalIeHHON TpUaHTy-
JAUAA. DTOT AITOPUTM MOXKHO HECKOJIBKO YJIYyUYIIUTh, €CIIM BHAYAJIE TOCTPOUTH
TpUaHrysiuuio [lenone, TeM caMbIM, NOJY4YUB rpyOyr0 BEPXHIOK OLEHKY CyM-
MapHOW JJIMHBI PEOEP ONTUMAIBHON TPUAHTYJSLUMU. DTO MO3BOJIMT HE IMpOBE-
PATH MHOTOYHMCIIEHHBIE BAPUAHTHI, JAIOIIKUE PE3YJIbTAThI 3aBEAOMO XYAIINE, YEM
TpuaHryysinus /[lenone.

[Ipexxne yem popmanpbHO OMHUCATh aANTOPUTM, OTMETHUM, YTO OH OIEPUPY-
€T TOJbKO p&Opamu U y3namu. [Ipu 3ToOM TpeyroabHUKHN KaKk 0OBEKTH B JAHHOM
anroput™me He Gurypupyror. IMeHHO O3TOMY IJIsi TOYHOTO ajdropuTMa Hanbo-
Jiee MPEANOUYTUTETHHBIM SIBIIICTCS WCIIOJIB30BAHUE CTPYKTYP JAaHHBIX O€3 Tpe-
YTOJIbHUKOB, B YaCTHOCTU CTPYKTYPHI « Y316l U péopa» (cMm. m. 1.3.2).
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AJZZODMWM/I MOYHO20 NoCmpoOerUs ONMUMAIbHOU mpuar2yJiAuuu.

[llaz 1. Ha 3a7aHHOM MHOKECTBE TOYEK CTPOUM TPHUAHTYJALMIO [[enoHe
u omnpezaensieM L — cyMMapHyo JUIMHY €€ péoep. DTa BelnuunHa OyJeT MepBoi
BEPXHEH OLIEHKOH JIMHBI pEOEp ONTUMAIBHON TPUAHTYISIUU, KOTOPast AOJHKHA
NOCTENEHHO YJIy4YIlIaThCa M0 X0y padboThl anroputMma. [locTpoeHHyt0 TpHaHry-
JALUIO [{eJIoHe 3aIlOMUHAEeM B Ka4eCTBE JIyYIIEero HAalAEHHOr o pereHus 7.

llaz 2. CtpouM BBIMYKIYIO0 0005104Ky C Ha MHOYKECTBE UCXOJHBIX TOUEK.
Pé&6pa, oOpa3zyroliue BBIMYKIYI0O 000J0YKY, BOWIYT B ONTHUMAJIbHYIO TPUAHTY-
JSUUIO, TOATOMY IMoMeniaeM pEOpa BBIMYKION O00JIOYKK B PE3yJIbTUPYIOLIEE
MHOXECTBO p&oep R.

Illaz 3. T'enepupyem MHOXKeCcTBO U BCeX BO3MOXKHBIX PEOEp TpHUAHTYJIS-
[IMU, KOTOPBIEC Jjajiee B PEKYPCUBHOM mpolneaype OyaeM 1Mo ouepeau 100aBIsTh
BR:U={(N,,N;)},i#j,(N;,N;)&C.MHoxectso U copTupyem Io Bo3pac-
TaHuto IIUH pEdep. Pazmep muoxkectBa U Oyzaet paseH N(N —1)—c, tne ¢ —
KOJIMYECTBO PEOEP, BOMICAINX B BRITYKIYIO O00IOUKY.

Lllae 4. Bei3siBaeM pexypcuBHyto npoueaypy IHouck(R, L, U).

IIpoyeoypa Ilouck ( R, LU ). ApryMeHTbI UMEIOT CMBICII:
E — rpad) 9acTHYHO (GOPMHUPOBAHHOM TPHAHTYIISILIUH,
L — cymmapHas juHa péoep rpadga R;
U — pé6pa, KoTOpble MOXKHO J00aBJISITH B R.
[laz . Ecin L >= L, TO BBIXOJIUM U3 NPOLIEAYPHI.
lllaz 2. Ecau xonudecTBO peOEP R paBHO yucity pédep B 7, 3Ha-
YUT, HAWJIEHO JIydYlllee pEIIeHHE, KOTOPOE CJEeAYyeT 3allOMHHUTH:

T =R, L:=L,nocie 4ero BbIXOJIUM U3 MPOLIEAYPHI.

Llae 3. B nukie IpoBEpsieM Kax10e pebpo r B U. Ecin pebpo r

MepeceKaeT HEeKOTopoe B R, To ynaisieM » u3 U . lHaye BBINOJIHSA-
€M ClIeIyrouee:

Illac 3.1. Y nanseMm r u3 5, 00aBiIsIEM ¥ B R . YBenuuuBaem
JOCTHTHYTY!0 CyMMapHy[0 IuHYy p&bep Ha JUIMHY pebpa r:
L=L+I.
Illae 3.2. PexypcuBHO BbI3bIBaeM Ilouck ( R, L, U ).
[llae 3.3. Ynpangem r u3 E, 100aBIIsIEM ¥ B U . YMeHbIIaeM
JOCTUTHYTYIO0 CYMMapHyo JUIMHYy p&bep: L =L -/, .

Komney npoyeoypur Houck.

Kouneu ancopumma.

Kak 6p110 cKazaHo Bblille, TPUBEACHHBIA TOYHBIA aITOPUTM MOCTPOEHUS
ONTHUMAJIbHOW TPUAHTYJISILUUU O0JIaJIaeT SKCIOHEHIMATILHON TPYJIOEMKOCTBIO, a
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IIOTOMY Ha CYIIECTBYIOLIEH B HACTOSIIIEE BPEMs BBIYMCIHUTEIIBHOW TEXHHUKE B
pa3yMHbIE CPOKH CIIOCOOEH MpOCUUTaTh 3ahady ¢ He Oosee yem 30-50 y3namu.
JIyist GoJibIIEro Yucia y3J10B NPUXOAUTCS MPUMEHSTh IPYTUe BUIbI TPUAHTYJIS-
UM, JarolIKe NpUOIKEHHBIE PE3YJIbTATHI.

B 3axiroueHune 1aHHOro paszena pacCMOTPUM €LIE OAUH PACIPOCTPAHEH-
HBIM BUJ TPUAHTYIIALMH: ONMUMATLHYIO MPUAHSYIAYUIO C 02PAHUYEHUAMU, KO-
TOpasi aHAJIOTUYHO TPUAHTYJSIUHU J[enoHe ¢ orpaHMYeHUsMU TpeOyeT, 4TOObI
HEKOTOphIe pEOpa 00s13aTeNIbHO BOIUINA B TPUAHTYIAIUIO (cM. 1. 6.1). [Ipu aTOoM
ONTUMAaJbHasl TPUAHTYJALNSA C OTPAaHUYCHHUSIMH 00JIaaeT MUHUMAJIBHON CyM-
Mol p€Oep cpear BceX BO3ZMOXKHBIX TPUAHTYJISALINM, KOTOPBIE COJEPKAT 3apaHee
3a/1aHHBIe pEOpa.

TouHBII anrOpUTM MOCTPOCHHS ONTUMAIBLHOW TPUAHTYJISIIMU C OTPaHU-
YEHUSIMU TPAKTHUYECKH COBIAJACT C MPUBEJCHHBIM BBINIE AJITOPUTMOM, 3a HUC-
KJIFOUEHHEM I1ara 2, Ha KOTOPOM Mbl JIOJDKHBI 3apaHee MOMECTUTh MCXOJIHO 3a-
NaHHbIe pEOpa-orpaHUueHUs B pe3yibTUpYIollee MHOXKeCTBO pédep R. Tpyno-
E€MKOCTh TaKoOro MOAM(PUIMPOBAHHOTO alrOPUTMa, OYEBUIHO, TaKxke Oynaer
HKCIIOHEHIIMATBHOM, TTOATOMY /Uil MPAKTHUKU HYXHBI TPUOIMHKEHHBIE aJlTOPUT-
MBI TIOCTPOCHHS ONTUMAJILHON TPUAHTYJISIMU C OTpaHUYeHHUsIMU. B 3T0#l ponu
HauOoJiee YacTO MCHOJB3YETCS JHCAOHAS MPUAHSYIAYUS C O02PAHUYEHUAMU W
mpuan2ynsayus /lenone ¢ oepanuyenusmu (cm. 1. 6.1).

7.2. KBa3zukaHast TPUAHTYJISALMS

N3-3a kpaliHe BBICOKOW (IKCIIOHEHIHAIBHOW) TPYJIOEMKOCTH 3aJa4d IO-
CTPOCHUS ONTUMAJIbHON TPUAHTYJISALIMMU HA MPAKTUKE MPUMEHSIOTCS Pa3IudHbIE
npuOIMKEHHBIE aNropuTMbl. Tak, B KayecTBe MNPUOIMKEHUNA ONTUMAaIbHOU
HamOoJIee YaCTO UCTONB3YIOTCS KaJHAasl TPUAHTYJISIIUS U UHOT/Ia TPUAHTYJISIIUS
Henone. Onnako B pabore [42] mokazaHo, UTO CymMMapHas JyinHa pédep B Tpu-
aHTyJAuu Jlemone MoxxeT ObITh MO KpaitHel mepe B (Q(N) pa3 Oosibliie, yeM B
ONTHUMAJIbHOW TPUAHTYJSALMHU. HECKOJBKO Jydllle cuTyamus ¢ )KaaHON TPUAHTY-
asuuedt. B [50] mokazano, uto jqmnHa e€ pédep moxeT ObiTh B O(+/N) pa3
OoJblle, YeM B ONTUMAJIBHOW TPHAHTYJISALMK, HO He Oosbiie. Kcratu, u3 3Tux
(GakToOB HE CIEyeT, 4TO >KaaHas TPUAHTYJISIHS BCETJa JIydllle TPUAHTYIISAINH
Jlenone B cMmbiciie onTuManbHOCTH. B cTaThe [52] mokaszaHo, uTo anuHa pedep B
YKAJHOW TPUAHTYJIALMU MOXKET ObITh B (2(+/ N) pa3 Oomblie, 4eM B TPUAHTYIIS-
uuu Jlenone.

[IpuBeieHHBIC BBIIIEC OLICHKU BEPHBI JIJIsI MMPOU3BOJILHBIX HAOOPOB TOUEK.
B ciiyuae e ecnu y3Jbl TPUAHTYJIAIUN TOAUYUHSIOTCS PAaBHOMEPHOMY pacrpe-
JEJCHUI0, TO CyMMapHas JjiuHa péOep jKaTHOW TPUAHTYJIAINN U TPUAHTYJISIINH
JlenoHe oTiMyaeTcs OT ONTUMAJILHOM He 0oJsiee YeM B KOHCTaHTy pa3 [26,53].

Hpyroii xopouuii npuOIMKEHHBIN aITOPUTM MPEJCTaBIeH B padore [62].
OH HaxoAWT TPUAHTYJIALMIO, Ybs JUIMHA pEOEp OTIIMYAEeTCs OT ONTHUMAaJbHOM



OnTrManbHas TPUAHTYJIALMS 85

Tpuanryssiiuu He Oosiee yem B O(log N) pas. Ilpu sToM Tpymo€MKOCTh ajiro-
purMma coctaBisier O(N>logN).

JlydimuM jk€ W3BECTHBIM MPUOIMKECHUEM ONTUMAIBHOW TPHAHTYJISIINU
SBIISICTCSL KBA3UNCAOHAsL mpuan2yiayus, onucanHas B [51], oHa oTiuyaercs 1o
JUTMHE He 0oJiee YeM B KOHCTAHTY pa3 OT ONTHMAaJIbHOW. BaxHOE JOCTOMHCTBO
ATOW TPUAHTYJSIIMM B TOM, YTO OHA MOJXKET OBITh MOCTPOCHA BCEro 3a BpeMs

O(N*logN).

AJNTOPATM NOCTPOEHHUS KBa3WKAJHOW TPUAHTYJISIUUNA HE3HAYUTEIBbHO OT-
JMYaeTcst OT OOBIYHOM XKaAHOU TPUAHTYISAIUU. PaccMoTpuM ero.

Aneopumm nocmpoernus keasuxcaonou mpuanyviaauuu [511.

B anroputrme TepMHUHOM Ouazonans 0003HAYaETCs JI000€e pedpo MOJIHOTO
rpaga, KoTopoe eI He BOIIO B CTPOSIIYIOCS TPHAHTYJISIUIO U HE NIEepeceKaeT
HH OJIHOTO paHee MOCTPOSHHOTo pedpa.

Illae 1. Brayane B TpUaHTYJAIMIO TIOMeEIaeM Bce pEOpa, BXOIAIINE B
BBITYKJTYIO 000JIOUKY UCXOJHBIX TOYEK.

Illae 2. B nukie no6asisieM pédpa B 4aCTUYHO TOTOBBIN rpad G, moka He
NOJIYYMM TPHUAHTYJIALIMIO0. [ 3Toro Haxoaum B yactuyHoM rpade G auaro-
HaJIb MUHAMaJIbHOU JUIMHEI (V,u,). Ecnu Bce cieqyromue 6 yCciaoBH BEPHBIL, TO

nobasisieM B rpad G pedpo (v,,u, ), uHaue pedpo (v;,u,) (puc. 53):

1. Auaronans (v,u,) obpasyeT mycTod (T.e. HE coaepxkalluil BHYTpU
ce0s HUKakMX y3JI0B M pEOep rpada G) TpeyroiabHUK (Vi,u,,U;) C
nByMms péopamu (v, u,) U (u,,u,), yke BXoIamuMu B G.

2. CyniecTByeT HEKOTOpas AMAaroHalb — OTPE30K (V,,U,), MEepECcCeKaro-
KN 0Tpe30K (V;,u;) U 00pa3yoLUil IyCTOW TPEYTONbHUK (V,,V,,U,)
¢ IByMs p€opamu (v, V) U (v,U,), yKe BXogamumu B G.

3. B tpeyroasnuke (vy,u,,u;) yroa ZLv,,uy,u, >135°.

4. |vg,uy| <11

, TJIe H — IITTUHA COOTBETCTBYIOMIETO pedpa.

Vi, Uy

e YR

p 1o

Puc. 53. Ilpumep KoH(UTypaluu ToOUEK, TP KOTOPOU BBITOJIHAIOTCS BCE 6
YCJIOBUI Ha IIare 2 ajJropuTMa NoCTPOCHUS KBa3MKaqHON TPUAHTYJISIIIUN
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5. ‘vo,p‘ <0,5
(g uy).

6. CymiecTByeT HEKOTOpOoe Takoe pedpo (uy,u,) B G, uTo (v, Uy, U;,U,)

Uy, p|, TAE p — DTO TOYKA IEPECEUYCHUs NPSAMBIX (V,,V,) U

00pazyeT MycToi YeTbIpEXYTONbHUK ¢ Lu,y, U, U, > 180°.

KOH@M areopummda.

@opMaNbHO KBa3WKaJHOW TPUAHTYJISLUEN HA3bIBAECTCS TaKas TPUAHTY-
JALASL, KOTOpas MOCTPOEHA IIPUBEICHHBIM AJITOPUTMOM.

7.3. AJITOPUTMBI € JIOKAJbHBIM IEPeCTPOCHUEM
TPEYroJbHUKOB

[IpuBeeHHBIN BBILIE AITOPUTM OCTPOEHUS KBA3UKAIHOW TPUAHTYJISIIAN
MMEET HAWIYYIIYIO W3 WU3BECTHBIX TEOPETUYECKHUX OLICHOK OTJIIMYMUS OT OITH-
MaJbHOM TPHUAHTYJISIIUK — HEe OoJiee 4eM B KOHCTaHTy pa3. OJHaKo 3Ta KOH-
CTaHTa JOCTATOYHO BEJIMKA U MTOKA €II€ TOYHO HE OIICHEHA.

NMeHHO mO3TOMYy Ha NPAKTUKE HUCIIOIB3YIOTCS Pa3jIM4YHbIE 3BPUCTHYE-
CKHME AJITOPUTMBI, 11 KOTOPBIX TEOPETUYECKNE OLEHKHU OTINYHUSA OT ONTHUMAaJlb-
HOM TPUAHTYJISIUU HE NOJYYEHBI, HO KOTOPBIE B CPEAHEM MMOKA3bIBAIOT JIYYILHE
PE3YIBTAThI, YEM JAPYIUE BBILICYIIOMSAHYTBIE BUIbI TPUAHTYJISALAMN.

OnuH U3 Takux aJrOPUTMOB OCHOBAH Ha MOCJEIOBATEIHOM YIYUYIICHUN
TpUAHTYJISIIIUU JleloHe ¢ MOMOIIBIO JTOKATBHBIX MepecTpoeHui [§].

Campblii IPOCTOU aneopumm ¢ J1OKANbHbIMU NEPecmpOoeHUIMU 3aKITI0YaeT-
Csl B TIEPECTPOCHUHN BCEX BO3MOXHBIX AP COCSTHUX TPEYTOIHHUKOB, €CITH TaKOE
MEPECTPOCHUE MOXKET IMIPUBECTH K YMEHBIIICHUIO CYMMAapHOU JJTHHBI pEOep Tpu-
aarymsauu (puc. 54). JJoCTOMHCTBOM 3TOTO ajTOPUTMA SBIIICTCS HU3Kas TPY/I0-
€MKOCTb, COCTaBJIsAIONIAs B cpesiHeM ToJibko O(N).

B Gonee cinoxHOM aneopumme ¢ 10KAIbHO HCAOHBIMU NEPECMPOEHUAMU
JUISL KQXKAOTO y3Jla TPUAHTYJISIIAA HAaXOJUTCS JBOMHAsE OKPECTHOCTH (puc. 55),
Bce péOpa B TaHHOM OKPECTHOCTH YJAJSIOTCS, @ 3aTEM B 3TOW OKPECTHOCTH 3a-
HOBO I'eHepupyroTcsa pédpa >KaJIHbIM aNropuTMOM. Tpyno€MKOCTh TaHHOTO ajl-
roput™Ma Takxe coctaBisier O(N), ogHaKO KOHCTaHTa MPONOPLMOHAIBLHOCTH

CYHIICCTBCHHO 60J'IBH_I€, 4€M B IPCAbIAYIICM aJITOPHUTMC C IIEPCCTPOCHUCM IIap
COCCAHUX TPCYTIOJIbHHUKOB.

B crarbe [8] mpuBeneHbl pe3yJsbTaThl HKCIIEPUMEHTAIBHOTO CPABHEHHS
paboThl pa3NUYHBIX NPUONHMIKEHHBIX AJITOPUTMOB IMOCTPOEHUS ONTUMAIbHOMN
TPUAHTYJISIIUU. B 4acTHOCTH, 711 pABHOMEPHOI'O paclpeeiaeHus MOKa3aHo, YTo
TpUaHryJsAnus /lemoHe Haér OTKIOHEHHWE OT ONTHUMAIbHOW TPUAHTYJISALMHU I10-
panka 2,5%, TtpuaHrysanus JleloHe ¢ MOCIenyMKUM JIOKAIbHBIM IIEPECTPOE-
HUEM Iap COCEAHUX TpeyroidpHUKOB — 0,3%, a Tpuanrynsauusa [enone ¢ mocmue-
TYIOIIVMMH JIOKAJIBHO JKaJIHBIMHU IepecTpoeHnsaMH — nopsaka 0,03%.
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Puc. 55. JIokasbHO %aqHOE NIEPECTPOCHHUE IBOMHBIX OKPECTHOCTEN Y3JI0B

TaM xe mokazaHo, YTO JUIsl HEPaBHOMEPHBIX pACMPEICICHUN OTKIOHEHUS
MOTYT OBITh 3aMeTHO OoJbIne. Tak, /uisi pABHOMEPHOTO Ha OTPE3Kax pacrpese-

JeHus (cay4aliHO TeHEepUpyeTcs ZL\/N OTPE3KOB, a 3aT€M Ha ATHUX OTpe3Kax

CIyyallHO paBHOMEpHO BbIOMpatoTcsa N Touek) Tpuanryssius Jlemnone gaér ot-
KJIoHeHue nopsiaka 35%, Tpuanryisius [lenoHe ¢ mocieayronmm JoKaabHbIM
NEPECTPOCHUEM TAp COCEIHUX TPEYToJIbHUKOB — 6%, a Tpuanrysanus Jemnone c
MOCJIETYIOIIUMU JIOKAJIBHO KaJHBIMU MlepecTpoeHussMu — nopsjaka 0,07%.



I'naBa 8. BerunciaurejbHAs YCTOUMYMBOCTD
AJITOPUTMOB TPUAHTYJISAIIUH

8.1. [IpyYnuHBI BO3HUKHOBEHUSA
OIIHOOK NMPH BHIYHUCIEHUSIX

[IpoOnema BBIYMCIUTENHHON YCTOWYMBOCTHU SIBJIAETCS OJIHOM M3 OCHOB-
HBIX MIPU PELIEHUU OOJBUIMHCTBA 33J1ay BBIUUCIUTENBHOU reomeTpun. MHOrHE
BHEIIHE MPOCTHIE aJTOPUTMBI TPEOYIOT y4€Ta MHOTOYMCIEHHBIX KpallHUX CIly-
yaeB, 0€3 uero aJirOpuTM Ha IpaKkTHKe MPOCcTo He padoTaet [12].

TaK, 3a OTHOCHUTEJIbHON BHEIIHEH HpOCTOTOfI OIIMCAHHBIX B IMPCABIAYIINX
riiaBax aJllTOPUTMOB TPHUAHTYJIAIWU W AJITOPUTMOB TPHUAHTYJIAIUU C OTPpaHUYC-
HUAMHU B ,Z[CﬁCTBHTGJIBHOCTI/I CKPBIBAOTCA MHOT'OYMUCIICHHBIC ACTAIIM pCain3a-
MU, OT KOTOPLIX CYHICCTBCHHO 3aBHUCHUT YCTOI‘/II‘II/IBOCTB pa6OTI)I AJITOPHUTMOB.
Hepe‘II/ICHI/IM OCHOBHBIC BO3ZHUKAIOIINC 3a1a4H.

3adaua 1. Ilposepka cosnadenusi 08yx 3a0anHbIX mouek. ITa MpodiiemMa
SIBIISIETCS. OCOOCHHO AaKTyallbHOM B CIllydae WCIOJIb30BaHUSI BEIICCTBCHHOMN
apu(MeTHKH C IaBaromie Toukoi. Kak m3BeCcTHO, cpaBHEHHUE IJIaBAIONINX Be-
IIECTBEHHBIX YHCEI Ha pPAaBEHCTBO MPOU3BOJANUTCS BCET/IA C 33JaHHOW TOYHOCTHIO
€. 3/1eCh ONPEACIAIONINM SIBISETCS BEIOOP 3HAYCHUS €.

Hecmotps Ha KaxymIyrocs MpoCTOTy, AaHHAs IpoOjeMa MMeeT JaJIeKO
uaymue mnocienactsusa. Kak W3BeCTHO, B CHIIy CBOEW OTPAaHUYCHHOW TOYHOCTH
0OBIYHBIC BEIIECTBEHHBIC BRIYMCIICHUS Ha KOMITbIOTEpax He 00JIalal0T MHOTUMH
CBOMCTBAMHU MCTHHHO BENIECTBEHHBIX uncesl. Hampumep, ecim Mbl UCIOJIB3YEM
Yyucia, XpaHsAIecs B MaMsITH KOMIIBIOTEpa C IMOMOIIBI0 3 3HaYanux mudp, To
pe3yabTaT BBIYMCIICHUS CICAYIOMMNX BBIPAKECHUM MOXKET HE COBIAJIATh, T.C. Ha-
pYLIAETCS CBOMCTBO aCCOIMATUBHOCTH:

(100+0,5)+0,5=100 # 101=100+(0,5+0,5).
3adaua 2. [Ipogepka 63aUMHO20 pACNONIOHCEHUSI 08YX MOYEK OMHOCU-
menbHO NpsAMOU, TPOXONAIIeld uepe3 JABE 3aJaHHble TOYKU. JlaHHas 3amaya

00BIYHO OYEHb MPOCTO PEMIACTCS METOJAMU AHAIUTUYECKONW reoMeTpuu. 3amu-
CBIBa€M ypaBHEHHE IPSAMOM, MPOXOJAIIEH uepe3 Be 3aaHHble TOUKH — (X, )),)

v (x,,),):
(=), —»)—(x, —x)(y, —¥) =0.
3aTeM MOJCTaBIISIEM B ATO ypaBHEHHUE BMECTO X U J KOOPJUHATHI TECTO-
BBIX TOY€K (X;,);) H (x,,V,). Ecayu 3Ha4eHns BBIpaKEHUN OyAyT UMETh OJUHA-

KOBBIM 3HAK, TO TOYKM HAXOJATCS IO OAHY CTOPOHY OT HPSIMOM, MHAYE — IO
pa3Hylo. Pe3ynbTar BhIpa)K€HHs, paBHBIN HYJIO, OyJeT O3HayaTh IOMAaJlaHKue
TOYKH CTPOTO HA NPSIMYIO.
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3nech mpobiieMa 3aKII04YaeTCs B MOTEPE TOYHOCTH MPOMEKYTOUHBIX BBI-
yuciaeHui. [lepeMHoXkas Ba n-3HAYHBIX YKCIa, BOOOIE TOBOPSI, MOIydaeM 2n-
3Ha4YHOE unciio. Ha mpakTuke 3T0 0OBIYHO HE YUUTBHIBACTCA M MIIQIINE 71 Pa3-
PAIIOB MOMPOCTY OTOpachiBatOTCA. B WTOre pe3ysbTar BHIYUCICHUN MOXKET I0-
Ka3aTh, YTO TECTOBAsl TOUKA JICKUT HA MPSIMOM, XOTS 3TO HE Tak. J{ns nzbanie-
HUS OT ATOro 3 dekra cpaBHEHUE C HYJIEM MPOBOIIT C HEKOTOPOU TOYHOCTHIO
€. HecmoTps Ha 310, peanpHas TOYHOCTb BBIYMCIICHUN BCE PABHO YMEHBIIAETCS
B 2 pa3a, coCTaBJisAsl He OoJiee 7/2 UCXOTHBIX 3HAaYauX udp.

3adaua 3. I[Ipogepka xoinuneapHocmu mpéx 3a0aHublX movex. JTa 3aaa-
Ya SIBJISIETCS YaCTHBIM CITydaeM MPEebIIyIIeH, U el CBOMCTBEHHBI T€ e MpooJie-
MBI C MIEPENOJIHEHUEM MPOMEKYTOUHBIX BHIUUCICHUH.

3adaua 4. Ilposepka 63aumMHO20 pACNONONCEHUSL MOYKU U MPEY2ONbHUKA.
3nech TpeOyeTcst onpenenuTh: 1) He coBHagaeT JIM TOYKAa C OJHOM W3 BEPIIMH
TPEYroJIbHUKA; 2) HEe MONaJaeT JIM TOYKa Ha OJIHO U3 ero p&oep; 3) He momnagaeTt
JM TOYKa CTPOTO BHYTPb TpeyroibHuKa. HOBbIM 37ech sIBIII€TCS MpOBEpKa IO-
najaHusi TOYKU CTPOTO BHYTPh TPEYTroJbHUKA. DTO PEIIAeTCs MyTeM TPEXKpaT-
HOM MPOBEPKH B3aUMHOI'O PACIIONIOXKEHUS 3aJaHHOW TOYKM OTHOCHUTEIHHO pa3-
JUYHBIX pEOEp TPEYTONbHUKA, T.€. TAKKE CBOJUTCS K MPEIIIYIINM 3aa4aM.

3adaua 5. Ilposepka nopsioka 06xo0a mpéx 3a0anHbix mouek. 371ech Tpe-
OyeTcsi omnpenenuTb, oO0XOmATCS JU TOYKH B 3aJIaHHOM TIOPSIKE IO YacOBOM
CTpeJIKe WJIM MPOTUB. DTy 3aj7ady TaKKe peliaeM, 3aluchiBasi ypaBHEHUE Mpsi-
MO, MPOXOASAIICH uepe3 JABe 3aJaHHbIe TOYKU, U TOJICTABIISASA B YpaBHEHUE KO-
OpAMHATHI TPEThel TOYKU. [locie yero ananu3upyem 3HaK BbIpaXKEHHS. Takum
obpazom, eciu

(5 = x3)(¥, = ¥3) — (%, —x3)(y, — »3) <0,
TO TOYKHM OOXOIATCS [0 YacOBOM CTpEsKe, a ecia >0, TO IPOTHB (3TO BEPHO

JUTSI JIEBOCTOPOHHEH CUCTEMBI KOOPAHWHAT, JUIsl MPAaBOCTOPOHHEW CHUCTEMBI BCE
OyJzeT Hao0opOT).

B nanHom aiiropuTMe BO3HHMKAET Ta K€ camasi mpoOjeMa MepernoaHeHuUs,
YTO U MPU PELICHUU MPEIBIAYIINX 3a/1a4.

3adaua 6. [Iposepka evinonnenus ycnogus Jlenone 0151 08YX 3A0AHHbLLX
CMedICHbIX mpey2onbHuKkos. JlanHas 3a1ada pacCMOTpEeHa BhIIIE B pas. 1.4.

3adaua 7. Jlokanuzayus mouxku 6 mpuaneyniyuu. JIokanu3amusi TOUKU B
TPUAHTYJISIIIUM COCTOUT M3 BBIOOpAa HEKOTOPOTO HAYAIBHOIO TPEYrOJbHUKA B
TPUAHTYJISIIIUN U TIOCJIEIOBATENILHOTO Mepexo/ia Mo TPEYroabHUKaM K Leld. JTa
3aJ1a4a pacCMOTpEHA BbIIIE B pa3f. 2.1.

3adaua 8. Ilouck mouku nepeceuenusi 08yx npamuvix. JlaHHas 3a1a4a BO3-
HUKAET MPU MNOCTPOCHUM TPHUAHTYJSIUU JlenoHe ¢ orpaHMYeHus MM, Korjaa o0-
Hapy>KMBAETCs, YTO OYEPEIHOM BCTABISEMBIA OTPE30K IIEPECEKAETCS C paHee
BCTaBJIEHHBIM CTPYKTYPHBIM peOpOM TPUAHTYJISLUU.
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B nanHoM ciydae mepBoi MpoOJjeMoil SIBISIETCS TO, YTO OmpeerseMas
TOYKAa MEPECEUEHUs] B CUIY OIPAHMYEHHOCTH TOYHOCTH BBIYHMCIIEHUUA B OOJIb-
IIMHCTBE CIy4aeB HE JIGKUT HU HA OJHOM M3 pEOep (HU Ha paHee CYIIECTBO-
BaBIlIEM, HU Ha HOBBIX). BO3MOXHO, YTO 3Ta TOUKA JISKUT JaXe HE B CMEXHBIX C
pedpoM TpeyrojapHUKaX, MO3TOMY B pe3yibTaTe pa3OMeHus cTaporo pedpa Ha
4acTH 00pa3yrOTCsl HOBBIE «BBIBEPHYTBIE» TPEYTOJbHUKH, pa3pylias CTPYKTYpYy
TpuaHryiasiuuu. Ha puc. 56 nan mpumep BCTaBkU pedpa AB B TpHUAHTYIISIIMIO,
OPUBOJSILINNA K IEPECEUCHUIO C CYIIECTBYIOIIUM peOpoM B Touke S (IyHKTHUP-
HBIMH JIMHUSIMU pa3MeueHa IUMCKpeTHas KOOpJuHaTHas ceTka). B pesynbrare
OKPYTJICHHs TOYKA IEPECCUCHUSA OKAXKETCA HEMHOI'O BBIIIE PEAIBHON — B Y3II€
JTUCKPETHOW KOOPJIMHATHOM CETKH.

Puc. 56. Ilpumep BO3MOKHOTO «BBIBOPAYMBAHUSA» TPEYTOJIbHUKOB

HecMoTpst Ha KaxXylryrocs SK30TUYHOCTh MPUBEICHHOTO CLIEHAPUS BO3-
HUKHOBEHHMS OIIMOKH, BEPOSITHOCTh €r0 BENMKA YK€ MPU TOMbITKE BCTABUTH B
TPUAHTYJISIIUIO TOPSIAKA HECKOJBKUX JECSITKOB B3aUMHO IE€pPECEKarONIUXCs
CTPYKTYpHBIX pEdep. Bronb cTpykTypHbIX p€Oep 00pa3yroTcss MHOTOUHUCIEHHBIE
y3KHE BBITSAHYTHIE TPEYTOJbHUKH, KOTOPbIE M CO3[AI0T YKA3aHHYIO KpUTHYe-
CKYIO CUTYAIHIO.

Bropas npobGiiema B 3ajaue moWCKa TOYKH MEpPECEYEHUs] CBsA3aHa HETMO-
CPEIICTBEHHO C CaMUM HCIIOJIb3YEMBIM CIIOCOOOM BhIuMcIeHUN. OOBIYHO TOYKA
nepeceyeHus (x,)) HaAXOIUTCA CIETYIOIUM 00pa3oM:

a=(x—x)(y, —y3) = = y3)(x, — x3);
b=(x, =)y, =) — (Vs — y3)(x, — X,);
x=x+a(x,—x)/b, y=y +a(y,—»)/b.

3/1ech CIOKHOCTU BO3HHMKAIOT MPU HAXOXKJEHUU TOUKHU MIEPECEUCHUS JIBYX
«MOYTW» KOJUIMHEAPHBIX OTPE3KOB. B pe3yibpTare morepu TOYHOCTH BO3MOKHO
3HAYUTEIBHOE CMEIICHUE HANUJEHHBIX KOOPAWMHAT OT PEAJIbHOTO 3HAYCHHS.
KpoMme Toro, m3-3a moTepb TOUHOCTH Mbl MOYEM IpEIIoNararb, 4To OTPE3KH
MEepPECeKaroTCsl, XOTSA 3TO He TakK. Torga MombITKAa BHIYUCIEHUS UX MEPECECUEHUS
MOKET HNPHUBECTU K 3HAYUTEILHOMY YJIaJICHUIO HAWJEHHOM TOYKU OT CaMHX OT-
PE3KOB (U151 «IOYTHU» KOJUTMHEAPHBIX OTPE3KOB).

Takum 06pazoM, OONBIIMHCTBO MOCTABICHHBIX MPOOJIEM CBA3aHO C MOTE-
peli TOUHOCTU BHYTPEHHUX BBIYNCIICHUM.
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8.2. [IpuMeHeHnEe HeJI0UYNCTICeHHON apu(MeTUKHU

KoHTponrpoBaTh TOYHOCTH, UCIIONB3YS CTAaHAAPTHHIC BEIICCTBEHHBIC TH-
bl JTAHHBIX, MpeJTaraéMble OOJBITUHCTBOM PACTIPOCTPAHCHHBIX S3BIKOB TIPO-
IpaMMHPOBAHUs, BeCbMa CJI0KHO. [10uTH BCce COBpEMEHHBIE KOMITBIOTEPHI MO/~
nepxuBaroT craHgapTel ANSI mpeicraBiieHHs BEMISCTBEHHBIX YHCEN, OIHAKO
naxe 10-6antoBbiii TN extended mo3BossieT XpaHuTh He Oosee 20 3HaUYANTUX
mudp. B To ke Bpems mpu onmucaHuW 6- 3a7a4d MMOKa3aHO, YTO JJI KOPPEKT-
HBIX BBIUMCJICHUHN TpeOyercs 4n-3HayHas apudmeTrka. ITo O03HAYaeT, 4To pe-
aJIbHAsl JIOCTHKUMAasi TOYHOCTh MTOCTPOCHUS TPUAHTYIIAIUMU JIeIOHE COCTaBIISICT
He Oosiee 20/4 =5 3HAKOB B 3a/IaHMHM KOOPJWHAT MCXOAHBIX JTAaHHBIX. TO €CTh
3HAYCHHUE TOYHOCTH & JJIS MPOBEPKU COBIIAJICHUS JIBYX TOUYCK, BO3HUKILEE MPHU

onucanuu 1-if 3a1aum, claemyeT yCcTaHOBUTL He MeHee yeM 107, uTo He Bceraa
MPUEMIIEMO Ha MIPAKTHKE.

Hpyroii crioco0 3akirovaeTcsi B UCMOJIb30BAaHUU B SIBHOM BHJI€ BBIYHCIIC-
HUM ¢ PUKCUPOBAHHOM TOUKOW. B 3TOM ciiyyae MOXKHO TOYHO KOHTPOJIUPOBATH
BCE MIOTEPU TOYHOCTH.

Emie 6omnee mpocThIM SBISETCA TIEPEXO K 1EJT0UYNCICHHOMY TpeICTaBlie-
HUIO KOOPJIMHAT UCXOAHBIX To4ueK. Hampumep, ncnonn3yst oObuHbIe 32-0UTHBIC
1eJble YUCIa, MOXKHO OOECIeYUTh TOYHOCTh MPEACTABJICHHS B 9 3HAUaIIUX
u@p, 4TO ABJISETCS YK€ MPUEMIIEMBIM B OOJIBIIMHCTBE CUTYAIIHMA.

Torga nns peanuzanuu anropuTMa MNOCTPOEHUS TPUAHTYJIALMH MTOHAI0-
OuUTCs peanu3oBaTh HECKOJIBKO OMOTHUTEIBHBIX (DYHKUUN, OMEPUPYIOLIUX C
32-, 64- n 128-6utHbiMu uncnamu. Ha miardopme 1A-32 ns sToro notpedyer-
Csl peasin30BaTh Cleaytonue QyHKIIUA:

1. Mul64(A,B). YMHoxeHue 32-pa3psaHbIX yKcea. Pe3yiabpTaT Bo3Bpaiaet-
cs1 64-pazpsansiM. OyHKIKA peanu3yeTcs Kak oJlHa KOMaH/1a accemonepa.

2. Sqr64(A). Bo3Benenue 32-pa3psgHoro uncia B KBajapar. Pe3ynbTaT Bo3-
Bpataercs 64-pa3psaapiM. OyHKINS peaau3yeTcsl TakKe Kak 0JJHa KOMaH/a ac-
cemouepa.

3. MulSum64(A,B,C,D). Cymma nByX mpou3BeneHHI 32-pa3psiIHbIX YHCE
A‘B u C-D. Pesynbrar Bo3Bpaimaercs 64-pa3psaaabiM. OyHKIUS peaanu3yercs C
MTOMOIIIBIO0 9 KOMaH I accemoepa.

4. MulDif64(A,B,C,D). Pasnocts mpousBeacHmit 32-pa3psaHbix uncen A-B
u C-D. Pesynbprar Bo3Bpamaercs 64-pazpsaabiM. OyHKIUS peau3yeTcs ¢ Io-
Mmoo 11 komany accembiepa.

5. Mul128(A,B). YMHOxeHue 64-pa3psiHbIX uncen. Pe3ynbraT Bo3Bpalia-
etcs 128-paspsanubiv. Oynkmus peanusyercsa 40 komanaamu accemOmepa.

6. Comparel28(A,B,C,D). Buauane BbIYMCIsAETCS cymMMa IBYX MPOHM3BEIC-
Hui 64-pazpsaubix uncen A-B u C-D. 3atem nomyuaemoe 128-pa3psaniHoe 4yucio
cpaBHUBaeTcs ¢ HysneMm. Eciu oHO MeHbIe HyIisl, TO Bo3Bpariaetcs false, nnaue
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— true. OyHKIUSA peannu3yeTcs C MOMOIIBIO IBYX BBI30BOB (pyHKIuu Mull28 u
JOTIOJIHUTENBHBIX 13 KoMaH[ accemobiiepa.

Hcnonb3oBanne 64-OUTHBIX IIPOILIECCOPOB MOXKET €IIe CYIIECTBEHHEE CO-
KpaTUTh pealin3aluio 3Tux QyHkiui 10 1-4 komanj accembiiepa Ha GyHKIIUIO.

Takum 00pa3oM, UCIOIB3YS HETOYUCICHHBIN CIOCO0 MPEeACTaBICHUS HUC-
XOJIHBIX JaHHBIX COBMECTHO C JIONOJHUTEIBLHBIMU OIepanusMu Haa 32-, 64- u
128-0MTHBIMU TIEIBIMU YHCIIAMHU, MOKHO YETKO PEIIUTh MOCTABJICHHBIC 3a/1aUH.

[Ipu ucnosib30BaHUU LEIOYMCICHHBIX BBIYMCICHUNA OTHAZaeT HEO0OX0Iu-
MOCTb HMCHOJIB30BAHMS BEJIMYMH &, BOZHUKAIOIMIMX B 3a7adax | v 3, U1 MOXKHO
BBINIOJIHATH MPOBEPKU HA PABEHCTBO HEMOCPEACTBEHHO.

8.3. BcTaBKa CTPYKTYPHBIX OTPE3KOB

Tenepb paccMOTpUM ONHUCaHHYIO B 8- 3ajaue mpolieMy MOMCKa TOUYKH
nepeceveHus U pa3OMeHns BCTABISIEMBIX CTPYKTYPHBIX pEOEp Ha YaCTH.

HGCMOTPSI Ha TO, 4YTO MBI MOKCM BBIIIOJHATH BBIYHUCICHUA C IIOMOIIBIO
JOITOJIHUTCIIBHBIX (I)YHKIII/II‘/’I MMPAaKTUICCKHU 0e3 IMOTCPHU TOYHOCTH, BCC PABHO
TOYKa ICPCCCUCHUA ABYX IIPAMBIX B 06IHCM cilIydac 6y,Z[CT HUMCTBb HCIICIIBIC KO-
OopAnHATBI, KOTOPBIC MBI 6y,Z[eM BBIHYKICHBI OKPYIJIUTBH, T.C. B 06H1€M ciaydac
TOYKa IICPCCCUCHUA ABYX IMPAMBIX HC 6y,ZICT JIC)KATh HA 3TUX IIPAMBIX.

Takum 00pa3zom, MOSBIAETCA HEOOXOAUMOCTh MOIU(DUKAIIMKA BCEX aJro-
PUTMOB BCTaBKH CTPYKTYPHBIX JIMHUHM TaK, 9TOOBI y4€CTh BO3MOKHBIE HapyIIe-
HUSl CTPYKTYpHl TPUAHTYJIANUA W U30aBUTHCS OT HUX. PaccMOoTpuM Takoit
0000I1IEeHHBIN aNTOPUTM BCTaBKH.

060611461—”—[1911/7 ancopumm_6CmasKy CMpYKmMypHbIX JTUHUU 8 MPUAHSYISIUUIO
C OCPAHUYECHUAMU.

[lycts L — copTUpOBaHHBIM O JJIMHE CIHUCOK €Ie HE BCTaBJIECHHBIX
CTPYKTYPHBIX OTPE3KOB.

Illaz 1. B L 3aHOCHUM BCE OTPE3KH UCXOIHBIX CTPYKTYPHBIX JIMHUM.

Lllaz 2. TlocnenoBaTenbHO B LIUKJIE U3BJIEKAEM (C yaneHueMm) u3 L camblil
JUIMHHBIN OTPE30K AB W mbpITaeMcsi BCTaBUTh 3TOT OTPE30K B TPHUAHTYJISILIUAIO
JTHO0BIM QJITOPUTMOM BCTAaBKH, ONMCAHHBIM BbIle. Eciin oOHapy»)uBaeTcs, 4To
BCTaBJISIEMBI OTPE30K MEPECEKaeT HEKOTOpPhIE paHee BCTaBJICHHBIE CTPYKTYp-
Hble pEOpa (puc. 57,a), TO UX HEOOXOAUMO MOMETUTh KaK OOBIUHBIE HEPUKCH-
poBaHHbIe pEOpa (puc. 57,0). Ilpu 3Tom Hago HaiiTu Bee Touku nepeceuenus C,,

rae i=1,n, HOBOrO OTpe3Ka CO BCTaBICHHBIMH pEOpamu E F,. Jlanee HyKHO
BCTaBUTb HOBbIC TOUKH C; B TPUAHTYJALUIO (pHC. 57,6). 3aT€EM HAJI0 B CIIMCOK L

rIe i=0,—n, C,=4, C

n+l

nomectuth Bee orpesku C.C, = B. Taxxke HeoOXxo-

i+1°

IUMO Tyza nomectuTh Bce otpesku E.C, u CF;, rae i =1,n. Ecnu BcraBiseMblit

B CIIMCOK OTPE30K MMEET HYJEBYIO JJIMHY, TO €ro BCTaBIATh HE Hano. [{ukin
BCTAaBKH MPOJI0JIKAETCS, TOKa cUCOK L He nycT (puc. 57,2). Koney arcopumma.
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Puc. 57. OG0011eHHBIN aIrOPUTM BCTABKH CTPYKTYPHBIX JTUHUN
B TPUAHTYJISILUAIO C OTPAHUYECHUSIMHU

B Takoii peaiM3alMu TaHHOTIO aJIrOpUTMa BCTABKUA HA MPAKTHKE J0CTa-
TOYHO YacTO BO3HUKAET CUTYalMsl, KOTJa HEOOJIBIIOE KOJIMYECTBO HCXOIHBIX
CTPYKTYPHBIX JIMHMM NPUBOAMT K 3HAUYMTEIbHOMY pa3pacTaHUIO ClHCKa L B
nporecce paboTsl. Hampumep, 3a1aB 5 «1mo4YTH» KOJUIMHEAPHBIX OTPE3KOB B Ka-
YECTBE MCXOAHBIX CTPYKTYPHBIX JUHUH, MOXKHO B KOHIE KOHIIOB MOJYYUTh ThI-
CSYM CTPYKTYpHBIX pé€dep. IIponcxoauT 3To BCAEACTBUE TOTO, YTO KaXkaasl mapa
OTPE3KOB IOCJEe HAXOXKIEHUS UX MepecedeHnil 00pasyer 4 HOBBIX OTpe3Ka, TaK-
e ABIIAIOMINXCA «IIOYTH» KOJUIMHEAPHBIMHU OCTAJIbHBIM OTpe3kaM. Takoe apo0-
JIeHUE UAET 0 TeX MOop, NMOKa pa3Mepbl OTPE3KOB HE CTAHYT CPABHUMBIMH C
pa3MepaMy €IMHUIIBI KOOPAUHATHOM CETKH, KOTJa MaJIEHbKHE OTPE3KHU CTaHO-
BATCS «COBCEM HE» KOJUIMHEAPHBIMH WMJIM pa3Mep OTPE3KOB CTAaHOBHUTCS Ha-
CTOJIBKO MaJIbIM, YTO €r0 JajJbHENIIee AeJIE€HNE HEBO3ZMOXKHO.

Ho u Ha 3TOM MHUKpOYpOBHE BO3Z§10KHBI MpobsiemMbl. Hampumep, mycThb
NOCTPOEHA HEKOTOpPAasl «IUIOTHas» TPYARTYISIUs, KOrga B KaXJI0M Y3Jie KOOp-
JMHATHOM CETKU UMEETCS MO0 Y311y TPUAHTYJSIUU U TpeOyeTcsi BCTaBUTh OTpe-
30K AB, KOTOPBIA IMepeceKaeTcs ¢ paHee BCTABICHHBIM CTPYKTYPHBIM peOpom
CD (puc. 58). B pesynbrare HaiineHHas Touka nepecedenus AB u CD Oyner ok-
pyrJjieHa, HanpuMep, 10 Touku 4. B utore B cnucok L nonaxyT otpe3ku AC, AD
U OMsITh AB. A Tak Kak MbI U3BJIEKAEM Ha Ka)OM Illare U3 Clyeka gamoe 00Jb-
moe pedpo, To crucok L OyaeT OECKOHEUHO pa3pacTaThes 3a ](‘Ia)OCTOHHHOﬁ
BcTaBkH péodep AC u AD.

Takum 06p2130M, B 9TOM BAPHAHTC aJITOPUTM BCTABKH TAKIKC BCE CcIIc HC
IroguTcCsa 1A HpaKTquCKOﬁ pa6OTLI.

Puc. 58. [lonbiTKa BcTaBKM MUKpOpeOpa
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Bo wus3bexxanue nepeceueHus map «IMOYTHU» KOJUIMHEAPHBIX OTPE3KOB U
npo0ieM Ha MUKPOYPOBHE HYKHBI €II€ JTONOJHUTEIbHbIE MOIU(DUKALIUN aro-
puT™MA.

Bo-nepBrix, Mmpu BCTaBKE OYEPEAHOTO OTpe3ka HEOOXOJIUMO HAWTH BCe
Y3716l TPUAHTYJISALINHY, JIeXKallue BOJIU3M OT OTPE3Ka Ha PacCTOSHHUM He Oojee He-
KOTOoporo g,. Torna, eciy Takue TOYKHA HAWJECHBI, BCTABISAEMBbIH OTPE30K pas3o-

ObEM 3TUMH TOYKAMU Ha YaCTH, KOTOPBIE IOMECTUM B CITUCOK L.

Bo-BTOpBIX, Hailng TOUKY nepecedyeHns CTPYKTYpPHBIX pEOep, mpexie yeM
BCTaBJISITh HOBBIM y3€J, IONpoOyeM HallTH B OKPECTHOCTH paauyca €, JPYroHu,

paHee y»e BCTaBJIEHHBIN y3€J TPUAHTYJIALNH.

Ha npaktuke pabota anropurMa 3HaYMTEIBHO YJIYYIIAETCA YK€ MPU 3HA-
YEHUSX € > 3. YBEIMYEHHUE & MPUBOJUT K COKPALICHHUIO pa3Mepa CIUCKa L, HO
HECKOJIBKO YBEJIMYUBAET BPEMS BBINIOJIHEHUS JONOJHUTEIBHOTO ITOMCKA TOYEK B
OKpecTHOCTAX. Hambosee mpuemneMbiMU C TOYKU 3pEHHSI OBICTPOJAEHCTBUSA U
KauyecTBa ABJISIFOTCS 3HAYEHUA €, =€, =10.

B 3akmouenue OTMCTUM, YTO HCIIOJIb30BAHHC LCIOYHUCICHHOIO IIPCI-
CTaBJICHHUS HCXOAHBIX YHCCII ITO3BOJIICT, C OHHOﬁ CTOPOHBI, IBHO KOHTPOJIHUPO-
BaTb TOYHOCTDH BBIqHCHCHHﬁ, C zxpyroﬁ — IIOBBICUTBH CKOPOCTb pa6OTLI AJIropuT-
Ma IMOCTPOCHUA TPHUAHTYJIAIIUA 3ad CUET OTKa3a OT BCHICCTBCHHBIX onepaunﬁ.

Tem He MeHee MPOCTOoi mepexo ] OT BEIIECTBEHHBIX BHIYMCICHHUM K 1€J10-
YUCIICHHBIM MPUBOJIUT K JIPYroMy HENpusATHOMY 3(G(}EKTy — 3HAUUTEITHbHOMY
POCTY KOJMYECTBa CTPYKTYPHBIX p€Oep B TpuaHryisuuu. Bo nzbexanue 3Toro
MPUXOJIUTCS HECKOJIBKO YCIOXKHSITh QITOPUTM, BBOJSA JONOJIHUTENIbHBIE IMPO-
BEPKH Ha HAJIUYME COBIAJAIOIINX Y3JIOB TPUAHTYJISIHUNA C TOYHOCTBIO € .



I'naBa 9. IIpocTpaHCTBEHHBbIN AHAIN3
HA IJIOCKOCTH

9.1. ITocTpoeHne MUHUMAJIBHOIO OCTOBA

B BBIUMCIUTENBHON T€OMETPUM HU3BECTHO MHOXKECTBO 3a]a4, JUHEHHO
CBOIMMBIX K 3ajade MnocrtpoeHus tpuanryjssuuu [lenone [12]. Paccmorpum
HanOoJIee YacTo BCTPEUAIOIIMECs Ha MPAKTUKE 3a/1auu.

Onpeodenenue 21. B 3a0aue nocmpoenus eekiu0o8a MUHUMATbHO20 OC-
MoBH020 Oepesa Ha 3aJJaHHBIX HA TUIOCKOCTU N TOYKaX HEOOXOAMMO MOCTPOUTH
JIEpEeBO, CyMMapHas JJinHa pEdep KOTOPOro MUHUMAJIbHA.

Ha npaxrtuke sTa 3aga4a B SBHOM BUJIE NMPUMEHSIETCS U1 ONTHUMU3ALNHU
JUIMHBI TMHUM 3JIeKTporiepeaadn u teaedonnoi cetu. Ha ocHoBe 0cTOBHOTO Jie-
peBa MOXKET ObITh MOCTPOCHO MPUOIMKEHHOE pELICHUE 3a]Ja4l KOMMUBOSIKEDA.

Teoperndeckas olieHKa TPYJOEMKOCTH 3aJ1aud MOCTPOEHUSI MUHUMAJIBHO-
ro octoBa coctaBisieT O(NlogN). B To ke BpeMs M3BECTHO, YTO HAa OCHOBE
TpUAHTYJIAIUU J[eToHEe MUHUMAIbHBIA OCTOB MOXKET OBITh MOCTPOCH 3a JINHEH-
Hoe Bpems (puc. 59). Toraa, ucnonb3ys Ja000¥ anroput™ TpuaHryisiun Jleno-
HE, UMEIOIUNA B CPEHEM JIMHEHHYIO TPYIOEMKOCTh, MOXKHO MOCTPOUTh U MU-
HUMAaJIbHBIM OCTOB Takxe B cpenHem 3a Bpems O(N).

AJZZODMWIM nocmpoOeHuUsd MURUMAIbHO20 OCIMOBHO20 aepeea.

Llae 1. CtpouM TpuaHTyJIsIIUIO JleT0HEe Ha MHOXKECTBE UCXOHBIX TOYEK.

lllaz 2. Co3paém crHCOK Bcex pEOEp MOMydeHHOU TPUAHTYJISIMU U COP-
TUPYEM €ro 10 JUIuHE pEdep.

Puc. 59. IlocTpoeHne MUHUMAILHOTO OCTOBA MO TpUAHTYJIAMKU JlenoHe
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lllaz 3. Haunnaem renepupoBath rpa¢ ocroBa. Buauane B rpade HET HU
OJIHOTO pedpa, a BepLIMHAMHU BBICTYMAIOT BCE MCXOJHBIE TOYKHU. s Kaxkmoii
BEPIIMHbl yCTaHABIUBAEM JIBA HOMEpaA: g, :=I — HOMEp TEKYIIEH KOMIIOHCHTHI

CBSI3HOCTH (T.€. BCETO BHadaje umeercs: N KOMIIOHEHT), p, :=—1 — HOMep cMex-
HOW BEPIIMHBI BBIIIE 1O IEPEBY CBI3HOCTH (BemudnHa —1 03HA4YaeT OTCYTCTBHE
TaKOBOM).

lllae 4. B nukie no BceM p&OpaM TpUaHTYJSUH JlenoHe kaaHbpIM airo-
PUTMOM OT CaMbIX KOPOTKUX pEOEp K JJIMHHBIM BBINOJHSIEM IIar 5, MbITasCh
BCTaBUTH peOpo 4,4; B rpad ocTosa.

lllaz 5. OnpenensieM HOMepa KOMIIOHEHT CBSI3HOCTH, B KOTOpPbIE B Ha-
CTOSAIIEE BpeMs BXOAAT BeplIuHbl 4 u A ;- JI711 5TOrO BBIMOJIHAEM CIETYFOIIAN
k. ITyere k:=i. Iloka p, #—1, BemmonHsem k = p, . Ilony4eHHOE 3HaYCHHE
k =k(A) ABnseTcs HOMEPOM KOMIIOHEHTBHI CBSI3HOCTH Ul BEpIIMHBI A (As

YCKOPEHHs TOCJIEAYIOIEro MOUCKA BBIITOJIHAEM €HIe OIWH LUKI: IIyCTh K =1 ;
noka p, #—1, pemonnsaeM m:=k,k = p,, p, =k(4;)). Takxe HaxonUM HOMEP

KOMIIOHEHTBI U Juis BepiunHbl A, . Ecin k(4,) # k(A;), To Bepuwmusl 4, u 4,

coenmuHsieM pedpoM, TMpuU ITOM OOBEAUHSEM KOMIIOHEHTBHI CBA3HOCTH:
Picay =k(A4,) . Koney aneopumma.

9.2. IlocTpoeHue oBepJieeB

OcHoBHas ujesl pelIeHus ¢ MOMOIILI0 TPUAHTYJISIIIUU 3a/1ad IPOCTPAHCT-
BEHHOI'O aHaJIM3a Ha IJIOCKOCTH, TAKUX KaK MOCTpOoeHue oBepieeB (0ObeauHe-
HUS, TIEPECEUEHUs] U PA3HOCTH) PErHOHOB, Oy(dEpHBIX 30H, 30H OJU30CTH U JIp.,
3aKJIFOYAETCS B MPUMEHECHUU CIIEYIOIIEro aroputma [15].

061/141/11/7 anzopumm npocCmMpaHCmeerRRo20 ArRAjiu3d Ra njioCcKocnu.

Llae 1. TlocTpoenue TpuaHryasinuu JlejoHe ¢ OrpaHUYeHUusIMUA IO MHO-
YKECTBY UCXOJHBIX JaHHBIX.

Llaz 2. Knaccudukaius BceX TPEYroJIbHUKOB IO HEKOTOPOMY MPUHIUITY.

lllaz 3. O0benuHeHNE KIacCU(UIIMPOBAHHBIX TPEYTOILHUKOB B PETUOHHI.
Koneu ancopumma.

HepBBIC ABa IIara 3Toro ajroputma 3aBUCAT OT pemaeMoﬁ 3aga49u Ipo-
CTPAHCTBCHHOT'O aHAJIN34d. Bnauane PacCMOTpPUM 3a4av1y ITOCTPOCHUSA OBCPJICCB.

Onpeodenenue 22. 3adaua nocmpoenus ogepiees ONpPeeaseTcss Ha Peruo-
HaX A M B kak 3agaya HaxoxJeHus ux: 1) oObeAMHEHUS; 2) NEepeceueHus;
3) pazHocTH; 4) cuMMeTpUYecKor pazHocTy [9]. PesynbpTar momxeH ObITh TIpe-
CTaBJICH B BUJIE OJIHOTO PETHOHA.

BONBIIMHCTBO CYIIECTBYIONIMX aJTOPUTMOB 00JIalaeT Pa3IUYHBIMH OT-
paHUYCHUSIMH, MEIIAIOIIMMUA UX peabHOMY IpuMeHeHuto. Haunbonee cymect-
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BEHHBIM HEJOCTATKOM SIBJISIETCSI HEBO3MOXHOCTH OIEPUPOBAHUSA PETUOHAMH,
MMEIOIINMHU CaMOMEPECECUCHUSI WM COCTOSIIIUMHU U3 HECKOJBKHUX KOHTYPOB.
Hpyrum anroputMmam, 00padaThIBaIOIIUM MPOU3BOJILHBIC JaHHBIE, CBOMCTBEHHA

CJIOKHASI pealn3alysl WIN HEYIOBIETBOPUTEIBLHOE BpeMsl pabOThl Ha OOJIBIINX
Ha0Opax UCXOAHBIX TAHHBIX.

PaccMOoTpuM IpOCTON anropuTM pELIEHUs IIOCTABICHHOW 3ajayu, JIU-
WIEHHBIN YIIOMSHYTBIX HEOCTATKOB U UMEIOLIUAN TPUEMIIEMYIO TPYHOEMKOCTD.

AJZZODMWIM nocmpoOEeHUA osep.iees.

[llaz 1. [1Ba ucxoaueix peruona A u B (puc. 60,a) nepenaém B alroputm
NOCTPOEHUSI TPUAHTYJSIIMM C OrpaHuueHusiMU. [Ipy 3TOM Ha MHOXECTBE BCEX
BEPILUH U IPAHUL] PETUOHOB (KaK CTPYKTYPHBIX JIMHUN) OyAeT MOCTpOeHa Tpu-
aHryyanus JlenoHe ¢ orpaHU4eHUsIMH, a BCE TPEYTOJIbHUKU OYyIyT MPOKIIacCH-
(uIMpOBaHBI 110 MPU3HAKY IPUHAJUIEKHOCTH pernoHaMm 4 u B (puc. 60,0).

gz 2. Kaxapll TpeyronbHUK I, MONYYECHHOW TPUAHTYJISALUUU KIACCH-
dupyeM B 3aBUCUMOCTHU OT BBITIONHSAEMOM ONEpaluu:

Bapuaum 1 (o6wedunenue):

ecmu T, eAwm T, eB,r0o C, =1,unaue C;, =0.
Bapuanm 2 (nepeceuenue):

eecmul, eAdnuTl;, eB,10C,=1,nnaue C, =0.
Bapuaum 3 (paznocmy):

ecmu T, eAnTl, ¢B,10C,=1,unaue C, =0.

Bapuanm 4 (cummempuueckas paznocms):

eciu T'; € A ucxkmovaromee i I, e B, 1o C; =1, unage C; =0.

[llaz 3. BBINOTHUTH QJITOPUTM BBIJAEIEHUS PETUOHOB W3 TPUAHTYJIALIMU
(puc. 60,6—e). Koney ancopumma.

AUB ANB B\ A

5F NN

Puc. 60. [locTpoeHue oBepseeB: @ — UCXOAHBIE PETUOHBI;
O — TPUAHTYJIALUS C OTPAHUYCHUSAMU; 8 — 00 BEANHEHHE;
2 — TIepeceveHue; 0, e — pa3HOCTH PETHOHOB
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Cno’)XKHOCTH BCEX IIIaroB ajrOpUTMa SIBIISIOTCS B CPEIHEM JIMHCWHBIMH,
o3TOMY M o01as TpyaoéMkocTh paBHa O(N), rae N — o0Iiee 4rciio BepIIuH

HCXOJHBIX PCTHUOHOB.

9.3. IlocTpoenne 0y(epHbIX 30H

Onpeodenenue 23. 3adaua nocmpoeHnus 6ygepHvix 30H TpeOyeT onpenesne-
HUS TEOMETPUUIECKOT0 MECTa TOYEK TIOCKOCTH, YAAIEHHBIX OT MHOKECTBA 00b-
eKTOB {a,} He Oosiee yeMm Ha pacctosiHue S; =S(q;). Ha mpaktuke oObIYHO

paccMaTpuBarOT TpU BuJa OOBEKTOB @, : TOUKH, JOMaHble U PerHoHbI. [IpuMepsl
Oy(depHBIX 30H ISl 3TUX BUJIOB OOBEKTOB NpUBEAEHBI HAa puc. 61. I'paHuiis! Ta-
K1X Oy(epHBIX 30H MOT'YT COCTOATh U3 MHOYKECTBA CETMEHTOB JIBYX BUJOB: OT-
pe3koB u ayr. Tak kak o6paboTka Iyr 0OBIYHO OYEHb HEYA00HA, TO UX aIIpPOK-
CUMUPYIOT JIOMaHbIMU C HEKOTOPOW 3alaHHOM TOYHOCTBIO. [103TOMY € HEKOTO-
PBIMH OTPAHUYECHHUSIMU MOXHO CUHMTATh, UTO PE3YJIHTATOM MOCTPOCHHS Oydep-
HBIX 30H OYyJIET PEruoH.

©

Puc. 61. [Ipumepst OydepHbIX 30H: a — OydepHas 30Ha
TOYKH; O — JOMaHOM; 8 — MHOTOYTOJIbHUKA

B 0GonbmIMHCTBE CYIIECTBYIOMIUX aJITOPUTMOB TOCTpOeHUST OyhepHBIX
30H BHAuaje BBIMOJHSAETCS TEHEpAlus 30H I OTACIbHBIX (QUTYp, a 3aTeM C
MIOMOIIBI0 OTIEPAIN 00bEIMHEHUSI PETMOHOB TOJy4aeTCs UCKOMBIN pe3yJbTarT.
Tak kak TpyAOEMKOCTH OmNEpari O0ObEIUHEHHsS] PETHOHOB ¢ N BepIIMHAMH B

XyJIIeM ciydae coctaiseT He Menee O(N”), To U TPyHAOEMKOCTb TAKUX alro-
PUTMOB MpU NOCTpOeHUH OydepHbIX 30H Uit N IuHUN, uMmeroumx no N Bep-
IIMH, B Xy/LIeM cirydae MoxeT cocTaBiath O(N") . Ho, ucrnons3ys TpuaHryJis-
IUI0, JaHHAs OLICHKA MOKET OBITh B psjie ClyyaeB yiydileHa. PaccmMorpum crie-
DyroIuil anroput™ [15].

Aneopumm nocmpoernus Oyghepuvix 30H.

[TycTh 1aHO MHOXECTBO TOYEK, TIOMAHBIX U peTHOHOB (pucC. 62,a).

Lllaz 1. 1151 BceX UCXOMHBIX TOUYEUHBIX OOBEKTOB W BEPIIUH JIOMAHBIX U
PErMOHOB CTPOSITCS. MHOTOYTOJIbHUKH, alllTPOKCUMUPYIOIINE BOKPYT HUX KPYTo-
BbIe OydepHbie 30HbI (puc. 62,0). Beibop pazmepa OydhepHOro MHOTOYToJIbHUKA
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MOXKET OCYIIECTBIISITHCS B BUJE MPaBUIBHOTO MHOTOYTOJbHUKA, BIHCAHHOTO,
OMMCAHHOTO WJIM PAaBHOIO MO IO UCTUHHOMY OydepHOMYy Kpyry B 3aBU-
CUMOCTH OT LEJH NMPUMEHEHHUsI Oy(epHBIX 30H.

Lllaz 2. JIyist OTPE3KOB JJOMAHbIX U TPaHUL] PETHUOHOB BBIYMCIISIIOTCS IPS-
MOYTOJIbHUKHU (puc. 62,8), KOTOpble B O0OBEAMHEHUH C PAHEE BBIUYMCICHHBIMU
KPYTOBBIMU 30HAMH TOJHOCTBIO OMpPEAENAIOT Oy(epHbIe 30HbI OTPE3KOB H JIO-
MaHBIX.

[llaz 3. IlonyyeHHble KPYroBble MHOTOYTOJIbHUKH, MNPSAMOYTOJbHUKH H
UCXOJIHbIE PETHMOHBI MEpeAaroTCs Ha BXOJ ajJrOpUTMa MOCTPOCHUS TPUAHTYJIs-
I[UU C OTPAHUYECHUSIMHU B Ka4u€CTBE PETMOHOB (puc. 62.2).

Illaz 4. Bce TpeyroJibHUKH, TIOMABIIME XOTS Obl B OJIUH PETHOH, BBIJICTIS-
I0TCSI B OJIMH 0O1IuiA peruoH (puc. 62,0). Koney arcopumma.

CaMmbIM TpyAOEMKUM IIaroM padOThl alropuTMa SIBISETCS MOCTPOCHHUE
TPUAHTYJISIIUU C OrpaHUYEHUAMH. Eciin MBI anmpokcUMHpyeM KpyroBbie Oy-
¢dbepHbIe 30HBI C UCMOIB30BAHUEM S CErMEHTOB, TO OyAeT MOCTpOeHa TPUAHTY-
asuust ¢ O(SN) y3namu, rjie N — KOJIMYECTBO UCXOJHBIX TOYEK M BEPUIUH JIO-

MaHBIX M perrnoHoB. TakuM 06pa3oM, o0mas TpyI0EMKOCTh aIrOPUTMa COCTaB-
nser B xyameMm O(S” - N?), a B cpeanem — O(SN).

PR

(@) (0) (6)

@ (9)

Puc. 62. IToctpoenue OydepHBIX 30H: @ — UCXOIHbIE OOBEKTHI;
6 — Oy(epHbIe 30HBI TOUYEK U BEPILUH; 8 — Oy(depHbIe 30HbI
OTPE3KOB JIOMAHBIX ¥ T'PAHMIIBI PETHOHOB; 2 — TPUAHTYJISIIIUS
C OrpaHUYCHHSIMH; O — MOCTPOCHHas OydepHas 30Ha
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OnHuM U3 BapUaHTOB NMOCTPOeHUs Oy(epHBIX 30H ABisieTcs Oydepuzanus
CO «B3BEILIMBAHHEMY», Korja pasMmep Oydepa SBIsSE€TCA WHAMBUAYAJIbHBIM IS
Kkaxaoro oonekra [9]. Ilpu 3TOM anmpokcumanus KpyroBbIX Oy(epHbIX 30H
MO>KET MPOU3BOJIUTHCS MHOTOYTOJIBHUKAMH C (PUKCUPOBAHHBIM YHCIIOM BEPIIHH
S n1ubo ¢ mepeMeHHbIM, BBIOMPAEMBbIM Ha OCHOBAHHUM 33IaHHOM TOYHOCTH. YTO-
OBbI BO BTOPOM CJIy4ae TPyAOEMKOCTh AJITOPUTMa HEOTPAHUYEHHO HE BO3pacTraia
IpU yBEJIMYEHUU Pa3MEPOB BXOJIHBIX O0BEKTOB, BCE MHIMBHUyalbHBIE S, Orpa-

HUYMBAIOT CBEPXY HEKOTOPBIM OOIIMM 3HAYCHHUEM S.

9.4. ITocTpoenne 30H 0JIM30CTH

Onpeodenenue 24. 3a0aua nocmpoernus 301 6auzocmu TpeOyeT onpenesne-
HUS BCEX TOUYEK IUIOCKOCTH, /ISl KOTOPBIX PACCTOSTHUE § 10 0OBEKTOB MHOKECT-
Ba {a;} SIBJIAETCS MMHUMAJIbHBIM.

B cnyuae, xorjga Bce 00BEKTHI SBISIOTCS TOUEYHBIMU, TaHHAs 3aj7a4a OIl-
penensieTcs Kak 3ajada noctpoeHus nuarpamMm Bopousoro (pasn. 1.1, puc. 3,a).
[IoaToMy €€ mocTpoeHHe Ha OCHOBE TPHUAHTYJSILHMM JleoHEe He IpeACTaBIseT
CJIOKHOCTH.

OTMEeTHM TOJNBKO, YTO JUJISI HEKOTOPBIX M3 3aJaHHBIX TOYEK COOTBETCT-
BYIOIIIE MHOTOYTroJbHUKH Boponoro OyayTt OeckoneunsiMu ¢urypamu. Ha
IPAKTHKE 3TOTO HE HYXHO, U TIO3TOMY MOXHO peajbHO OTPAaHUYUTH BCIO IJIOC-
KOCTb HEKOTOPBIM PETMOHOM, OOBIYHO Ha3bIBAEMBIM 001ACMbI0 UHIMEPECO8.

Aneopumm nocmpoernus ouacpamm Bopornozo [15].

[TycTh maHO MHOXECTBO TOUYEK M 00JacCTh MHTEPECOB B (OpPME MPSIMO-
yroiabHuka (puc. 63,a). TpeOyeTcss HallTU Bce MHOTOYroJIbHUKM BopoHoro s
ATUX ToueK (puc. 63,0).

gz 1. 110 NCXOMHOMY MHOKECTBY TOYEK CTPOMM TPHUAHTYJISALUIO Jleno-
He (puc. 63,0).

Llae 2. JInsg KaxJI0ro TPEeyroJbHUKA TPUAHTYJIALMU BBIYUCISEM UEHTP
OINMCAHHOM OKPY>KHOCTH.

Llae 3. JInst Ka)XKa0To y3J1a BBIYKCISEM IIEHTP MHOTIOYroJibHuKa BopoHo-
ro. [{ns aToro 06xoauM BOKPYT TEKYIIETO y37a M0 CMEKHBIM TPEYTOJIbHHUKAM U
coOupaeM IEHTPHI WX OMUCAHHBIX OKpYXKHOCTeW. Ecnu y3en HaxoauTcs He Ha
I'paHUIIe TPUAHTYJISINH, TO TAKUM 00pa3oM Mbl cOOEpeM KOOPJAMHATHI COOTBET-
CTBYIOILIETO MHOTOYroJibHUKa BopoHnoro atoro y3na (puc. 63,68). Eciu 3T0T y3en
HAXOJUTCS Ha TPaHUIle, 3HAYUT, MHOTOYTOJIbHUK BopoHoro sBisercs Oecko-
HeyHo ¢urypoii. [ToaToMy B 3TOM citydae HEOOXOAMMO BBITIOTHUTH OTCEUCHHE
JIBYX €r0 0€CKOHEUHBIX CTOPOH (puc. 63,2). Koney anrcopumma.

OTMeTUM TaKxe, YTO €CJIM CPEAH MCXOJHBIX TOUEK eCcTh 4 miu 6oiiee To-
YeK, JIeKAIIUX Ha OJHOM OKPYXKHOCTH, TO 3TOT aJTOPUTM BBIJACT HEKOTOPHIE
MHOT'OYTOJIbHUKH, ¥ KOTOPBIX OyayT AyOIMpOBaThCs MOCIEIOBATEIIbHBIE TOUYKH
KoHTypa. [loaToMy Takoil ciiyyait HEOOXOIUMO JOMOJIHUTEIBHO OTCIETUTb.
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_______________________

Puc. 63. [Toctpoenne nuarpamm BopoHOTo: a — HCXO/IHBIE JaHHBIE U 00JIACTh UHTEPECOB;
6 — MOCTPOEHHE TPUAHTYJIALMH J[eoHe; 6,6 — TOCTPOCHNE MHOTOYTOJIBHUKOB BopoHOTo
JUIS BHYTPEHHUX U BHEUIHUX Yy3J10B; 0 — chOpMHUpPOBaHHbIE TuarpaMmMbl BopoHoro

9.5. IlocTpoeHne B3BEIIEHHBIX 30H 0JIM30CTH

Ha npaktuke nuarpamMmvmbl BopoHOro MOTYT UCIOJB30BAaThCS, HAPUMED,
JUTISl HAXOXKACHUS 30H CKOPEUIIero 00CIyKUBaHUS (30H OJM30CTH) U3 3aJJaHHBIX
0a30BpIX NYHKTOB [9]. OmHako B JEHCTBUTENHHOCTH BO3MOKHOCTU 0a30BBIX
NYHKTOB (CKOPOCTh JBMKEHUS U3 HUX, yJAENbHBIE 3aTpaThl Ha IMepeMelIeHUE)
MOTYT OBITh Pa3HbIMHU.

Onpeodenenue 25. 3a0aua nocmpoeHus 836eueHHbIX 301 Ou30cmu Tpeody-
eT ompeAesieHUs] BCEX TOUYCK IUIOCKOCTH, JIJISl KOTOPBIX pacCTOSIHHUE S 10 00BEK-
TOB MHOJKECTBA {4, }, HIOMHOK€HHOE Ha Beca w, > 0, ABJIsIeTCA MUHUMAJIbHBIM.

B Takoil mpakTHuecku Ba)KHOW MOCTAHOBKE 3ajjaua MOCTPOSHUs 30H OJu-
30CTU PaCCMAaTPUBACTCA PEAKO, YTO CBA3AHO CO CIOKHOCTBIO ITOJIy4aeMBIX I'€0-
METPUYECKUX CTPYKTYp (TPaHULBI 30H COCTOST U3 OTPE3KOB MPSAMBIX U OYT OK-
pyxHocTel). OAHAaKO C UCIOJIB30BAHUEM TPHUABTYJIILIHN 3Ta 3a/ada PeIIaeTcs
JIOCTATOYHO HPOCTO, IPHU STOM OTPE3KH AYT Of g1 JAnnpOKCUMHUPOBATH JIOMa-
HBIMU C 3aJaHHOM TOYHOCTBIO.

Jlnis peieHust JaHHOM 3a]a4é paCCMOTPUM CIIy4aid JBYX TOUYEUHBIX 00B-
€KTOB @, U a, C BecaMu w; U w, .Eciim w; =w,, TO pELICHUEM SIBISIOTCSA JIBE

MOJTYIUIOCKOCTH, pa3JelIEHHbIE MPSIMON — CPEAMHHBIM NEPIEHANKYIIPOM K OT-
pe3Ky a, a,. WHaue mycte w, >w,, e=w,/w,. Torna reoMeTpuueckoe MecTo

Touek (x,y), OMmKalIuX KO BTOPOW TOYKE, OMPENEsSeTcss CASAYIOIMHUM COOT-
HOIIICHUEM:

\/(x —x1)2 +(y_y1)2 "W <\/(x —x2)2 +(y_y2)2 "W

Kak BHUIAHO, JAHHOC COOTHOIICHHUC OIIPCACIIACT KPYyI, IIO3TOMY HaﬁﬂéM
YPaBHCHHUC Ol'[pCI[ﬁJ'IiIIOH_ICﬁ €TI0 OKPY’KHOCTH B IBHOM BHIC:

[ =x P+ =37 ) w2 =((x =2, P + (=3, ) 0 =

y— W _erz) ’ _ ez(yl _y2)2 ~0
(1-¢*) (1-e*)’

oy -xne)) 0y -x)
(1-e%) (1-¢%)?
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Ortcroz1a momy4aeM LEHTP OKPYKHOCTH (X _,V.) U e€ paauyc R:

_(xl—xzez) _(yl—yzez) R:e\/(xl—x2)2+(y1—y2)2-

TTUCey T sy (1-¢)

Jlns pemieHust 3agauu JUIsl ciiydass MHOTUX OOBEKTOB HEOOXOIMMO pac-
CMOTPETh BCE BO3MOXKHBIC Mapbl 00BEKTOB (a;,d;) M MOIYYUTH JUIsL HUX Pa3Ou-

BAIOIIHE TUIOCKOCTh JIMHUM /; ; (IIPSIMbIE WJIM OKPYXKHOCTH). Jlanee HyKHO pa3-
OWTH MIIOCKOCTH CPa3y BCEMH IOMYyYCHHBIMH JUHUAMHE /; ;. IIpr 5TOM 3aMeTHM,
YTO Ka)K[bI¥ IOJYYUBLIMICS JIEMEHT pa3OUEHUS 7, LIEIUKOM NPUHAMIEKUT K
KaKOH-TO OJHOW 30HE JOCTH)KUMOCTH (MHAaue Obl HEKOTOPBIE BE TOUKHU U3 7
NPUHA/JICKAIN K Pa3HBIM 30HAM, NOCTIDKUMBIM U3 HEKOTOPBIX 4,,d;, HO TOrJa
OHH JIOJDKHBI OBITh PaselIeHbl JIMHUEH /; ;, TO €CTh NPHHA/ICKAT K Pa3HbIM

anemMeHTaM pa3ouenus). [locime 3Toro HEOOX0AMMO TPOKIACCUDHUITUPOBATH BCE
AJIEMEHTHI pa30MeHUs Ha MPUHAIC)KHOCTh COOTBETCTBYIOIIUM 30HAM M 00Be-
JTUHUTH UX B PETHOHBI, COOTBETCTBYIOIIHNE 30HAM.

Takoxe oTMeTUM, 4TO, Kak ¥ B IuarpaMmax BopoHOTO, HEKOTOPBIE PEruo-
HBbI OyJyT 0€CKOHEUHBIMH, TTO3TOMY HEOOXOJMMO OTIOIHUTEIHHO 3a7aTh Mpsi-
MOYTOJbHYIO 00JIaCTh HHTEPECOB.

Takum 00pa3oMm, MOTYHYaeTCs CIEAYIOIUN aIrOPUTM.

Aneopumm nocmpoeHus 636eueHHbIX 30H OIU30CIU.
[TycTe 1aHO MHOMKECTBO TOYEK {a;} ¢ Becamu w, >0 m obnacTe MHTEpE-

coB B (popme npsmoyrosnbpHuKa (puc. 64,a). TpeOyercs HalTH Bce B3BEIICHHBIC
30HBI OJIM30CTHU ISl ATUX Touek (puc. 64,8).

lllaz 1. Ecnn BO MHOECTBE TOYEK TOJBKO OJMH OOBEKT, TO MOJTydaeTcs
OJIHa 30Ha JOCTHXKUMOCTU B (opme obOnactu uHTepecoB. Eciu Bce 0OBEKTHI
UMEIOT OJMHAKOBBIE BECa, TO HYXHO BBIIOJHUTH AJTOPUTM IMOCTPOEHUS Tua-
rpaMM BopoHOTro u 3akOHYUTH padoTy.

Puc. 64. IlocTpoeHue B3BEIIEHHBIX 30H OJM30CTH:
@ — NCXOJTHbIE JTAHHBIC C BECAMU; 6 — pa3ACIIIONINe JINHIH;
6 — IOCTPOCHHBIE 30HBI OTM30CTH
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Llaz 2. Inst xaxoi napel 00bEKTOB (a;,a;) HAXOAUM JIMHUIO [/, ; (Tpsi-
MYIO HJI OKPYXKHOCTB). ECi /; ; ABJIAETCS OKPYKHOCTBIO, TO alPOKCUMUPYEM

e soMaHo#. BreimonHseMm e€ orceueHue o0yiacTbio uHTEpEecoB (puc. 64,6). Ko-
JMYECTBO TOYEK amlMpOKCHUMAIMU S MOKHO 3a7aTh (PUKCUPOBAHHBIM JIMOO BbI-
YUCISTH JJI1 KaXJA0U OKPYKHOCTU MHIUBHUAYAJIbHO, UCXOMAS U3 3aJaHHOW TOY-
HOCTHU IIOCTPOCHUM.

[llaz 3. Bce nofy4eHHbIE HA IPEABIAYIIEM dTane OTPE3KU MPsIMOM U all-
MPOKCUMUPYIOIINE OKPYKHOCTh JIOMaHble HEOOXOJUMO IMOAAaTh B KadecTBE
CTPYKTYPHBIX JIMHUM HAa BXOJ aJICOPUTMA MOCTPOCHUS TPUAHTYJSALUU JlenoHe ¢
OTPAHUYEHUSIMU.

lllaz 4. Knaccudumupyem Bce TpEYroJbHUKH, BHIOWpAs M3 MHOXKECTBA
{a,} 6nmxalni JOCTUKUMBIA OOBEKT.

Illae 5. BrIIONHSAEM aJrOpPUTM BbIIEICHUS PETHOHOB. BbI1aém mony4den-
HbIE PETUOHBI U 3aBepinaeM padoty (puc. 64,8). Koney arcopumma.

TpynoéMkocTs paboThl JAHHOTO aAITOPUTMa CKIIAJBIBAETCS B TEPBYIO
odYepelb U3 KBAJPATHYHOTO KOJMYECTBA JIMHUH /; ; OTHOCHUTEIBHO HCXOIHOTO

yycna Touek N. B nenom ona cocrasnsieT B cpeneM O(SN?).

9.6. HaxoxxaeHrne MaAaKCUMAJIbHOU MMYCTOU OKPYKHOCTH

Onpeodenenue 26. B 3a0aue naxoowcoenus naubonvueli nycmou OKpY#CHO-
cmu TpedyeTcsl HAUTH HanOOJBIIYIO OKPY)KHOCTh, HE COJIEPIKAILYI0 BHYTPH HH
OJTHOM TOYKH 33JJaHHOTO MHOKECTBA TOYCK, IIEHTP KOTOPOH JICKUT BHYTPH BbI-
MyKJIOH 000JI09YKH UCXOAHBIX TOYEK (pHcC. 65,a).

I[aHHaH 3a1a4a BOSHHUKACT IIPpHU pasMCIICHHUH KaKOM-TO CJ'Iy}K6BI HJINA TIIPCAa-
[puATHUA, IIPHU 9TOM Tpe6yeT05{ MAaKCHUMAJIbHO YAAJIUTDb 00BEKT OT APYTrux 3agaH-
HBIX OOBEKTOB. PaSMeHIaCMBIﬁ 00BEKT MOXKET OBITh UCTOYHUKOM SaFPHBHGHI/Iﬁ,
IMO9TOMY H€O6XOI[I/IMO MUHHUMU3UPOBATH CT'O BOSHGﬁCTBHC Ha Opyruc O6T>CKTBI,
1100 3TO Marasvt, 1 HCO6XOI[I/IMO IMOMCCTUTDH €Iro NOAAJIBIIC OT KOHKYPCHTOB.

B [12] noka3zaHo, 4TO IIEHTP MCKOMOHN OKPY>KHOCTHU JICKHUT JUOO B y3JI€
nuarpaMMbl BopoHoro (T.e. sIBISIeTCSt okpyorcHocmbio /leone — OKPYKHOCTBIO,
OMHUCAHHOW BOKPYT HEKOTOPOro TPEYroJIbHUKA TpUaHTyJsuu [lenone), 1ubo B
TOYKE TMepeceyeHus: AuarpaMMbl BopoHOTO ¥ BBITYKIION OOOJOYKH HCXOIHBIX
TOYEK. B CBSI3U € 3TUM BO3HUKAET CIECAYIOLIUNA AIITOPUTM.

Aneopumm Haxoxcoenuss Hauboavbuiel nycmou OKPYIHCHOCIU.

Illae 1. Ha MHOXECTBE UCXOAHBIX TOUEK CTPOMUTCS auarpamMma BopoHoro
C MOMOIIIBIO aJITOPUTMA, OITUCAHHOTO B pasi. 9.4 (puc. 65,6). [lpu atom nns ka-
KON TOYKU JUArpaMMbl OKa3bIBAIOTCS BBIYMCIECHHBIMU LIEHTP U PANYC COOT-
BETCTBYIOLIEH OKPYKHOCTH Jlenone.
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Puc. 65. Onpenenenne MakCUMaJIbHOM IyCTOW OKPYKHOCTH:
a — UCXOZHbIE JaHHbIe; 6 — nuarpaMmma BopoHoro; ¢ — oTceueHne
auarpaMMbl BopoHOTo BBITYKII0# 000J104K0i Touek

lllaz 2. Haxonutes BhIMykiaash 000J0YKa MCXOJTHBIX TOYEK, U OIMpeess-
IOTCSI TOYKM €€ MepeceueHHs ¢ KOHEYHBIMH péOpamMu auarpamMmbl BopoHOro
(puc. 65,8). i 3TUX TOUEK MEpeceyYeHHUs BBIUMUCISIECTCS PacCTOSHUE N0 OJH-
JKaIe MCXOAHOW TOYKH, KOTOpas OIPENENSeTCS ONHOW M3 JBYX CMEXKHBIX
s4eex auarpaMMel BopoHoro. HaitneHHoe paccTossHuE ONpenersieT painyc Hau-
OoJbIIeH OKPY>KHOCTU, KOTOPYIO MOXKHO 3/1eCh pa3MeCTUTh, HE HAKPhIBas HUKA-

KHX TOYCK.

Illae 3. Cpeaun Bcex OKpY)KHOCTEH, MOJTyYEeHHBIX Ha marax 1—2, BeiOupa-

€M UMEIOIIYI0 MaKCUMaNIbHBIN paaunyc. Koxey arcopumma.

Tpyno€MKOCTh TTOJIYYEHHOTO QJITOPUTMA SIBJISETCS B CpEeHEM JIMHEHHOMN

OTHOCHUTCIIbHO KOJIMYCCTBA NCXOJHBIX TOYCK.



I'naBa 10. TpuaHryJassumoHHbIE MOJEIH
MMOBEPXHOCTEH

10.1. CTpyKTYpBI JaHHBIX

Ha mpaktuke ans MoJenMpoOBaHHs MOBEPXHOCTEH, SIBISIOMIUXCS OIHO-
3HAYHBIMU (PYHKIMSMH BBICOT OT TUIAHOBOTO TIOJIOKEHUSI TOUKH, UCTIOIB3YIOTCS
JIBA OCHOBHBIX BHJIa CTPYKTYp — peryisipHasi (paBHOMEpHasi MPsIMOYTOJIbHAS) U
HeperyJsipHas (TpUaHTyISIHMOHHAas1) ceTH (puc. 66).

OCHOBHBIM HEJIOCTaTKOM pETYJIIPHON CETU SBISAETCA TPOMO3IKOCTh
NPEICTaBICHUsS JaHHBIX. PeanabHble OOBEKTHI JUIsl JTOCTATOYHO JI€TAIbHOTO
IpeCTaBlIeHUs TPEOYIOT OIPOMHOIO MaccuBa JaHHBIX. [loaToMy mpuxoaurtcs
BBIOMPATh MEXKy TOYHOCTBIO MpEACTaBICHUS (pa3MEpOM SIUEUKH) U pa3MepoM
OXBAaTbIBAEMOU TEPPUTOPUH.

B TpHaHFYJIHHHOHHOfI MOJCIN Ka4YCCTBO alllIpOKCUMAIlMKU IMOBCPXHOCTH
3HAYUTCIIbHO BBIIIC, YCM B pCFYHHpHOﬁ. Ho IIpHu 3TOM CYHICCTBCHHO BO3pacCTacT
CJIOKHOCTD 06pa6aTBIBaIOHII/IX AJITOPUTMOB.
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Puc. 66. TpuanryiasiuuoHHas MOJIEIb MOBEPXHOCTH 3EMITH
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ITpu moctpoeHnH Mozenu penbeda Ha MPAKTUKE BCTPEYAIOTCS CIENYIO-
M€ BUJBI NCXOTHBIX TaHHBIX:

1. Tpé€xmepHble mouKkuy Ha TIOBEPXHOCTH (BBICOTHBIE OTMETKHU Ha KapTe).

2. CmpyxkmypHule aunuu peivega — JIUHNAN, BIOJIb KOTOPBIX UMEET MECTO
HapyLIEeHUE TJIAJIKOCTU MOBEPXHOCTU (JIMHUU OOPBIBOB, TPAHULBI PEK, PYyUbH,
TOpHbIE XpeOThbl, BOJOPA3/Eibl, TPAaHULBI HCKYCCTBEHHBIX COOPYKEHUN).
CTpyKTypHBIE JINHUY 331aI0TCSA KaK TPEXMEPHBIE JIOMAHBIE.

3. U301unuyu — TUHAW OJHOTO YPOBHS, BAOJIb KOTOPBIX MOBEPXHOCTH SIB-
JIAETCS TIJIAIKOM.

4. I'opuzonmanvuvie niamo — PETHOHBI, BHYTPU KOTOPBIX BBICOTA MO-
BEPXHOCTH MOBCIO/IY OJIMHAKOBa (03€epa).

5. Obnacmu unmepeco8 — PETUOHBI, BHE KOTOPHIX HH(POpMAILIMS HEU3-
BECTHA WJIM HE MHTEPECYET MOJIb30BATEIIS.

Ha npaktuke Mozens penbeda IpUMEHSIETCS COBMECTHO C APYTUMU JIaH-
HBIMU O MECTHOCTH, TAKUMH KAaK PACIIOJIOKEHHUE PEK, JIECOB, TOPOT, TOMOB U JIp.
[Ipu sTOM B psize ciaydyaeB BO3HUKAET MOTPEOHOCTh Yyu€Ta HEMOCPEICTBEHHO B
MOJIeNU pelibeda JaHHBIX 0 MECTHOCTU. Hampumep, 7151 ynpoIieH s pa3inuHbIX
pacy€ToB MOXKHO MOTPeOOBATH, YTOOBI TPEYTOJBHUKH HE MEPECeKauCh C Ipa-
HULIAMH JTIOPOT, 3€MEJIbHBIX YYaCTKOB, IOMOB U Jp. Torna npu TpéXmMepHOUl BU-
3yaJau3aluu pesbeda MOKHO Pa3sHBIM I[BETOM PACKPACUTh Pa3HbIE TPEYTrOJIbHU-
KU B 3aBUCMMOCTHU OT TOTO, IPUHAJJIEKAT JIK OHH JIOPOTe, MO0 U JIECY.

Takum 00pa3oM, BO3HHUKAET €Ile OJIMH BUJI UCXOJHBIX JAHHBIX JIJISI TIO-
CTpOEHUSI MOJIENIN peibeda:

6. Pazoenumenvusle quHuy — JTAHUAW, U3MEHSIONINE TOJBKO CTPYKTYPY
TPEYTOJILHUKOB, HE TPOTast JOPMbI TOBEPXHOCTH.

Nmes nepednciieHHbIe BUBI UCXOAHBIX AAHHBIX, Ml MOXKEM IIOCTPOUTH
MoJieNnb penbeda, MepeaB B aJrOPUTM MOCTPOSHUS TpUaHTYIsIuu Jlenone c
OTPaHUYEHMAMU BCE UCXOAHBbIE NaHHbIe. HO Ipy 3TOM BCTaBKa B TPUAHTYJIALUIO
CTPYKTYPHBIX JIMHUI BUJIA 2 JTOJKHA BBIOJIHATHCS AJITOPUTMOM BCTAaBKH «Y J1a-
a1 u ctpo» mwin «llepectpanBail U CTpo», a JaHHBIE BUIOB 3—6 — anropur-
MoM «CTpoi, pa3OuBas.

Hcnons3oBanue BctaBku «CTpoii, pa30uBasy) BBI3BAHO JKEIAHUEM MHUHU-
MU3HUPOBATh UCKAKEHHsI ()OPMBI TOBEPXHOCTHU MPHU BCTABKE JMHUM, a TaKXKe U3-
OexaThb MOSBJIEHUS JUIMHHBIX Y3KHUX TPEYTrOJbHUKOB BJOJb 3THX JUHHUHI (OCO-
OCHHO BJIOJIb IaHHBIX BUJIOB 3—5).

10.2. Ilepedpocku péoep

[IpuBenénnbIe B MpEeAbIAYLIEM pa3Aesie BUIbl UCXOAHBIX JaHHBIX IS MO-
CTPOEHHUS TPUAHTYJSIIIMOHHBIX MoOjeNel penbeda BO MHOTHX CIydasX JOCTa-
TOYHBI JUISl TIOCTPOCHHST MOJEJIEH MOBEpXHOCTEW. TeM He MeHee OYeHb 4acTo
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aBTOMAaTHUYECKU MOCTPOCHHBIE TPEYrOJbHUKH HE AAOT MPAaBUJIBHOW KapTHUHBI
NOBEPXHOCTH, HANpHUMEp, €CIAM MUCXOAHBIMH JaHHBIMHU JUIsl TPUAHTYJIALHUH SIB-
JSI0TCA M30JIMHUMU, TOJYYEHHBIE B pe3yjbTaTe 00pabOTKH KapTorpapuyecKux
MatepuainosB (puc. 67).

(6) (@)

Puc. 67. [Ipumep aBTOMaTHUECKOTO IOCTPOEHUS TPUAHTYJISALUU:
@ — aBTOMAaTUYECKH OCTPOCHHAsl IOBEPXHOCTh; O — UCIIPABJICHHAs
MOBEPXHOCTh; 6 — N30JIMHUY HA aBTOMAaTUYECKU ITOCTPOEHHOMN
MOBEPXHOCTH; 2 — U30JIMHUM Ha UCIPABJIEHHOM MOBEPXHOCTHU

CrienmanbHO JUIsl CUTyalluil ¢ HEKOPPEKTHBIMH TPEyTOJIbHUKaMH BOJIU3H
U30JIMHUN pa3pa0OTaHbl pa3lMyHbIE aJTOPUTMBI, B YAaCTHOCTH 3aIlpelalolIne
IIOCTPOEHUE TPEYTOJBbHUKOB, BCE 3 y3J1a KOTOPBIX JIEKAT Ha U30JUHUSAX OJITHOTO
ypoBHs. Takue anropuTMbl 10 MEpe BO3MOKHOCTH BBIMOJIHSIOT MEPECTPOCHUE
nap COCEIHMX TPEYTOJbHUKOB (nepebpacvieaiom pédpa) M0 TeX TOp, TOKa HE
UCYE3HYT 3alpeliéHHble TPEyroibHUKH. Eciy Takue TpeyroibHUKH OCTAIOTCS, a
yIIy4dIIalonmx nepedpocok pédep OobIe HET, TO BHYTPU BCEX HEIOMYCTUMBIX
HEMPEPBIBHBIX TUIOCKUX 00JIACTEl TPEYrOJbHUKOB BCTABIISIOTCS HOBBIC Y3JIbI
TPUAHTYJISILIUU, BBICOTHI KOTOPBIX BBIOMPAIOTCS MPOMOPIIMOHATBHO PACCTOSHU-
SIM JIO IBYX CMEXHBIX H30JIUHHM.

Tem HE MEHEE HE BO BCEX CIyYasX TAKWE aJTOPUTMBI IPUEMIIEMBI, a TI0-
TOMY JJIsi JOCTIDKCHHSI HY)KHOTO KadecTBa MOJICIN TPHUXOAUTCS Tpuberath K
PYYHOMY PEIaKTUPOBAHUIO TPUAHTYJISIMU — K PYYHOM WHTEPAKTUBHOW Iepe-
opocke pébep. B coorBerctByromux rpaduuecknx cuctemax (I'MC u CAIIP),
paboTaIMMUX ¢ TPUAHTYISIIUOHHBIMA MOJEISIMH TTOBEPXHOCTEH, IS JTOTO
IIPETYCMOTPEHBI CTEIUATbHBIC HHCTPYMEHTHI, TIO3BOJISIONINE YKa3aTh Ha KapTe
peOpO TPHAHTYJISIIIMK M BBITIOJTHUTH €T0 TIEPEOPOCKY.
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Bce BbinonHsgeMble epeOpOCKH HEOOXOJUMO 3allOMHHATh, YTOOBI B OY-
yIIEM UX MOXHO OBbUIO MOBTOPUTH. Takas moTpeOHOCTh MOXKET BO3HUKHYTD,
ecyii OblIa BBIIIOJIHEHA HEKOTOpasi KOPPEKUHUsI UCXOIHBIX JTaHHBIX W, KaK Clel-
CTBUE, ObLJIa IEpeCcTpOeHa BCS TPUAHTYIISIIIUS.

Takum oOGpazoM, nepeOpocku pédep MOMKHBI BBICTYNATh Kak €mié OJIUH
THUIT UCXOJHBIX JAHHBIX B JOTIOJHEHUE K MPUBEIEHHBIM B TIPEABIAYIIEM pa3fe-
ae. YnoOHee Bcero mepeOpoCKr XpaHUTh Kak Ha0Op M3 TIOCKUX KOOPIUHAT Ye-
THIPEX Y3JIOB JIBYX CMEXKHBIX TPEYTOJBHUKOB, YTO TO3BOJISICT OJHO3HAYHO WX
UACHTU(DHUITIPOBATH U BBIMTOJIHATEH UX IMIEPECTPOCHHUSI.

CoOOTBETCTBYIOLIUN AJITOPUTM, BBIMOJHSIIOUIMN TIepeOpocKky pédep, moii-
’KEH BHayajie HAWUTH MO KOOpJMHATAM Y3JIOB Mapy CMEXHBIX TPEYTOJIbHUKOB, a
3aTeM BBIMOJHUTH NepecTpoeHue. JJis BBIMOTHEHUS MOMCKAa HEOOXOAMMO IO-
CJIEIOBATEIBHO MEPEXOAUTH OT HEKOTOPOIro HA4YaJbHOI'O TPEYTrOoJbHUKA J0 HC-
KOMOTO, KaKk B UTEPATHMBHOM aJTOPUTME IMOCTPOCHUs TpUAHTyJsuuu Jlemone

(cm. . 2.1). Tpy1o€MKOCTh TaKOTO ajJropuTMa COCTaBIISIET B CPEIHEM O(x/ﬁ ).
[Ipu BeimosHeHnu K nepedpocoK TakoW alropuT™M OyJIeT yke paboTarh B Cpe-
HeM 3a Bpems O(K JN ), UTO MOJKET OKa3aThCsl HEYJOBJIECTBOPUTEIBHBIM [T
OombIMX 3HaUCHUN K.

JI1st coKpallleHusi BpeMEHU MOMCKA TPEYTOJIbHUKOB MOKHO MCIOJIb30BATh
pa3IUYHbIE UHACKCUPYIOIINE U KAIIUPYIOIIUE CTPYKTYpbI, HAIPUMEpP OIKCaH-
HBIC B 1. 2.2—2.3, B 4aCTHOCTH, TUHAMHUYECKHI KA1, 00pa3yeMbIil TIOCie OKOH-
YyaHUs pabOThl AITOPUTMA JUHAMUYECKOTO KIIIUPOBAaHMS (M. 1. 2.3.2), mo3BO-
JIIeT CHU3UTh TPYAOEMKOCTh ajJropuTMa BhIMoJHEeHHs mepedpocku no O(1), a

BeImosiHeHus K nmepedpocok — 10 O(K).

B HEKOTOpBIX Cilydasx MPU WHTCHCHBHOM PYYHOM PEIAKTUPOBAHHH TIO-
BEpXHOCTEH 00Opa3zyercsi OueHb OOJIBIION CIHMCOK mepedpocok pédep. DTo Mo-
KET TOJYYUTRCS, HAIPUMEP, KOTJa OIepaTop IMOBTOPHO BBHITIOJHSET Mepedpo-
CKH OJHUX W TeX e péoep, BU3yalbHO Toaoupasi Tpedbyemyto (popmy moBepx-
HocTH. Takum oOpa3oM, BO3HWKAET 3ajladya COKpAIEHUS CIHUCKa NepeOpocok
pEOep, MO3BOIISIFONIAS OTPAHUYHUTH HEKOHTPOJIHUPYEMBIH pOCT 0OBEMOB HCXOJI-
HBIX JIAHHBIX.

OnuchiBaeMbIil 371€Ch AITOPUTM COKPAILIEHUS CIHCKa NEepeOpocok pedep
0asupyercs Ha TOM, YTO JIFOOYIO TPUAHTYJISIUIO C MOMOUIBIO MOCIEI0BATENb-
HBIX NIepeOpOCoK map peédep MOKHO IpeoOdpa3oBaTh B TpUAHTYJSLUIO [[enone ¢
orpanndeHusmMu (cM. 1. 1.1). Kpome toro, ncrnonb3yercss To CBOMCTBO, YTO TPH-
anryisinus Jlenone oOnagaer MakCUMaJIbHOW CYMMOW MHHUMAJbHBIX YIJIOB
Cpenu BCeX BO3MOKHBIX TPUAHTYJISLIUMI.

AJZZODMWIM COKpAWEeHUA cCnucKd nepe6p0007< Dé6€l?.

Ha Bxox anroputma momga€rcsi paHee MOCTPOSHHAS TPUAHTYJIISIUS C YKe
BBITIOJTHEHHBIMU TIepeOpockaMu peoep.

[llaz 1. Ounniaem cnucok nepedpocok péodep F.



TpuaHTyJIALIMOHHBIE MOJIENIN TOBEPXHOCTEN 109

Llae 2. Co3maémM CHHUCOK HEMPOAHATU3UPOBAHHBIX IMAP COCEAHUX Tpe-
YTOJIBHUKOB L, 1 noMernaeM Tyaa Bee napel 7;,7;, KOTOpBIC HE YAOBICTBOPSIOT

ycioBHIO JlesioHe 1 ISl KOTOPBIX MOKHO caenarh nepedpocky péodep. i kax-
JIO¥ mapbl TPEYTOJIBHUKOB comocTasisieM 3HaueHue ¢yuxuuu m(7;,T;), onpe-

JEJSIIONIEeH, HACKOJIBKO YBEJIMYHUTCS CyMMa MUHHUMAJIBHBIX YTJIOB JABYX Tpe-
yronbHuKoB 7; U T, eciu BBINOJHUTH Tepedpocky pébep. Crmcok L coprupy-

em 1o yosiBanuto 3HaueHust m(7,,T;).

[lae 3. Tloka cnucok L He mMycCT, U3BJACKaeM U3 HEro nepsyo napy 7;,7;

(T.e. ¢ MakcumainbHbIM 3HaueHueM m(7;,7,)). Ecmu T, u T, SBISAIOTCSA CMEXK-

HbIMU U ycaoBue [lenoHe st 3Toi napbl HE BBINOJIHSIETCS (HECMOTPS HA TO, YTO
B L W3Ha4aJbHO MOMEMIAIOTCS TOJIBKO CMEXHBIE TPEYTOJbHHUKHU, 3Ta CMEKHOCTD
u ycioBue JlenmoHe MOTyT ObITh HApYIIEHBI MPU MEPECTPOCHHUH APYTHUX Map Tpe-
YTOJIBHUKOB), TO BBIMIOJHSIEM U 3alIOMUHaeM B F riepeOpocky pedep B 3TOM mape
TPEYTOJILHUKOB, & B CIIUCOK L ToMemaeM ¢ y9éToM (yHKIIMA COPTHUPOBKHU [0
YEThIPEX HOBBIX MAP CMEXKHBIX TPEYrOJIbHUKOB, /I KOTOPBIX yciaoBue [lenone
HE BbINONHsAETCA. Koney arcopumma.

CTOUT OTMETHUTH, UTO, MOCKOJBKY OJHA M Ta K€ TPUAHTYJSALHS MOKET
OBITH MOJTyY€Ha C MOMOIIBIO PA3IUYHBIX MOCIEA0BATEIHLHOCTEN epedpPOCoK, TO
B pe3yibTaTe paboThl MPUBEAEHHOIO alropUTMa CIHUCOK Iepedpocok pédep
MOKET HE TOJIbKO COKPATHUTHCS, HO Jake yBeanuuThcs. [Ipu aTom TpuaHryms-
LIMY, IOCTPOEHHBIE HA OJHUX MU TEX K€ MCXOAHBIX TOUKAX, HO Ha Pa3HbIX CIU-
cKax (puroB, OyayT reOMETPUYECKH IKBHUBAICHTHBIMU. BO3MOXXHOCTh JAHHOTO
YJIMHEHUS CIHACKA OOBSCHSAETCA TEM, YTO, MOCKOJBKY MOPSIOK y3JIOB U Tpe-
YTOJIBHUKOB B JIByX 3KBUBAJICHTHBIX TPUAHTYJISIUSAX MOXET OTIMYAThCs, BOC-
CTAaHOBJICHHE IMOCTPOECHHON TPUAHTYJSLUU A0 TPUAHTYJSIUU JledoHe MOoXeT
HayatbCs ¢ Apyroro sjemMeHTa. COOTBETCTBEHHO, CIMCOK MEPEOPOCOK MOMKET
MOJIYYUTHCSI COBEPILIEHHO JIPYTOM.

B oOuiem cnyuae, nocie paOoThl JAHHOTO aJITOPUTMA, pa3Mep CIHCKa Iie-
pebpocok OyaeT cocTaBisATh B cpenHeM He Oosee O(N), HE3aBUCUMO OT KOJIH-

qcCTBa HGpGCTpOGHHﬁ, CAC/IAHHBIX ITOJb30BATCIICM MHTCPAKTUBHO.

10.3. YnpoumeHue TpUAHTYJISIUUA

PeanbHble TpHAHTYJISIIIMOHHBIE MOJENHU penbeda 3eMHON MOBEPXHOCTH
O0OBIYHO COZEPKAT OIPOMHOE KOJMYECTBO JAHHBIX — MUJUTMOHBI U MUJUIHAPIbI
TOYEK U TPEYTrOJILHUKOB. B CBSI3U ¢ 3TMM BO3HMKAIOT JIB€ OCHOBHBIE MPOOJIEMBI:
1) xak oOpabarbIBaTh Takue OOJbIINE MOJIENH, €CITU OHU HE TOMEIIAIOTCS B Ma-
MSTh KOMIIBIOTEpPA; 2) KaK MX OBICTpO OTOOpakaThb Ha 3KpaHE KOMIIBIOTEpA.
Bropas nmpoGiema cTtout naxe 6oiiee *KeCTKO, YeM TepBasi, Tak Kak TaM 4acTo
NPEaBbABIACTCS JOMOJIHUTENbHOE TpeOOBaHUE pabOThl B pealbHOM PEXKHUME Bpe-
MEHHU.
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OCHOBHOI MOAXOA K PEIICHUIO 3TUX MPOOJEM 3aKII0YaeTCsi B MOCTPOE-
HUM YIPOLICHHBIX MOJIEJIEN IIOBEPXHOCTH, KOTOPBIE HMEIOT 3HAYUTEIBHO
MEHBIIUN pa3MeED.

Onpeodenenue 27. 1lyctb uMeercs: Tpuanryisiuusa 1, copepxkamias N :‘T ‘

y370B. B 3a0aue nocmpoenus ynpowaroweu mpuaneynayuu (3adave 2enepaiu-
3ayuu) TpebyeTcss HaWTH TaKyl0 TPUAHTYJIISIIHUIO £, YTO:

1) oHa ColIep>KUT 3aJlaHHOE KOJUYECTBO Y3JI0B K = M < N 1 UM€eT MUHU-
ManbHOe oTkioHeHue d ot 1. d(T',t) =mind(T,7), |t |=n (3adaua, ynpasisemas
T

eeomempueii);

2) oHa UMEeT OTKJIOHCHHE d 10 BEpTHKAIU OT 7 He OoJiee YeM Ha 3aJiaH-
HYIO BEJIIMYUHY € M MUMEET MUHUMAJIbHOE KOJMYECTBO Y3JIOB n(f)=minn(t),
T

d(T,v)<e (3aoaua, ynpasniemas ouubKou).

JlanHas 3ay1aua B 00oux BapuaHTax siBisiercs NP-cnoxHoit [20], mosTomy
Ha TIPAKTUKE UCIIOIB3YIOTCSI TPUOIMKEHHBIE allTOPUTMbI, KOTOPhIE MOXHO pas3-
JIEUTh B COOTBETCTBUU C IPUMEHSIEMOI CTpaTerneil Ha JiBa OCHOBHBIX Kijlacca,
paboTaroluX «CBEPXY BHU3» U «CHU3Y BBEpX» [49].

Crpaterusi «cBepxy BHHM3» HauMHaeT pabOTy C MPOCTOM aNMpPOKCHUMU-
pyromieil MoJieau, COCTOSIIIeH U3 OJIHOTO MM HECKOJIbKUX TPEYTOJIbHUKOB, MO-
KPBIBAIOIIMX HCXOJIHYIO TpUaHTylsAnuio. Jlaiee B TPUAHTYJSLHMIO TOCIEI0BA-
TEIbHO J00aBJISIOTCS HOBBIE TOYKH /IO TE€X IMOp, MOKa HE OyNeT INOCTUTHYTO
Tpebdyemoe pazperieHue. PaccMoTpuM OJIMH U3 TaKUX aJropuTMoB [36].

Aneopumm « Cenexmop Henoney.
Jlana ucxomHas TpuaHrynsaius 1 W 3amaHa TpeOyemass TOYHOCTh € WIIH
HY>KHOE KOJIMYECTBO TPEYTOJIbHUKOB 7.

llaz 1. Ctpoutrcs TpuaHryisiuus I W3 OJHOTO WM HECKOJIbKHUX Tpe-
YTOJIbHUKOB, TMOKpbIBatOImX 7. Jis KaJ0ro TPeyroibHuKa f, € T co3maercst

CIIMCOK L, ele He MCMOIb30BAaHHbIX U MOMAIAIOIINX BHYTPb /; Y3II0B P, .

[laz 2. Jlna xaxporo ysna p, €l  BBIUUACIACTCI OTKIOHEHUE

d,=d(p;,T) mo BepTUKaIU OT HOBOH TpHaHrysiiuu 7. Bee crmcku toyek L,

CBSI3aHHBIC C {; € T, COPTUPYIOTCS M0 BEIMYHMHE d;, @ BCE TPCYTONbHUKH ¢, € T

IIOMCIIAKTCA B C6aJ'IaHCI/IpOBaHHO€ ACPCBO IMOHCKa IO 3HAYCHHUIO MaKCHMaJlb-

HOTO OTKJIOHEHHUs d; =Max d; BHYTPH 3TOTO TPEYTrONbHHUKA.
' pietj

[llaz 3. Tloka He nocTUrHyTa Tpedyemas TOUHOCTh WIIM HYKHO€ KOJuYe-
CTBO TPEYTOJIbHUKOB, BBIMIOJIHIETCS CIEeAyIOIUi UK. B nepeBe moucka BbIOU-

™ '
paeTcst TPEyroJibHuUK ¢, € T ¢ MaKCUMaIbHbIM d;,  BHYTPH /; — y3€ll p, C MaK-

CUMAJIBHBIM d,;. DTOT y3ell yAaIAeTCs U3 CIUCKA L, ¥ BCTaBIAETCS B TPHAHTY-

U0 ' ¢ TOMOUIBIO ITPOLEYPHl BCTABKU U3 UTEPATUBHOIO AJITOPUTMA TPUAH-
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ryimsauud. [Ipy 3ToM HEKOTOpble TPeyroiabHUKH B 1 OyIyT NEpecTpOEHbI, IMO-
5TOMY HEOOXOIMMO TEPEPaclpe/ieiuTh TOYKA B CHHCKax L, COOTBETCTBYIO-

11170, € N3MECHEHHBIM TPCYTOJIbHUKAM, 3aHOBO BBIYUCIIUTH B HHUX di , OTCOPTHUPO-

BaTh CIIMCKH U OOHOBUTH ACPCBO IIOHCKA. KOH@L{ ajeopumma.

Tpyno€MKOCTh JAHHOTO ANTOPUTMA 3aBUCHT TJIaBHBIM 00pa3oM OT CIIOXK-
HOCTH TIepepacIpeesieHus] TPEYyTroJIbHUKOB, Iiepecuéra OTKIIOHEHUH, COPTHPOB-
KU CIIMCKOB M OOHOBJICHMS JepeBa IMoWcka. B xyniiem ciydae TpyZoEMKOCTb
anroput™ma coctasisier O(Nnlogn), rie n — KOJIMYECTBO TPEYTOJIBHUKOB B T

nocJie 3aBepuieHusi paboTel anroputMa. OqHAKO B CpeIHEM Ha pealbHBIX JaH-
HBIX 3TOT aJITOPUTM IMOKa3bIBaeT TPyA0EMKOCTh Toabko O(N logn) [32].

Ha puc. 68 npezacraBien nmpumep UCIONb30BaHUs ceyekTopa Jlemone (B
KauecTBE HMCXOJIHOM MOKPBHIBAIOIIECH TPUAHTYISIUMU OBUIM MCIIOIB30BaHbI JIBa
TpEyrojbHUKA, a TpebyeMoe KonuecTBo y3510B 7 =100).

B crTparerun «cHu3y BBepx» paboTa HAUMHAETCA C UCXOJHOW TPUAHTYJISA-
MU U YUCJIO 3JIEMEHTOB TPUAHTYJIALMH MTOCTENEHHO YMEHBIIAETCs 10 TEX IOp,
NoKa He OyJeT JOCTUTHYTO TpeOyeMoe KOJUYECTBO Y3JIO0B JIMOO 3aJaHHOE J10-
MyCTUMOE OTKJIOHEHHE € YIPOILIEHHON TPUAHTYJIALMH OT UCXOTHOM.

Puc. 68. [Ipumep mocTpoeHus: yIPOIIEHHOW MOJIEIU C MTOMOIIIBIO
cenekropa [lenmone mo monenu penbeda, mpeIcTaBICHHON Ha puc. 66



112 I'masa 10

YMeHbIIIEHNEe YHCIIa 3JIEMEHTOB OOBIYHO BBITIONHSACTCS C MOMOIIBIO J10-
KANbHOU MOOUuKayuy TPUAHTYISIIUN — ONEPAldU, 3aMEHSIONIEH HEKOTOPYIO
MaJICHBKYIO TPYIIy CMEXKHBIX TPEYTOJbHUKOB Ha JPYTYIO, TIOKPHIBAOIIYIO TY
*e 00sacth. Ha mpakTuke 0OBIYHO MPUMEHSIOT 3 BUAA JIOKAIbHBIX MOOUPDUKA-
yuu (puc. 69): a) ynanenue ysia, 0) kosuiarnc pedpa 1 B) KOJIJIANc TPEyTroJbHUKA.

AJZZODMWIM JIOKAJIbHO2O YNPOWECHUS MPUAHVTIAUUU.

JHana ucxomgHas Tpuanryssiiuss 7 u 3agaHa TpeOyemas TOYHOCTb & WIIU
HY>KHO€ KOJIMYECTBO TPEYTOJIBHUKOB 7.

Llae 1. Co3naeM HOBYIO TPUAHTYJISIIUIO KaK KONWIO ucxoguou 7 :=T.

Llae 2. Jlnst kaxmoro ys3na p, €T yCTaHAaBIMBACM OTKIOHECHHE OT HC-
XoxHOW Mogenu ;=0 W BBIYUCISACM MOTEHIMAIBHOEC HOBOE OTKJIOHEHHE T,

KOTOpPO€ BO3HHUKHET Ha MOBEPXHOCTU IMPHU €ro yJaleHUH (CpeHee BBICOT €ro
cocezeil [lenone, B3BCIICHHBIX 110 UX YAAICHHOCTH OT y371a p, ).

lae 3. Tns kaxnoro pedpa r; € T, COCAUHSIONIETO y3IIbl p , 1 p, , BB
YHUCIISIEM OTKJIOHCHHE €ro LEHTpa OT UCXOAHOW Mozjenu p; =0 n noTeHUHaIb-
HOE HOBOE OTKIOHEHHE P, :=(m;, + 7, + 7T, + 7, )/3, KOTOPOC BO3HUKHET IPHU

€Tr0 KoJIJIaIice.

[lae 4. s KaXH0ro TpeyronbHUKa ¢, €T, COCAMHSIOLICIO Y3IBL P, ,
p;, ¥ p, , BBIYHCISIEM OTKIOHCHHE €ro LEHTPa OT UCXOAHOH Mozxenu T,:=0 u
MOTCHIMATBHOE OTKIOHEHHEe T,:=(T, +7, +7, +7, +7, +7,)/6 , KoTOpoe

BO3HUKHCT IIpU €Iro KOJLJIAIICC.

Puc. 69. Bunpl tokaJIbHBIX MOIU(DUKAIUNA TPUAHTYJIISIIAN:
a — yIaJleHue y3ia; 6 — KoJuianc pedpa; 6 — KOJIAIC TPEyroJbHUKA
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[llaz 5. Bce 0OBEKTHI TPUAHTYJISALMUA — Y3JIbl, pEOpa U TPEYTOJIbHUKU —
MOMEIIAEM B COAIAHCMPOBAHHOE [IEPEBO MOUCKA I10 3HAYCHUAM T, + 7T, P, + P,

H T+ T ; COOTBETCTBEHHO.

lllaz 6. Tloka He OyaeT MpeBBIlICHA AOMYCTUMAsE TOYHOCTh WK HE OyneT
JOCTUTHYTO 33JJaHHOE KOJWYECTBO TPEYTOJIbHUKOB, BBIMOIHSICTCS CIICTYIONTUI
UK. B Tpuanrynsuuu BeiOupaeTcs o0beKT (y3el, peOpo Win TPEYTOJIbHUK) C
MHHAMAIbHBIM 3HAYEHUEM BEIMYUH 7T, + 7., p, +p, Wi T, +7,. B coorsercr-

BHUH C HafI,HCHHBIM MUHHUMYMOM BBIIIOJIHACTCA YAAJICHHUC Y3JId, KOJLIIAIIC pe6pa
HJIN KOJUIAIIC TPCYT'OJIbHHKA. ITocne aToro HCO6XOIII/IMO BBIIIOJIHHUTD pacqéT TC-
KymuX U INOTCHIHAJIbHBIX OTKJIOHCHMU JJIA1 BCCX BHOBD ITOABHUBIINXCS 00BEKTOB
TPHUAHTYJIIIUU U OOHOBHUTH ACPCBO ITOUCKA. Koneu ajeopummd.

Tpyno€MKOCTh JaHHOTO aJIroOpuTMa 3aBUCHUT TJIABHBIM 00pa3oM OT CIIOXK-
HOCTHU pacu€Ta OTKJIOHEHUH ISl BHOBb MOSBUBIINXCS OOBEKTOB TPUAHTYJISALIUY,
KOTI'J1a He0OOXOJUMO HAXOJUTh B UCXOJIHOM TPUAHTYIISILIMM TPEYTOJIbHUK, B KOTO-
pBIF IIOIAJIaeT UCCEAyEMas TOUKa. Eciau st ICXOAHOM TPUAHTYJISIIUA UMEET-
Csl KAII ITOMCKA (KaK B aJITOPUTMAX TPUAHTYJISALMH C KAIIMPOBAHUEM), TO MIOUCK
OJIHOM TOYKHM OyJneT nmpoucxoAauTh B cpeaHeM 3a Bpems O(1). Tak kak B cpen-

HEM TPU OJHOU JIOKATbHON MOAMGUKAIMKN TPHAHTYISIUU 3aTparuBaercsa O(1)
00BEKTOB, a OOHOBIIEHHE JepeBa moucka 3aHumaer Bpems O(logn,), rae n, —

TEKYIIUH pa3Mep TPUAHTYIIAINH, TO B 1IEJIOM JTAHHBIN aJITOPUTM MUMEET TPYJIO-
E€MKOCTh B cpeHeM okoiio O(NlogN).

[To moBomy ABYX cTpaTeruii «CBEpXy BHHU3» M «CHHU3Y BBEpPX» CIEAYET
OTMETHTb, UTO TMEepBasi U3 HUX, KaK MPaBUJI0, paboTaeT TOYHEE MPU OJIMHAKOBOM
Habope W3MEHSIOMX ornepauuid (yaaneHue/BcTaBka y3ioB). OpHako BTOpas
CTparterusi B cpeiHeM paboTaeT ObICTpee U B HEMl MOXHO HCIIOJIBb30BaTh APYTHE
orepanuu (HampuMmep, Kosiarnc péoep U TPEYroJIbHUKOB), YTO TAKKE MOXKET B
pslie ciiydaeB MOBBICUTH KauecTBO paboThl [32]. Kpome Toro, 3aMeTuM, 4TO IS
peanu3anuu MepBoil CTpaTeruu JOCTATOYHO MPOLENYpP, TPEAOCTABISAEMBIX JIIO-
ObIM UTEPATUBHBIM AJITOPUTMOM TPHUAHTYJISIUHU, B TO K€ BPEMs JUIsl BTOPO He-
00XO0IMMBI IOMOJIHUTEIBHBIE aITOPUTMBI JIJISl YAAJICHHs TOUEK, Kojuiarca péoep
U TPEYTOJIbHUKOB, KOTOPbIE UMEIOT CBOU CIIOKHOCTH B PEATU3ALIH.

10.4. MyJabTUTPpUAHTYJIALIAS

B npensinymem pazaene Oblia pacCMOTpEHA 3a7ada MOJyICHUs TPUAHTY-
JsuE TpedyeMoro paspemieHus. OHaKo Ha MPAKTHKE 9acTO BO3HUKACT 3aj1ada
TIOJTyYeHUST TPUAHTYJIISINH, pa3pelieHne KOTOPO MOKET MEHSATHCS Ha pa3iind-
HBIX € ydyacTkax. Hambomee gacto Takasi 3ajaya BO3HUKAET MPH TPEXMEPHON
BU3yaIHM3aIli Mojeneil penbeda, Korja B HEKOTOPOM CEKTOpE BOIHM3M TOYKH
3peHus] HEOOXOANMO UMETh TPUAHTYIISIIIAIO BBICOKOTO pa3pericHus, a s ya-
JIEHHBIX o0nacTed — Hu3koro (Ha puc. 70 Touka HaOIOACHUS TToMedeHa (iiax-
KOM, a XUPHBIMH JIMHUSMU BBIJICIICH CEKTOP BHIUMOCTH).
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Puc. 70. Tpuanryasaius nepeMeHHOr o pa3peleHusi, HOCTPOeHHas
JUIS BU3YaJU3aluy U3 3aJaHHON TOYKU HAOII0eHUS
o Mojienu penbeda, MpeCTaBIeHHON Ha puc. 66

JpyruM npuMepoM SIBJISETCS MOJYYCHUE TPUAHTYJSIHIUOHHOM MOJEIIH,
MMEIONIEH BBICOKOE pa3pelIeHUE TOJBKO BIOJIb HEKOTOPOM JIOMaHOM. DTO BO3-
HUKAET, HAI[PUMED, MPHU MOCTPOEHUU TTpoduieii, anamuze penbeda BI0JIb T0POT,
JIDIT u np.

OcHoBHas npobsieMa MOJy4eHUs TPUAHTYIISIUN EPEMEHHOTO pa3pelie-
HUSl 3aKJIIOYAETCs B HENPEPHIBHOM CIIMBKE oOjacTell pa3HOro pa3pelieHus.
MHorue paHHue MOJIeNH JaHHBIX ObUIM OCHOBAHbI HA BJIOKEHHBIX Pa30MEHUAX
(KkBaapoaepeBO, MepapXuyeckas TPUAHTYJSLMS) WIM Ha TOCIEI0BATEIbHOCTH
CJIOEB JaHHBIX pa3nyHoro paspemenus. [Ipu 3tom mubo He yaaBanock obecrie-
YUTh HENPEPHIBHOCTh CIIMBAHUS 00JIacTell pa3HOTo paspelieHus, 1160 B MecTe
CIIMBKHU TOJYYaJUCh Y3KHE [JIMHHBIE TPEYTOJbHUKH, KOTOPHIE CYIIECTBEHHO
UCKaxanu (opMy OBEPXHOCTH.

B ocHOBe mynvmumpuaneyiayuu — MOJIENIN JAHHBIX, NO3BOJIIOLIEH IO-
Jqy4yaTh TPUAHTYJSMOHHBIE MOAETH TPeOyeMOoro pa3peieHusi, — JexKar JIBe Oc-
HOBHBIE uzaeu [63]. Bo-nepBbiX, TpeOyemasi TPUAHTYJISILUS MOXET OBbITh MOJIY-
YeHa U3 HEKOTOPOM IPYroil MOJENH ¢ MOMOILIBIO MOCIEI0BATEIbHOCTH JIOKAJb-
HBIX MOAM(DHKAIMI TPUAHTYIAIUU (CM. Mpenblayluid pasnen). Bropas unes
BOCXOJUT K METOAY AeTaln3aluu Tpuanryiasuun Kupkmnarpuka [43], koraa s
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(GparMeHTOB TPUAHTYJISILIUI PA3IMYHOrO pa3pelIeHUs] CTPOUTCS OPUEHTUPOBAH-
HBIM alMKJIMYECKUi rpad, B KOTOPOM AyraMu KOAUPYETCS MPOCTPAHCTBEHHOE
HaJOXKeHue (PparMeHTOB PA3TMYHBIX pa3pelieHUi (HaJIO0KEHUEM CUUTAETCs Ta-
KO€ TepeceueHne, 4To pa3MblKaHue 00JacCTH MepeceyeHus: He MyCTO, B YaCTHO-
CTH, KaCaHUE TPEYTOJbHUKOB Y3JIaMH U PEOPAMU HE CUUTAETCS HATIOKEHUEM ).

Ha puc. 71,0 npuBeneH mpumMep OCIEAOBATENBHOCTH TPHUAHTYJIALMI
pazIMYHOro paspenieHusi (KUPHBIMU JTUHUSAMHU OOBEJIEHBI 00J1acTH, B KOTOPBIX
TpUAHTYJSIUsl ObUIa MOJBEPrHYTa JIOKATbHOM Moaudukauu). Jns 3Toi mo-
CJIEZIOBATENILHOCTU Ha puc. 71,6 OTAENIBHO BBIHECEHBI 1, — UCXOJHAsl TPUAHTY-

HUMA Xyauero paspeuienus u 1, — 7, — (parMeHThl, NOSBUBLIMECS B pE3yJIbTa-

T€ JOKAJIbHBIX MOAM(PUKALUNA. 3aMETUM, YTO (PparMEeHThI, MPUHAJJIEKAIIUE K
OJIHOW TPHUAHTYJISILIUU B MOCJIEIOBATEIBHOCTH, HE HAJaraloTcs Ipyr Ha JApyra.
Hcxonnyro TpuaHryssinuio 7, Takke MOYKHO CUUTATh (pparMeHTOM.

Ha puc. 72 nmpencraBieH opueHTUPOBAHHBIN AlMKINYECKHUM Tpad), KOpHEM
KOTOPOTo sBiIAeTCs 1, — MCXOQHAs TPUAHTYJIALMA, a y3JIaMU — ()ParMEHTBHI JIO-
KaJlbHbIX MoAUuKanuii Tpuanrymsanud. Ot ysna 7, K y3iny 7, mpoOBOJAUTCS OpH-
CHTHPOBAaHHOE PEOpO, €CiH, NPUMEHSS JOKAIbHY0 Moaubukauuto 7, yaais-
I0TCSl TPEYTOJIbHUKH, Haxonsdmuecss Bo (pparmente 7,. Jpyrumu cioBamu, Iis
npuMeHeHus Moaudukauu 7, HeoOX0UMO BHAYANEC TIPUMEHHUTD 7.

Taxas cTpykTypa rpada cOOCTBEHHO U Ha3bIBACTCS MYIbMUMPUAHSYTAYU-
ei T ={T}. C e€ MOMOIIBIO MOXHO IOJy4YaTh Pa3INYHbIC TPUAHTYJISLUUA TPE-

Oyemoro kauecTBa, KOMOMHMpPYs paziauuHble pparmenTsl 7. Ha puc. 73 mpuse-
JICHBI TIPUMEPBI TAKUX BO3MOXKHBIX TPUAHTYIAUMHA (B Bbipakenuu tuna 7, © T,

0003HaYEHO NIPUMECHEHHE JIOKAIBHOM MoaUduKauu 7, K TpuaHryssuun 7).

Puc. 71. IlocnenoBaTenbHOCTh TPHAHTYJIISIMNA PA3IMYHOTO pa3penieHus (a)
1 e€ MHTEpIpeTalus KakK MociIeI0BaTeIbHOCTh JIOKAIBHBIX U3MEHEHHH (0)
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H

Puc. 72. OpueHTHpOBaHHBIN aAUKINYECKUH rpad), ONMUCHIBAIOIINNA
IIOCJIE0BATEIBbHOCTD TPUAHTYJIALUHI, IPUBEICHHBIX Ha puc. 71

T,oT, T, I,eT,

LOT®er, TL,OeLeLOLOLeT,  LoLeT

N

Puc. 73. Hekoropbie u3 16 BO3MOMXHBIX TPUAHTYJISLHM, KOTOPbIE MOKHO MOJIYYUTh
C TOMONIBIO MYJIbTUTPUAHTYJISIIAN, IPUBEACHHON Ha puc. 72

MynbTUTPUAHTYIISIIIUSL MOXKET OBITh yeeauuusaowel (ymervuianoweti),
eciu st siodoro pedpa rpada ot 7, k T, ¢pparMeHT 7, COAEPKUT MEHbIIE Tpe-

YTOJIbHUKOB, YeM 7. B Hamem nmpumepe Ha puc. 72 MyJIbTHTPUAHTYIISIUUS SIB-
JIE€TCS YBEIMYHUBAIOILIEH.

B xauectBe (pparmenta, sBisromerocs ys3iom rpada MyJIbTUTPUAHTYJIS-
LMW, MOTYT BBICTYIaTh KaK I'PYIIIBI HOBBIX TPEYTOJIBHUKOB, ITOSBUBLIUXCS B pe-
3yJbTaTe JIOKAJbHBIX MOIU(GUKALUN, TAK U OTACIbHBIC TPEYTOJIbHUKH.
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10.5. U3BJIeYeHrEe TPUAHTYJISALUN U3
MYJbTUTPUAHTYJISIIIMH

PaccMoTpum Temneps anropuT™, MO3BOJSIOMIMNA M3BJIEKATh U3 YBEJIHYHU-
BaIOIEH MYJIbTUTPUAHTYIISILIUY TPUAHTYJIALNIO TPeOyeMOro pa3peiieHusl.

Aneopumm useneuenus.
[Tycte nana mynpTuTpuanryasiuust 7 = {7} u 3agaHa HeKOTopas QyHKIHS

c(), KoTopasi onmpenesnsieT, J0CTaATOYHOE JI pa3pellieHue UMEET TPEyTOlIbHUK f,

nepenaBaeMblii B 9Ty (DYHKIIMIO B KauecTBe aprymeHTa. TpeOyercss HalTH Mu-
HUMAJIBHYIO0 TPUAHTYJISLAIO, COCTOAINYI W3 TpeyroJbHUKoB u3 I ={T}, nus

KaXKJI0T0 U3 KOTOPBIX C() BO3BpallacT UCTHHY.

Llae 1. Ans kaxaoro y3na 7, MyJIbTUTPUAHTYJISIUM yCTaHABIMBAEM (iar
b,=0. Kaxnaplii TpeyroabHUK MYJIbTUTPUAHTYJSAIMM noMedaeM d, :=0. 3aHo-
cuM I B ouepeb AKTUBHBIX Y3JIOB.

Ilae 2. CnyckaeMcs o rpady MyJIbTUTPUAHTYJIALUU BHU3 METOJOM TIO-
ucka B mmpuHy. [loka odyepenp akTHBHBIX y3JIOB HE IyCTa, M3BJIIEKaeM U3 HEE
(parmeHT 7;, u ecnu oH uMeeT Quar b, :=0, To aHATU3UPyEM BCE TPEYTOJIbHUKU

t, B ero cocrase, umeromue d, =0. Ecau ycnoBue c(#,) BBINOJIHAETCS, TO MO-
meuaeM ero d, :=1. Ecimu c(#,) HEBEpHO, TO MOMEIIAEM B O4EpEAb AKTHUBHBIX
y310B parment T, Huke 10 rpady oT 7, KOTOPHIA 3aMEHAET TPEYrONbHUK 7, ,

a TaAKKC YCTaHABJINBACM bj =1.

lllae 3. Teneps HEOOXOUMO JJISI BCEX HAWIACHHBIX JIOKAJBHBIX Ipeobdpa-
30BaHMi T, uMmeronmx b, =1, HaliTH Bce Te, 6€3 KOTOPBIX UX MPUMEHSATh HElb-

3s. [I7s 3TOro Hy’»KHO METOJIOM NMOMCKA B IIWPUHY MOJHATHCS MO rpady Myib-
TUTPUAHTYJISIUM CHU3Y BBEPX M IIOMETUTH 3HadeHueM b, =1 Bce y3ubl 7, U3

KOTOpBIX Unet pebpo B 7, ¢ b, =1.

lllae 4. Tenepb ONATh HAAO CIYCTUTHCS MO rpady METOAOM MOHCKA B
IIMPHUHY IO BceM y3iaM 7, nmeromuM (uaru b, =1, 1 IpUMEHUTHh COOTBETCT-

BYIOIIME JIOKAJIbHBIE Tpeo0pa3oBanus. Koxey arcopumma.

Ecmu dynknus c() moxer ObITh BbrumciieHa 3a Bpems O(1), To oOmras
TPYAOEMKOCTh OITMCAHHOTO anroputMa coctariser O(N) [63].

Ha npaktuke 11 3a1a41 MHTEPAKTUBHON BU3yallM3allMd MOJICITH pebeda
B KauecTBe KpuUTepus () MOXKET BBICTYyNaTh BUIUMBIA pa3sMep TPEYTOJbHHKA.
Hampumep, eciu 3TOT pa3Mep MEHbIIIE HECKOJbKUX MUKCENeH Ha dKpaHe KOM-
IBIOTEPA, TO, BUIUMO, NalbHEWIee poOieHue TPEyroJbHUKA SBIISIETCS Helle-
Jec000pa3HbIM.

Jpyrum BapuanToM Juisi Kputepus c() MOXKET ObITh CpaBHEHHE Tpedye-
MOM OT MOJENHN TOYHOCTH C 3apaHEE BBIYMCIEHHBIM ISl KAXKIOTO TPEYTOJIbHUKA
OTKJIOHEHHEM €; OT UCXOJHOH IOBEPXHOCTH. B 3anavax Buszyanusanuu penbeda
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ATOT KPUTEPUH MOXKET OBITh JIOMOJTHUTEILHO CKOMOMHHUPOBAH C MPEIbLTYIIUM
KPUTEPUEM.

B 3akitoueHne pacCMOTPEHHS JaHHOTO aJlropuT™Ma OTMETHM, YTO B 3aj1a-
Ye MHTEPAKTUBHOM BHU3yaIM3al[ii TPUAHTYJISIIMOHHBIX MOJEIEH MOBEPXHOCTEH,
KOI'Jla MMEIOTCS KECTKHE OTPaHMYCHHUS M0 MaKCHMMAaJbHOMY YHCITY OIHOBpE-
MEHHO OTPHCOBBIBAEMBIX TPEYTOJbHHUKOB Ha DJKpaHE, aJIrOPUTM H3BJICUCHHUS
MOJKET OBITh HEMHOI'0 MoAuduIpoBad. Ha miare 2 ajgroputMa B Havaje IUKIa
MO’KHO JOIOJHHUTEIBHO ITPOBEPUThH, JOCTHUIJIA JIM TEKyIas U3BJIeKaeMas TpHUaH-
T'YJISIUsS MaKCHUMAaJIbHO JIOIYCTHMOIO pa3Mepa, U €ClId TaK, TO aJIrOpPHTM JOJI-
JKE€H 3aKOHYHUTH CBOIO PaboTy.

OOparute BHUMAaHHE, YTO NMPUBEACHHBIA AJITOPUTM HW3BJICKAET U3 MYJIb-
TUTPUAHTYJISIIUU TOMOJOTHYECKH HECBA3AHHYIO TPUAHTYIIAINIO, T.€. B KOTOPOI
HET CBS3EH MEXIY COCETHUMHU TPEYTOJbHUKAMHU. DTOT ajJrOPUTM BIIOJIHE MO/I-
XOJIUT JJIsl BU3YyaJIW3allud TPUAHTYJISIIMM HA dKpaHE KOMIIbIOTEpA, OJIHAKO He-
MPUMEHUM JIJI MHOTHX 3aJ1ad 00pa0OTKY M aHajIu3a TPUAHTYIISINH, T/ie 00s13a-
TEJIbHBIM YCIIOBUEM pPadOTHI ajJropUTMa SIBIAETCS HAIMYME CBEICHUM O COCeI-
HUX TPEYTOJIbHUKAX, HAIIPUMEDP MPU MOCTPOCHUHN U30JIMHHM.

Taxum 06pazom, JUIst U3BJICUEHHSI TOTIOJIOIMUYECKU CBSI3aHHOM TpHAHTYJIs-
UM HEOOXOIUM JIPYTOM aIFOPUTM, a TAKKE€ HEKOTOPBIE MU3MEHEHUS CTPYKTYp
JAHHBIX MYJIbTUTPUAHTYJISLIAH.

OcHOBHO# TIPOOJIEMON TPU yCTAHOBIIGHUU COCEACTBA TPEYTOJHHHUKOB B
U3BIICUEHHON TPHUAHTYJISUU ABISETCS TO, YTO OJMH M TOT K€ TPEYTOJbHUK B
pa3IMYHBIX U3BICUEHHBIX TPHAHTYISALUAX (M3BICUEHHBIX C Pa3HBIMH KpHUTE-
pHUSIMHU) MOKET UMETh pa3HbIX coceeil (puc. 74).

B pa6ote [33] mpennoxkeHo AONOJHUTH CTPYKTYPY MYJIbTUTPUAHTYIISIIUN
CBEJICHUSIMH O BCEX BO3MOXKHBIX COCEIAX TPEYTrOJIBbHUKOB, KOTOPbIE MOTYT IO-
JYYUTHCA MPU BCEX BO3MOKHBIX KPUTEPHUSAX M3BJICUEHUS. 3aTE€M YK€ MOCIE HU3-
BJICUCHUSI TPUAHTYJISIIUU HEOOXOAMMO OyJeT mpoOekaThCsl IO BCEM TPEYTrOJib-
HUKaM B U3BJICUEHHOU TPUAHTYJISLUU U ONPEHEIIUTh UX aKMyalbHblX COCENEH,
T.€. BBIOpaTh U3 CIUMCKOB BO3MOKHBIX COCEAEH Te€X, KOTOpPbIE pealbHO MOTYyYH-
JMCh B pE3yJIbTAaTE pabOThI ANITOPUTMA U3BJICUEHHUS.

Takou noaxon, K COXKaJICHUIO, IPUBOAUT K CYIICCTBCHHOMY YBCIMYCHUIO
3aTpart naMATH Ha NMPCACTABJICHUC MYJIbTUTPHUAHTYJIAINH, 4 TAKXKC TPATUT MHO-
T'O BpEMCHH Ha IIPOCMOTP BCEX CITMCKOB COCCAHUX TPCYT'OJIbHUKOB.

(a) (©)

Puc. 74. PaznuuHblie coceny OHOTO U TOTO K€ TPEeyroiabHUKa T’
B Pa3JIMYHBIX TPUAHTYJISLMAX, U3BJICUEHHBIX 110 Pa3HBIM KPUTEPUIM
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bonee 3KOHOMUYHBIM 1O 3aTpaTaM NaMSTH SBISIETCS MOAXOJ, KOrAa s
KaKJ0ro pedpa KakJaoro TpeyroibHUKa 1 XpaHUTCS TOJIBKO OJUH Haubolee ge-
POSIMHBIL COCEJl, B KAUECTBE KOTOPOTO HY)KHO B3SITh TPEYroJbHUK (7, KOTOPBIN
IPUCYTCTBOBAJ B TPUAHTYJISILIUU B MPOLECCE MOCTPOEHUS MYIbTUTPUAHTYJISILIUH
B MOMEHT, KOTJ]a TPEYroJbHUK 7' TONBKO MOSIBUJICS B pe3yJIbTaTe MPUMEHEHUS
HEKOTOPOro YIpolawIero mnpeodpazoBanus. Eciu TpeyroabHuk 7' mpHUCYTCT-
ByeT B CaMOM JIeTaJIbHOU (MCXOJHOMN) TPUAHTYJISIINU, TO B KauyecTBe Haubosee
BEPOSITHBIX COCEJIEN CIeAyeT B3STh €r0 COCeIel M0 UCXOJHON TPUAHTYJIISLUU.

[Ipu TakoM MoAXozA€ ¢ XpaHEHUEM TOJBKO Hanbosee BEpOSTHBIX cocenen
BO3MOKHBI TPU THUIIA CUTYallUU MPH YCTAHOBJIEHWU COCENCTBA JBYX TPEYIrOJib-
HUKOB f, U !, B U3BJICUEHHOW TPUAHTYJIALUU (puUC. 75):

1. OGe B3auMHBIE CCHUIKM Ha HanbOosee BEPOSITHBIC TPEYTOJbHUKHU SIBIISI-
I0TCS aKTyaJbHbIMU (puc. 75,a).

2. OmHa U3 CCHUIOK Ha HambOoJee BEPOSITHBIA TPEYTONHHUK SBISICTCS aK-
TyaJIbHOM, a BTOpas — HeT (puc. 75,0). B aToM cnydae, caenaB mepexoy depes
pedpo Mo aKTyalbHOUM CCHUIKE U3 OJIHOIO TPEYTOJIbHUKA B IPYTOM, MBI CMOKEM
YCTAHOBUTH U OOPATHYIO aKTyaJIbHYIO CCBUIKY.

3. O0e cchUIKH SBIISIOTCS HEAaKTyalbHbIMU (puC. 75,6). Ha puc. 75,2 npu-
BeACH MpUMEp MOCIEI0BATEIBHOCTH YNPOIIAIOUINX MPeoOpa3oBaHUi TPUAHTY-
asiuuu 7;, Ha OCHOBE KOTOPBIX MOCTPOCHA MYJIbTHTPHUAHTYJISIHS, U3 KOTOPOil

Moruia ObITh u3BiedeHa TpuaHryusuus I =T, @7, @ T, ® T, ¢ obenMu HeakTy-
AJIbHBIMH B3aUMHBIMH CCBUIKAMHU CMEKHBIX TPEYTOJIBHHUKOB £, U t, (puc. 75,6).

JIns1 yCTaHOBIIEHUS aKTyalbHBIX CCHUIOK B TAKOM CIIy4ae MOYKHO HCIIOJIb-
30BaTh aJITOPUTM, IIOCTPOCHHBIN Ha CIIEAYIOLIEH UJIEE.

Puc. 75. PaznuuHble BapuaHThl aKTyaJbHOCTH HauOO0JI€€ BEPOSITHBIX COCETHUX
TPEYTOJIbHUKOB: @ — B3aUMHBIE CCBUIKU SBJISIFOTCS aKTYaJbHBIMU; 6 — aKTyaJlbHa TOJIBKO
OJIHA CCBIIKA; 8 — 00€ CCBUIKH SBIISIOTCS HEAKTYaJIbHBIMU; & — MOCIIE0BATEIEHOCTh
YIpOLIAIIUX IPeoOpa3oBaHuil, HA OCHOBE KOTOPBIX OCTPOEHA MYJIbTUTPHAHTYIISILINS
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Bnavane Hy>XHO NEPENTH OT TPEYTOJIBHUKOB C HEAKTYaJbHBIMU CCBUIKA-
MU K ()parMeHTaM MYJIbTUTPHAHTYJISIIIUH, a 3aT€M UATU 1O rpady MyJIbTUTPH-
aHTYJSILIMM BBEPX JO TEX NOpP, ITOKA B KAKOM-TO y3JIe HE COMIYTCS MyTH, BELY-
M€ OT HECKOJIbKUX TPEYTrOJbHUKOB. DTU TPEYrOJbHUKH HEOOXOIUMO IMpOBE-
PUTh MEXIy COOON Ha CMEXHOCTh (T€OMETPUYECKH, CPAaBHUBAS KOOPIAUHATHI
00pa3yIolux Yy3JI0B TPEYroJbHUKOB). ECIM CMEXHOCTh yCTaHOBIIEHA, TO Tpe-
YTOJIbHUKHU YJAJSIOTCS U3 YUCIA OTCIEKUBAEMBIX M IOUCK MOBTOPSETCS, IMOKA
He OyyT OTCJIEKEHBI BCE TPEYTOJbHUKU. PaCCMOTpUM anropuT™ AETaIbHO.

Aneopumm ycmanos8ieHUs. HeaKmyailbHblX CCbLIOK 3-20 Mund.

Llae 1. Co31aéM U3 BCEX TPEYTOILHUKOB ¢, C HEAKTYAIbHBIMHU CCBHUIKAMU

. 0 0
(3-ro rtmma, cM. BbIme) crmucok L w3 sammcedt Buna (7,77 ,t;), rne ) =1 —
(bparMeHT, KOTOPBINA COAEPHKHUT TPEYrOIbHUK ;. [IepBbIii 2JIEMEHT 9TOM 3amucu

OyJleT MEHATHCS 10 X0y aTOPUTMa, a BTOpOi — HeT. IHIEKCHI i JOJKHBI COOT-
BETCTBOBATh MOPSJIKY 00pa3oBaHus (parMEHTOB MPH MOCTPOCHUH MYJIbTUTPH-
auryssuu. Cucok L COpTUpPYeM IO BO3PACTaHUIO 3HAYEHUS MHIEKCA I EPBO-
Io 3JIeMEHTA 3anucen.

Lllae 2. 1Toka cnucOK L HE MyCT, BBINOJIHIEM CleAyronme AeicTBus. be-
PEM IEpBYIO 3alIUCh B CIUCKE L U MEpeXoauM OT I, BBEPX IO IE€PEBY MYIbTHU-

TPUAHTYJISILUU K crepyomemy ysiny: T, .= Pooumens(T), ). Jlanee BoccTaHABIIN-
BAEM YIOPSJOYEHHOCTh CHUcCKa L, mepemenias 3amnuch (7, ,]}O,t ;) B HOBOE TIO-
JIO’)KEHHE B COOTBETCTBMM C HOBBIM 3HAaU€HHWEM HWHEKca k. 3aTeM MpoBepsieM,
€CTb JIU IPyTUe 3alUCHU C TEM K€ 3HAYEHUEM 7, , HO C IPYTrUM TI.O. Ecnu ects, TO
MPOBEPSIeM M3 OTHX 3alUCEil BCC Mapbl TPEYTOJIBHUKOB ¢, W {; Ha NMPEAMET
CMEKHOCTH. ECITH CMEXHOCTD YCTaHOBJICHA H JUISL HEKOTOPOTO TPEYTOJIbHUKA /

OMpPEJICNICHbl BCE €r0 CMEKHbIE TPEYTOJbHUKHU, TO YJIaJII€M COOTBETCTBYIOIIYIO
3anmuck u3 crmcka L. Koney ancopumma.

JlaHHBIA aTOPUTM B LIEJIOM pabOTaeT MEUICHHEE, YEM aJTOpPUTM C Xpa-
HEHUEM JUISl KOKJIOTO pedpa BCEX BO3MOXKHBIX aKTYaJIbHBIX COCENEH, OTHAKO OH
TpeOyeT MeHbIIIe JOTOTHUTEIbHON MaMsTH.

B 3akntouenue paccMoTpum enié oJuH alrOpuTM, KOTOPBI paboTaetr He
MEIJICHHEE, YEM CO CIIMCKOM BCEX BO3MOXHBIX AKTYaJIbHBIX COCENEH, HO MpPHU
ATOM TPATHUT MEHBIIEE KOJIUYECTBO JOMOIHUTEIIBHOMN MTAMSITH.

Curyanus, Korjga TpeyroJbHUK UMEET HEAaKTYAJIbHYIO CCBUIKY 4epe3 He-
KOTOpO€ CBOE pedpo, XOPOIIO WILTIOCTPUPYETCS MPUBEAEHHBIM BBIIIE pUC. 75,2.
Takas cuTyanust BOSHUKAET, KOrAa B MYJIbTUTPUAHTYJISILAIO BXOJUT MHOKECTBO
(GparMeHTOB C TPEyroJbHUKAMH, UMEIOLUX o0uIMe pedpa He Ha rpaHulEe TpU-
anrynsinquu. Hanpumep, Ha puc. 75,2 Takue oOuue pédpa UMEIOT TpEyroabHUKA
BO (pparmenTax I, u 7,,aTtaxxke B T, u T;.
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N3 sToro BeITeKaeT cienyromas uaes. HeooXxoamMo AOMONHUTH CTPYKTY-
pBl JAaHHBIX MYJIBTUTPHAHTYIISAIMU TaK, YTOOBI JUIsI KKIOTO pedpa KakKIoTo
TPEYTOJIbHUKA B MYJIbTUTPHAHTYJISIIMM OBUTM CCBIJIKA Ha BO3MOJKHBIE YTIPO-
A0 ¥ JICTATM3UPYIONINE TPEYTOJbHHUKHU. [Ipw 3TOM Il KaXaoro Tpe-
YTOJIBHUKA MOXKET OBITH J0 TPEX CCHIJIOK HA JCTAM3UPYIOIINE TPEYTOJbHUKH
(mnsa kaxkaoro pedpa), HO TOJIBKO OAHA Ha ynpomatomuil. Ha puc. 76,a npuse-
NEH TPUMEpP BCEX TAaKUX JOMOJHUTEIBHBIX CCHUIOK MEXIY YIPOIIAMOIINMH 1
NETATM3UPYIOMUMHA TPEYTONbHUKAMHA (CCBUIKM O0O03HAYEHBI ITYHKTHPHBIMHU
CTpeNKaMH OT YMPOIIAONINX TPEYTOJbHUKOB K JAeTanu3upyrommMm). [Ipudem,
MO’KHO 3aMETHTbh, 3TH CCBHUIKH OYCHb MPOCTO BBIYUCIUTH B MPOIIECCE TIOCTPOe-
HUS MYJbTUTPUAHTYJISAIUU (pUC. 76,0).

Puc. 76. JlonoaHUTENbHBIE CCBUTKA MEX]Y YIPOUIAIOIIMMHU U ACTATU3UPYIOMIUMU
TPEYTOJIbHUKAMHU: a — CChUIKH BJIEBO HA JETATU3UPYIOIINE TPEYTOJIbHUKHU U OTBETHbIE
CCBUJIKHM BITPABO HA YIIPOIIAOIINE; 6 — CCBUIKU JUIsl MpUMepa Ha puc. 75,2

Takum 00pa3oM, alropuT™M U3BJICUCHUS] TPUAHTYISLUUA U3 MYJIbTUTPUAH-
T'YJISIUU C TIOTOJHUTEIHBIMU CChUTKAMH Ha JETANU3UPYIONIME U YIPOIIAIOIINE
TPEYroJIbHUKU OYJIeT 3aKiIovaThcs B cieAyromeM. [lycTe B TpuaHrynsuuu o0-
Hapy»>KeHa HEKOTOpas CChUIKa M3 TPEYrojbHUKA Yepe3 HEKOTOpoe pedpo Ha He-
aKTyaJbHBIA TPEeyrojibHUK f. BHavane OyneM mepexoauTh OT f MO CChUIKaM K
YIPOUIAIOUIUM TPEYTrOJbHUKAM U MPOBEPSTH, HE SBIIAIOTCS JIM OHU AKTyaJIbHbI-
mu. Ecnu cpenu ynpomaromux He OyAeT HalIeHO HEOOXOJUMOTO TPEyTroIbHU-
Ka, TO OyJIeT MOCJIeI0BATENLHO IPOBEPATH BCE JIETATU3ZUPYIOIIHE.

10.6. ITupamuna /lesone

Onpeoenenue 28. Ilupamuoou /lenone Ha3bIBACTCS MYIbTUTPUAHTYIIALIMS,
y3J1aMU KOTOPOU SIBJSIIOTCS OTJENIbHBIE TPEYTOJIBHUKHA U U3 KOTOPO MOXKHO H3-
BJIeKaTh TOJILKO TpuaHTyJsauuu Jlemnoune [29] (puc. 77).

Takas cTpykTypa B LIETIOM COBNAJACT CO CTPYKTYpOW JIeTaau3aluu TPHU-
aurynsanuu Kupknatpuka [43], HO CTPOUTCS HHBIMH CIIOCOOAMH.
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Puc. 77. CBsi3u TpeyroasHUKOB B upamue [lerone, mocTpoeHHOM
Ha TOCJeI0BAaTEIbHOCTH TPUAHTYIALINUN, TPUBEIEHHON Ha puc. 71

Jlis moctpoeHus nupamuzsl JleloHe HyKHO BHa4ajle CTeHEpUPOBATh I10-
CJIEIOBATEIbHOCTh TPUAHTYJIALUUN PA3JIMYHOIO paspeuieHus & <&, <...<g, C

ITIOMOILBIO CTPATETUMN «CBEPXY BHU3» WIN «CHU3Y BBEPX», N3JI0KEHHBIX BBIIIIE, a
3aTE€M HaWTH BCE HAJIOKEHUS TPEYTOJIbHUKOB MEXIY COCEJHUMU YPOBHSAMMU.

10.7. leraau3auus TpUAHTYJIAUA

TpuanrynsiimoHHbIE MOJIENH penbeda MO3BOJISIIOT TOYHO ONHUcaTh GopMy
MOBEPXHOCTH, OJJHAKO BO MHOTHUX aJIrOpUTMAaX aHajiu3a TpeOyercs, YToObl Tpe-
YTOJIBHUKUA OBUTM JOCTaTOYHO MajeHbkuMmH. HanbGonee octpo sta mpobGiema
BCTAET MPU HCMOJb30BAHUH PA3JIUYHBIX METOAOB KOHEUHBIX JIEMEHTOB U MPH
BU3yanu3anuu penbeda. Takas 3amada, oOpaTHasl yIPOUICHUIO TPUAHTYIISIINH,
Ha3bIBACTCA 3a/1aueh demanuzayuu mpuansyiayuu.

OCHOBHBIM Ha3HAYEHHUEM METOJA JETATU3ALNU TPUAHTYJSILUUH SBISIETCA
MOBBINICHUE KaYeCTBAa M TOYHOCTU BbIuucieHUH. OH MOXKET OBITh MPUMEHEH KO
MHOTHUM OOBIYHBIM JITOPUTMaM aHAJIN3a MMOBEPXHOCTEHN, TAKUM KaK MOCTPOCHHE
U30JIMHUH, pacd€T 00BEMOB 3eMJIISTHBIX PA0OT U 30H BUJIUMOCTH.

[Tpu neranu3anuu OTAEIbHBIE TPEYTOJIBHUKH TPUAHTYISIIMM Pa30MBaroT-
Cs Ha MeHbIuMe TpeyroibHUKHA. Ha puc. 78 npuBeneHbl HEKOTOpPHIE BapUAHTHI
pa30ueHusl TPEyroJbHUKOB MpH JAeTajau3aluuu TpuaHryisuuu. Hambonee pac-
IPOCTPAHEHHBIM Ha MPAKTUKE SBJSETCS BapuUaHT C BHIOOPOYHBIM pazOuMEHHEM
pEOep Ha nBe yacTu. BHauane cpenn Bcex p€Oep TPUAHTYIISILIMKM BEIOMPAKOTCS TE
pEOpa, IIMHA KOTOPBIX MPEBBINIAET HEKOTOPBIA AOIMYCTUMBIN MOPOTr. 3aTeM IO-
cepenuHe 3TUX pEOEP BHITIOHSIECTCS BCTaBKa HOBBIX y3JI0B (puc. 78,a—6). B apy-
rUX BapuaHTax péOpa pa3OMBarOTCS Ha OOJBIIEE YUCIIO YaCTel, a TakkKe 100aB-
JISIFOTCS HOBBIE Y3JIbl BHYTPH TPEYTONIBHUKOB (pHC. 78,2,0).
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Puc. 78. CriocoObl pa3dueHust TpeyroJlbHUKOB MPH JIeTaTU3AIIH:
a — pa30ueHne Kax10ro pedpa TpUaHTYJISIIMN Ha JIBE YaCTH;
0, 6 — pa30HMeHuEe TOJILKO JUTMHHBIX pEOep Ha JIBE YacTH;

2 — pa3buenue pédep Ha IepEMEHHOE YHCIIO YacTeH;

0 — pa3bueHue péoep U BCTaBKAa HOBBIX Y3JIOB

PaccMmoTpum Bompoc ompenienieHusi BHICOThl BHOBH BCTaBIISIEMBIX Y3JIOB.
Camast pocrasi IMHeWHass MHTEPIIOJSAIUS 110 BBICOTAM CMEKHBIX Y3JI0B MPaKTH-
YEeCKM HE MMEET CMBICIIA, MMOATOMY Ha MPAKTUKE HCIOJIb3YIOTCS CIJIaHOBBIC
MOBEPXHOCTH, METO/Ibl T€OCTATUCTUKHU UM HEKOTOPbIE MPUOIMKEHHbBIE JTOKAJh-
Hble MeToAbl. [locmenusisa rpynmna MeToIOB SBISIETCS HanOoJee MPOCTOM B MPH-
MEHEHHUH U, KaK IPaBUJIO, 1a€T MPUEMIIEMOE KauyeCTBO almnpoKcuManui [6].

Aneopumm_unmepnonsayuu evicom na péopax mpuaneyisyuu. Heodxomu-
MO HaWTH BBICOTHI B cepeauHax péoep.

Llae 1. J1ns KaXXa0TO TPEYTrOJbHUKA BBIYUCIISIEM BEKTOPBI HOpMAJIEH Ka-
CaTeNbHBIX (C MOMOIIBIO BEKTOPHOT'O MPOU3BE/ICHHS IBYX €T0 CTOPOH).

[laz 2. ]Insa Bcex y370B 1, TPUAHTYJIALMYA HAXOIUM BEKTOPBI HOpMaJleH
KacaTelabHbIX V.. JlJI 5TOr0 BBIYKCISAEM CpEJHEE B3BELUICHHOEC HOPMAJIEH BCEX
CMEXKHBIX C Y3JIOM TPEYTrOJbHHKOB t; B kauecTBe BECOB MOXHO MCIIOJIb30BAThH
cienyronue BapuanTsl (puc. 79) [6]:

1) wy=(2S/a)-In(p/(p —a)), rae S — mwiomwanms ¢;, p — MONyNEPUMETP £, .

2) w, =(cos B —cos(a + f))/(csin ).

3) wy =+/sincx .

4) w, =sinc .

S)w,=a.

llaz 3. CtpouM Ha KaxxaoMm pedpe AB kyOuueckuil criaiiH. Buauwaie
BbaucisieM B A=(x,,y,,z,) U B=(x,,y;,2z,) HalpaBIsdlOLIMEe BEKTOpa Kaca-

TeJABHBIX MO HANpaBIeHUIO AB ¢ TOMOIIBIO BEKTOPHOTO ITPOM3BEICHHUS:
D,y (A)=N,xN = (dx,,dy,,dz,), D,;(B)=NgxN ;= (dxy,dyy,dzy) . 3atem

BBIUUCIIIEM L = \/ (x;—x,)’ +(y;—y,)" . B urore oTpe30k KyOH4ECKOr0 CILIaii-

Ha Ha pebpe AB 3amaercs dopmynamu (TOTHa, HApUMEpP, MOJCTABUB B HUX
3HaueHHe ¢ = L /2, MOKHO TOYyYUTh BBICOTY Ha cepenHe pedpa):
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Puc. 79. Beruucnenne BKJIaZla TPEYTOJIbHUKaA I’Z]-B HOpMaJib KaCaTCJIIbHOU
IJIOCKOCTH B Y3JIC 11, IIPH HHTCPHOJIANHNH BbICOT B TPUAHTYJISIIUH

x()=x,+(xg=x,)t/L; yO)=y,+ (s —y,)-t/L;
z(t)=c, ' +ce, P+ tte, THE =2, ¢,=2;
¢,=(3(zy—z,)+ Q2 +2)- L)/ L’ ¢; =((z, + z) - L=2(z —z,) +)/ L;

2 =dz, /\d +dvy; 2y =dz, /\dx, + dy; . Koney arcopumma.

10.8. C:xxaTue TpUAHTYJISILMH

Kak Ob110 CKazaHO BBINIE, peajdbHbIE MOJEIU penbeda TPEOYIT OrpoMm-
HBIX MACCHBOB MaMATH JUIsl XpaHeHUs. bplin 3aTpoHYTH MpobsieMbl 00paboTKH
TPUAHTYJISAIUN, HAXOMSIIUXCA B MaMATH KOMIIbioTepa. B sTom paszmene Oynet
paccMOTpeHa 3ajlaua KOMMAKTHOTO COXPaHEHHUs TPUAHTYJISIUUA B HEKOTOPBIN
OUTOBBIN MOTOK JAOJATOBPEMEHHOMN MaMsITH (HaIpuMep, Ha )KECTKOM JIUCKE).

3amauy catus CTPYKTYpbl TPUAHTYJISALIMM MOXHO YCJIOBHO pa3OuTh Ha
IBE cocTaBisitomme: 1) cowcamue koopounam y31068 U 2) cocamue mononaocuu
(cTpyKTYpBl Tpada TPUAHTYJIISIIH).

B n. 1.2 Obuto moka3zaHo, YTO MPU KCIOIB30BAHWU PACIPOCTPaHEHHBIX
CTPYKTYp JaHHBIX 3aTpauuBaercs 8—16 OallT Ha XpaHEHHE KOOPAMHAT Y3JIOB
(mpu 4- wn 8-6aliTOBOM IpECTaBICHUN KOOpAMHAT) U 28—72 GaiiTa Ha TOMO-
JIOTHYECKHE CBSI3U OOBEKTOB TPUAHTYISIIMU. BHUIHO, YTO HAMOONBIIYIO JOJIO
namMsTH (10 90%) 3aHrMAaeT TOMOJIOTUSI TPUAHTYJISIIINY.

OnuH U3 KIaCCUYECKMX METOJOB YNAKOBKM TPHUAHTYJISLNN 3aKIFOYACTCS
B pa3OMEHMM TPUAHTYJSILIMM HA HEKOTOPBIE MOJIOCHI — TOCIEN0BATEIbHOCTH
CMEXHBIX TPEYTrOJbHUKOB. OJHAKO TaKOW CHOCO0 JIydllle BCEro MOAXOIUT IS
BU3yaJIM3allMM, TAK KAK ITOJHAS TOMOJIOTUS TPUAHTYJIALMHU IIPU 3TOM HE COXpa-
Hsercs. pyroit mpoOnemoii 31ech sIBIsIeTCS BBIOOP MUHUMAIBHOTO KOJIMYECTBA
nosoc. B [28] moka3aHo, 4To 3Ta 3agaya sasisiercss NP-nonHoil.
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Cpenu MeTOZ0B YIaKOBKH, COXPAHSIOMINX TOMOJIOTHIO, OJTHUM U3 HauOo-
Jiee MPOCTHIX U yAOOHBIX B MPUMEHEHUU SIBIACTCS Memoo wenyuwenus [31]. B
paboTe aNrOpUTMOB CHKATHS/PACIIAKOBKU TMOACP>KUBACTCA HEKOTOPBIA epanuy-
HbIl MHO20Y20/IbHUK, OXBATBHIBAIOIINI 00JaCTh 00paOOTaHHBIX TPEYTOJILHUKOB.
Kpome Toro, mmeercss ouepenb akmusHvlx pébep TPUAHTYISALUU, T.e. pEdep,
BXOJSIIUX B COCTaB T'PAHMYHOTO MHOT'OYTOJIbHUKA, HO €Ille He 00paOOTaHHBIX.
[Ipu coxpaHeHUU TPUAHTYJISLMU B BBIXOHOM MOTOK 3aMUCHIBAETCS C MOMOIIBIO
2 6ut oxuH u3 ynpasistomux koaoB: VERTEX, SKIP, LEFT umu RIGHT. Tlocne xoma
VERTEX Bcerma uayTt 2 KOOpJIMHATHI HEKOTOPOU BEPIIMHBI. PaccMOTpUM COOTBET-
CTBYIOIIIME QJITOPUTMBI 3TOTO METO/IA.

Aneopumm ynaxkosKku mpuan2yasuuu Memooom wenyuernus.

[llaz 1. BeiOupaetcs 110001 TPEyroabHUK B TPUAHTYJISALMHU. B BBIXOIHOM
NOTOK MOCBUIAIOTCS KOOPAMHATHI 3 00pa3yloUuX Y3JIOB 3TOTO TPEYroJIbHUKA.
Tpu ero pedbpa oOpa3yloT HAYaJIbHBIA ePAHUYHBIL MHO20Y20NbHUK U BXOAST B
COCTaB o4epean akTUBHBIX p&oep (puc. 80,a).

[llaz 2. Tloka ouepenb akTUBHBIX PEOEp HE MycTa, U3BJIEKAEM U3 €€ Hava-
Ja pedpo r U NBITAEMCs YBEIWUYUTh SPAHUYHBIL MHO20Y20IbHUK 3a CUET Tpe-
YTOJIBHUKA ¢, CMEXKHOTO C 7 C BHEIIIHEN CTOPOHBI OT TEKYILEH I'PaHULIBL:

llae 2.1. Ecnu y3en n B ¢ HAIPOTUB pedpa r He JICKUT HA 2PAHUYHOM
MHO20Y20/IbHUKe, TO TIOChUTaeM B MOTOK Ko VERTEX u koopauHaTh
y3J1a 1, YBETUYMBAEM T'PAHUIY U OYepellb aKTUBHBIX p&dep (puc.
80,2).

Illaz 2.2. Ecnu y3en n B t ABISAETCS CICAYIOMAM BIOJIb TPAHUIII CIIe-
Ba OT pebpa r, To mocwkutaem koA LEFT u yBennuuBaem rpanuity u
ouepeb aKTUBHBIX p&dep (puc. 80,0).

Llaz 2.3. Eciin y3en n B ¢ SBISAETCS CIEAYIOIIMM BJIOJIb T'DAHUIIBI
crpaBa ot pebpa r, To nocbimaeM ko RIGHT u yBenuuuBaem rpa-
HUILYy U o4epeb akTUBHBIX pEdep (puc. 80,6).

Illaz 2.4. Ecnu TpeyroibHUKA ¢ HE cyniecTByeT (puc. 80,0) uinu y3en n
B { HE SIBJISIETCSI CMEKHBIM BJIOJIb TPAaHUIILI K pedpy » (puc. 80,e),
TO ocku1aeM B OoTOK kKo SKIP. Kowneu arcopumma.

AHaJOrTu4HO ITOCTPOCH M AJITOPHUTM pacCIIaKOBKH.
AJZZODMWIM pacnaKko6Ku mpuar2yjiaiaAuuu.

[llaz 1. I3 BXOOHOTO OTOKA CUNUTHIBAIOTCS KOOPAMHATHI TPEX y3JI0B, U HA
HUX CTPOUTCS TPEYTOJNbHUK, pEOpa KOTOPOro o0pa3yroT HavyaJbHbIN I'PaHUYHBIN
MHOTOYTOJBHHUK M BXOJST B COCTaB OUepeaH aKTHUBHBIX pEdep.

[llae 2. Tloka oyepeap akTUBHBIX p&Oep HE MycTa, U3BJIEKaeM U3 e Hada-
Ja pedpo 7, MbITAEMCS YBEIIMUUTb SPAHUUHBIN MHO20)20IbHUK OT pedpa r B CO-
OTBETCTBUU CO CUMTBIBAEMBIM U3 MOTOKA YIPABJISIOMINAM KOJOM:

Hlaz 2.1. [{na kona VERTEX: co3maem HOBBIN y3€1 # M CUATHIBAEM €O

KOOpJIMHATHI U3 oToka. Ha pebpe » u y311e n co3maem HOBBIN Tpe-
yTOJBHUK, YBEJIMUMBAEM I'PAHUILy U OYepe/lb aKTUBHBIX pEOEp.
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Puc. 80. YnakoBka TpUaHTyJISIIMA METOIOM LLIETYLICHUS:

@ — BBIOOp HAYAIBHOTO TPEYTOJIBHUKA; O — TPEYTOJIbHUK,
3aMBIKaE€MbIH HAJICBO; 6 — TPEYTOJIbHUK, 3aMbIKaCMbII HAIIPABO;
2 — TPEYTOJIbHUK C HOBBIM Y3JIOM; 0 — TPEYTOJIbHUK HE
CYILLECTBYET; € — TPEYTOJIbHUK 3aMbIKAETCSI HEKOPPEKTHO

Hlae 2.2. Ina xona LEFT: co3zmaem HOBBIN TpPEyroJbHUK Ha pedpe r U
y3Je, CIAeAYIONeM BIOJIb TPAHUIIBI ClIeBa OT pedpa 7. YBennuuBa-
€M TPaHUIly ¥ OYepeib aKTUBHBIX pEOEp.

lae 2.3. Ina xona RIGHT: co3naem HOBBINM TpeyrojbHUK Ha pedpe 7 U
y3J1e, CICIYIOIIEM BIOJIb TPAHUIILI CTIpaBa OT pedpa 7. YBennuu-
BaeM I'PAHHITY U OYepeb aKTUBHBIX pEOep.

Llae 2.4. 1na xoga SKIP: auuero e nenaem. Kowney anrecopumma.

OnucaHHBIN METOJ MIETYIICHUs] CKUMAET TOMOJIOTHYECKUE CBA3U TpUAH-
T'YJIAIMM, 3aTpauyrBas B CPEHEM Ha OJUH y3en npumepHo 4,2—4,4 Outa, T.c. B
50-140 pa3 [31].

I[aHHBIfI AJIT'OPUTM MOJKHO aAdIlITUPOBATHL JIA CKATHUA KOOPAUHAT Y3JIOB.
I[J'ISI 9TOT0 HAJO0 COXPAHATH KOOPAWHATBHI Y3JIOB OTACIBHO BO BTOpOﬁ ITOTOK,
MpUYICM KOOPAWHATBI OUCPCIAHOI'O Yy3Jia JIYHUIIC IPCACTABIIATE B OTHOCUTCIIbHBIX
KOOpAIWHATax OT MpCAbILOAYHICTO COXpaHéHHOFO y3J1a. ITocne »TOro MoXXHO Impu-
MCHHUTBH JII BTOPOT'O IIOTOKA KaKOﬁ-HH6YHB YHI/IBepCEU'II)HHﬁ MCTOJ CXKaTHsl. B
[70] OIMUCBIBAIOTCA CIICHHUAJIBHBIC MCTOJABI CXKAaTHA TaKOI'O ITOTOKAa, OCHOBAHHLIC
Ha KBaAHTHU3allUH U MCTOJAC KOAUPOBAHHNA SHTPOIINH.
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11.1. Onpenenenust

B Hacrosiee BpeMs s omucaHusi TPEXMEPHBIX Mojieiel rpaduueckux
00BEKTOB, a TOUYHEE UX MOBEPXHOCTEH, HaubOJIee YacTo UCMOIb3YIOTCS TpUaH-
TYJSIIMOHHBIE MOJIENH — Mewiu (aHTI1. mesh — sueika ceT). DTO CBSI3aHO B TEp-
BYIO OYE€pe]b C TEM, YTO B COBPEMEHHOM MPOrpaMMHO-aNapaTHoOM obecrieye-
HUU (BUJIEOKApPTaX U TMOMYJSIPHBIX OMOMMOTEKax TpEXMEpHOUH rpaduku, B T.d.
OpenGL u DirectX) ocHOBHBIM TpaduuecKUM NPUMUTHUBOM SIBIISIETCS Tpe-
yroJIbHUK. IMEHHO MO3TOMY, Aa)Xe €CIU CUCTEMa TPEXMEPHOIO0 MOJIECIUPOBa-
HUS TIOCTPOCHA HE HA TPUAHTYJISIIIHOHHOM METOJIE, TO OHAa BBIHYKICHA (hOPMH-
poBaTh ISl MOAEIUPYEMBIX OOBEKTOB COOTBETCTBYIOIIME MEIIH, KOTOPBIE 3a-
TeM nepeaaroTcs Ay orpucoBku yepe3 OpenGL munu DirectX B Bugeokapry.

Jlyist BBIBOJIA MeEITIa Ha KPaH MOXHO MepeaTh B BUICOKAPTY IS KaXKI0TO
TPEYTOJIbHUKA MeIIa TPEXMEPHBIC KOOPAUHATHI oOpasyromux ero BepmuH. O-
HAKO JUIsl COKpalieHus 00bEma nepeaaBaeMbIx B BUJeOKapTy AaHHbIX OpenGL
u DirectX momnmep:kuBaroT emé aBa crmocoda — BBIBOJ MOJIOC TPEYTOIHHUKOB:
MIOCIICIOBATENBHBIX (triangle strip) v BeepHbIX (triangle fan). B aTux cmocobax
JUTSI TIEPBOTO TPEYTOJbHUKA B MOCIEAOBATEILHOCTH 3a7al0TCS BCEe 3 BEPIIUHEI,
a JUIsl TIOCJICAYIOMNUX CMEKHBIX TPEYTOJBHUKOB — TOJBKO OJHA. TO €CTh mpu
J0CTATOYHO OOJIBIION JTMHE MOCIIE0BATEILHOCTH 00Iee YMCIO0 BEPIINH, Ie-
penaBaeMbIX ISl OTPUCOBKH B BUICOKAPTY, COKPAIIAETCS MOYTH TPEXKPATHO.

TunuuHble TPUAHTYJISIITUOHHBIE MOJEIHM HEMpeACTaBUMbI B BHJE OJIHOU
noJiocel. [loaToMy BO3HMKaeT 3aiada cmpunugukayuy TPUAHTYISAUUU (paszoe-
JIeHUsl Ha NOJIOCHl), KOTOpas 3aKIII0YaeTCs B pa30MEHUU TPUAHTYIISIIUU HA HEKO-
TOpOo€ HEOOJBIIOE YUCIO MOJIOC, MUHUMHU3UpYIOIee 00bEM NaHHBIX, Nepeaa-
BAaEMbIX B BUACOKAPTY ISl OTpUCOBKH (puc. 81). Ecnu Tpuanrynsuuio paspe-
mraeTcsi pa30MBaTh TOJBKO HA MOCIEA0BATENIbHBIE UM BEEPHBIE MOJIOCHI, TO 3T
3aJlauya SKBUBAJICHTHA MUHUMU3AIMU YHUCIIa MOJIOC.

B teopuu BeIIenSOT 3 BUJIa TIOJIOC: nociedosamenvhvle (aHTI. Strip), Ge-
epHule (aHTI. fan) U npouseonvhble (aHTI. general). Tlonockl 3a1al0TCa B BUJIE
HaOOpOB Y3JI0B TPUAHTYJISLUU V|, V,,...,V;,k = 3. B mocinenoBaTenbHbIX MojI0cax

TPCYTOJIBHUKH OIIPCACIIAIOTCA Ha60pOM IMOCJICAOBATCIIbBHO 3a/laHHBIX Y3JIOB

ViysViigsVis,l =1, k=2 (puc. 82,a), B BeepHbIX — IIEPBBIM y3JIOM U IIapaMu IO-

CJIEIOBATENbHBIX Y3JI0B V,,V;,V; ,i = 2,k —1 (puc. 82,6), a B POU3BOJIbHBIX —

i+l>

y3JIaMH vj,vl.,vi+l,i:2,k—1, e v;,v,

. — Y3Jbl IPEIBIIYIIEr0 CMEXHOIO Tpe-
yroibHuka (puc. 82,6). B BeIpokAeHHOM ciydae k =3 (OJUH TPEyTOJbHUK B
MI0JIOCE) TMOJIOCY MOYKHO TPAKTOBAaTh KAK BEEPHYIO, KaK MOCIEIOBATENIbHYIO U

KaK IIPpOU3BOJIbHYIO.
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Puc. 81. Ilpumep crpunudukanuu TpHAHTYIISLIUNA

2 2D

R

Puc. 82. [Ipumep kKoaupoBaHus MOJIOC Pa3HOro BUA

Ha puc. 82,6 npuBeneHa npou3BOIbHAS MOJ0CA, HE SBIISIOMIASCS MOCTE-
JIOBATENBHOU. /{711 €€ OTPUCOBKM MOXHO IE€pelaTh B BUJICOKAPTY JBE HE3aBH-
CHMBIE TTOCIEOBATENbHBIEC MOJIOCHI, CYMMAapHO 3aTpaTuB [ uX onucanusa 11
BepiinH. OJIHAKO €ciu NPeACTaBUTh pedpo V,,Vs KaK BBIPOXKACHHBIN Tpe-

YIr'OJIbHUK V,4,V5,V,, TO II0JIOCA CTAHET HOCHeﬂOBaTeHBHOﬁ, Hu TOorga AJjisi KOAu-
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poBaHus gocTaTouyHo Oyzaer Tojabko 10 BepmnH. Takoil moaxoa ¢ KOAUPOBaHU-
€M C BBIPOXKJICHHBIMU TpeyrojibHUKamu ucnoib3yercs B OpenGL u DirectX.

B HekoTopbIx apyrux OuOIMOTeKax TpEXMEpHOW Tpaduku (Harmpumep,
GL [38], kotopas ctana npoobpazom OpenGL) mpumensieTcs Apyroil cnocod
KOJUPOBAHMS, OCHOBAHHBI HAa HCIIOJb30BAHUU BO BXOJHOM MOTOKE BEPILIWH
crenuaibHbIX KoMaHa swap. [Ipu 3ToM A1 BRIMOJTHEHUS! OTPUCOBKHU CO3JIAETCS
BCIIOMOTaTeIbHasl Ouepeb U3 JBYX BeplIMH. ECiu BO BXOJHOM MOTOKE UMEET-
Csl BeplIMHA, TO OHA MOMEUIAETCS B OYepelb M TPEYTrOJIbHUK, 00pa30BaHHBIN
Tpems MOCJIEAHUMH B OYepear BepUIMHAMH, OTpHcOBbIBaeTcs. Eciu Bo BXoA-
HOM TIOTOKE UMEETCS KOMaH/aa Swap, TO JIBE MOCJIEIHNE B OUYepEeAr BEPIIMHBI
MeHstoTess Mectamu (puc. 83). Takoit moaxon ans KOAUPOBAaHUS MpUMEpa Ha
puc. 82,6 notpedyeT 9 BepiivH 1 1 KOMaHay swap.

VoY

Puc. 83. [Ipumep KoaupoBaHUS MOJIOC C KOMAHIOW SWap

OnuceiBaeMbl€ B HACTOSIIEM pa3fiesie aAITOPUTMBI TPUMEHUMBI HE TOJIBKO
JUTSI TIJTIOCKOM TPUAHTYJISILMHU, ONPEJENICHHON B 1. 1.1, HO W AJI1 IPOU3BOJIBHBIX
Menieil — HabOpOB TPEYTOIbLHUKOB B IPOCTPAHCTBE, OMUCHIBAIOIINX TOBEPXHO-
CTH MPOU3BOJIBHBIX 00BEKTOB. BakHBIM CBOMCTBOM MelIa BJISETCS TO, UTO Ka-
XKI0€ pedpo IH00ro TPeyrojJbHUKA JIOJDKHO NMpUHAAJIEkKATh HE Oosiee yem 2
TpeyrojiibHUKaM Mema. IMEHHO MOoATOMY Il OMUCaHUsl Melleld OOBIYHO MpH-
MEHSIETCA CTPYKTYpa JAHHBIX «Y3JIbl U TPEYTOJbHUKW» (cM. 1. 1.3.4), ucnonb-
3yemasl TakXe Ul OIMUCAHUA IUIOCKUX TPUAHTYJIALMU. B 3TON CTpyKType miis
KaKJI0ro pedpa TpeyrojbHUKAa XPaHATCS CCHUIKM Ha COCEIHUE TPEYTOJIbHUKH,
uMeronue ooiee pedpo ¢ TaHHBIM TPEYTOJIbHUKOM.

OO61ue 3aTpaThl TaMSATH Ha OMMCAHUE MEIlA C MTOMOIIBIO MOJIOC (HE CUH-
Tass KOMaHJ1 Swap) coctaBisitoT 28 + T BepiiuH, rae S — o0Iiee 9ucio moJoc, a
T — gucno TpeyrojibHUKOB B Meme. OTcrofia cieayer, 4To HaubobIIasi SKOHO-
MU TaMSITU B OMKUCAaHUM Memia focturaercs npu S =1. OnHako peajibHbIe Me-
1M, KaK MpPaBWJIO, HEBO3MOKHO OMHUCATh C TMOMOINBIO OJHOMN-eIUMHCTBEHHOU
1oJIoCkL. 1715t TOro yTOOBI 3TO MOHSATH, JOCTATOYHO EPEUTH OT TPUAHTYIISIIIUU K
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JBOMCTBEHHOMY €l rpady CMEXHBIX TPEYTOJIBHUKOB (3aMEThTE, YTO ITOT Ipad
MOKHO TOJYYUTh JUIsl TPUAHTYJIALMH J[eToHe KaK MOJAMHOMXECTBO AvarpaMmm
Boponoro). 3agaua novcka eAMHCTBEHHON MPOU3BOJILHON MOJOCHI HA TPUAHTY-
JSUUU DKBUBAJIEHTHA HAXOXKJIEHUIO TaMUJIBTOHOBA IMKJIAa B JBOWCTBEHHOM
rpade (puc. 84). A sTa 3aa4ya, Kak U3BECTHO, siBisieTcss NP-nonHoit [34].

Puc. 84. Ilpumep Tpuanrynsuuu (cieBa) U JIBONCTBEHHOIO
el rpada CMEKHBIX TPEYTOJIHHUKOB (CIIpaBa)

Tpuanrynsiius, TBOWCTBEHHBIA Tpad KOTOPOW COAEPKUT TaMHUILTOHOB
LMKJI, HA3bIBAECTCS TAKKE 2AMUIbMOHOB0U. |'aMUIbTOHOBAa TPUAHTYJISILIUS BCE-
r1a MOKET OBITh MpeJCTaBieHa B BUJAE OIHOU IMOJIOCHI TPEYTOJHLHUKOB C HC-
IIOJIb30BAaHUEM HEKOTOPOIO yuciaa koMaHa swap. Eciu s onvcanust 3Tou no-
JIOCBI HE UCTOJIb30BAaHO HU OJTHOW KOMAaHbI SWap, 3HAUUT, 3Ta I10JI0CA SBIISIETCS
MOCJICIOBATEIHHOM, a caMa TPUAHTYJISIIIUS HA3bIBACTCS NOC1e008amebHOU.

K coxaneHunto, qajeko He Kaxxaas TPUAHTYJALU sBisgeTcs ['aMmunbTOHO-
BOoM. OHAKO M3BECTHO, YTO B HEE BCErJa MOXHO J1I00aBUTh HEKOTOPOE YHUCIO
JOTOJHUTENBHBIX Y3J10B — moyek [llmetinepa (Steiner), U TPUAHTYJISILIUS CTAHET
raMuibToHOBOM. Touku llITeliHepa B TEpMUHAX TPUAHTYJIALUU — 3TO JOIOJIHU-
TENbHBIE Y3JIbI, JOOaBIsieMble B TPUAHTYJIUIO, pa3OMBaIOIIUE HEKOTOPbHIE
pebpa nomnonaaM U J0OABISIONINE 1B HOBBIX TpeyrojibHuKa (puc. 85).

Puc. 85. Ilpumep Tpuanrynsanuu 6€3 raMUIbTOHOBA IUKJIA (ClIeBa) U
C TaMHJIbTOHOBBIM ITUKJIOM (CTIpaBa)
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K noHATHIO TaMUJIBTOHOBOM TPUAHTYIISIUU OJM3KUM MOHSITHEM SIBIIAETCS
0600wennas nociedogamenvHas mpuaneyasayus. B Hell 10CTaTOYHO TOJBKO Ha-
JMYHST HE3aMKHYTOrO MyTH B Tpade, 00Xoad1Iero Bce BEpIIMHbI rpada poBHO 1
pa3 (B raMUJIbTOHOBOM TPUAHTYJISILIMM 3TOT MYTh JOJIKEH OBITh 3aMKHYT).

B [35] noka3zaHno, 4To 3ajaya pa30MeHus: TPUAHTYJISALUA HA MUHUMAJIbHOE
YUCIIO TOJIOC Takxke sBisieTcss NP-momHon. IMEHHO 1T03TOMY Ha IIPaKTUKE TOY-
HBIE AJTOPUTMBI NMPAKTUYECKH HENPUMEHUMBI, YTO BBIHYKJIA€T HCIOJIb30BAThH
paszIuYHbIe NPUOJIMKEHHBIE AITOPUTMBI.

11.2. SGI-anroputm

B pabote [21] onncan oauH U3 Haubosaee MPOCThIX NPUOIMKEHHBIX aJITo0-
puTMOB cTpunudukanrd. OH OCHOBaH Ha KaJHOM CTPATErvH.

B nauane paboThl anroputMa s BCEX TPEYTOJbHUKOB BBIYUCIISIETCS
YHUCJIO COCEIHUX TPEYTOJbHUKOB (puc. 86,a). DTH unciia OyayT UCIOJIb30BAHbI B
Ka4eCTBE CUYETUYMKOB KOJIMYECTBA COCEACH, €II¢ HE BOIICAIINX B ITOJOCHL. B
JTajdbHEUIleM IO Mepe TMOMEIICHUs TPEYTrOJIbHUKOB B T€ WJIM WUHbBIE TOJIOCHI,
CUYETUYMKHU Y UX COCEICH JTOMKHBI OYTyT YMEHBIIATHCS.

Anroput™m paboTaeT, moka UMEETCsl XOTs Obl OAWH TPEYTOJbHUK, HE BO-
HEAINUA HA B OAHY noJiocy. i mocTpoeHus: 04epEeHOM IOJIOCHI IIPEXK e BCe-
ro BBIOMpAETCS HauallbHBIA TPEYTOJIBHUK: CPEIM €IIE HE UCIOIb30BaHHBIX Tpe-
YTOJILHUKOB BBIOMPAETCS] TaKOM, KOTOPHIA MMEET HAaUMEHbIIIEe 3HAUCHHUE CUET-
YyuKa, T.€. UMEET HauMEHbIIIee KOJMUeCcTBO coceneit (puc. 86,0,e). Ilocne BrIOO-
pa TPEYTOJIbHUKA Cpa3y K€ YMEHBIIAIOTCA Ha | CUETUYMKH y BCEX €T0 COCEHEH.
HauanpHbIi TpeyroJIbHUK OOBSIBISETCS TEKYIIUM B TOJI0CE. 3aTeM B LIUKJIE IS

2 o o

Puc. 86. Cxema pabotsl SGl-anropurma: a — UCXOHAS TPUAHTYJISAIUS C BEHIYUCICHHBIMU
KOJIMYECTBAMU CMEKHBIX TPEYTOJIBHUKOB; O — BBIOOP MEPBOTO TPEYTOJILHUKA MIEPBO
TIOJIOCHI; 6—0 — BBIOOP CIIEAYIONIUX TPEYTOJIBHUKOB; € — BRIOOP MIEPBOTO TPEYTOJIbHUKA
BTOPOI1 MOJOCHI; #¢—3 — BBIOOP CIEAYIOIIMX TPEYTOJIbHUKOB BTOPOM MOJIOCHI
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TEKYLIEro TPEYroJbHUKA U3 YHCIIa CMEXHBIX BBIOMPAETCS HOBBIU, €IIE HE HUC-
M0JIb30BAaHHBIM TPEYTOJIbHUK, KOTOPBIA UMEET MUHUMAJIbHOE 3HaYE€HUE CUETUH-
Ka (eciy MHHMMAalbHOE 3HAUYEHHE CYETYMKA MMEET HE OJMH CMEXHBIM Tpe-
YTOJIBHUK, TO BBIOOP MEXAY HUMH JI€JaeTcsl MPOU3BOJILHO). BbIOpaHHbIi Tpe-
YTOJIBHUK J00ABIIAETCA B MOJOCY U CTAHOBUTCS TEKYIIMM (puc. 86,0—0,01c—3).

OCHOBHBIM HEIOCTATKOM aJTOPUTMA SIBISETCS OOJBIIOE YKMCIO KOMAaH]]
Swap B TeHepUpyeMbIX mosiocax. OJHaKO ATO KOMIIEHCUPYETCS] OUYEHb BBICOKOM
CKOPOCTBIO pabOThl — TPYAOEMKOCTh aIrOPUTMA JTUHEHHAsI, a TAKXKe MPOCTOTOM
peanu3anuu.

11.3. B3semennnii SGI-anropurm

B SGl-anroputme, ommcaHHOM BbIIIe, i1 BbIOOpa OYEpEeIHOTO Tpe-
YTOJIBHUKA UCIIOJIB3YIOTCS HEKOTOPHIE YMCIIa, XapaKTEePU3YIONIUe TPEyTrodbHU-
ku. Bo 63sewennom SGl-ancopumme [44] Kk 3TUM YmciiaM TO0ABISIOTCS TOTION-
HUTEIBHBIC IBPUCTHYCCKHUE ClIaracMble, TIO3BOJISIOIINE YMEHBIITUTL KOJTMYECTBO
KOMaHJ[ Swap M o0I1ee 4ucio moysoc. Takum oOpa3oM, I KaKI0TO TPEyTroib-
HUKa BO B3BemieHHOM SGI-anropuTMme BBIYUCISACTCS CyMMa TpEX IBpUCTHYE-
CKHX 3HAYEHUH, OTPEIEIEMBIX CICAYIOMNM 00pa3oM:

1. KonuuecTBo cocenieil TEKynero TpeyrojibHUKa, €1l€ He BKIIOUYEHHBIX B
noJyiockl (puc. 86). DTa PBpUCTHKA SBISIETCS €NUMHCTBeHHOU B SGIl-anropurme;
OHa MpeTHA3HaYeHa IS YMEHBIIEHUS KOJUYECTBA KOPOTKHX IOJIOC.

2. B 3TOM 3BpUCTHUKE JJIsl IBYX Y3JI0B TEKYILETO TPEYTrOJIbHUKA OMPEIEIIs-
€TCSI KOJIMYECTBO COCEIHUX TPEYTOJbHUKOB, €IIE HE BKIFOYECHHBIX B ITOJIOCHI.
Eciu 3T 3HAaYEHUS OKAXYTCA OAUHAKOBBIMH, TO 3BPUCTUKHU JIBYX BO3MOKHBIX
CIEAYIOIUX TPEYrOJIbHUKOB JENAl0TCS PAaBHBIMU HYJIIO. ECiIM KOJIMYECTBO CO-
celiel y Kakoro-To y3Jjia OKa)keTcsi 0oJibllie, YeM Yy JPYyroro, TO COOTBETCTBYIO-
HIeMy TPEyTOoJIbHUKY MpUCBanBaeTcs 3HaueHue +1, a Menpiiemy —1 (puc. 87,a).

W

Puc. 87. Boiuncienue 3BpUCTUK BO B3BelIeHHOM SGIl-anropurme:
@ — KOJIMYECTBO COCEIeH ABYX Y3JIOB TEKYIErO TPEyTOJIbHHKA;
6 — TIpoBepKa HEOOXOIMMOCTH MCIIOIH30BaHUS KOMaHAbI SWap
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OTa 3BPUCTHKA COXPAHSIET Ul MOCIEAYIOIIET0 UCIOIb30BaHNUS TPEYTOIbHUKHU C
OOJIBIIIMM YHUCIIOM COCEJIEH, TEM CaMbIM OCTaBJIsAg 0OJbIIYI0 cBOOOAY BhIOOpA B
HOCJIEIYIONIEM NP MOCTPOESHUH TTOJIOC.

3. ns AByX BO3MOKHBIX CIEAYIOIIUX TPEYTOJbHUKOB MPOBEPSETCS, Tpe-
OyeTcs JIn UCOJb30BaHUe KoMaH bl swap. Eciau Tpedyercs, TO 3BpUCTUKA CUH-
Taercst paBHou +1, unaue —1 (puc. 87,6). JlanHHas 3BpUCTHKA TO3BOJISIET CHU-
3UTh 00I1I€€ YUCIIO KOMaH]l SWap B FTEHEPUPYEMBIX MOJIOCAX TPEYTOJIbHUKOB.

B urtore, npocyMMUpOBaB 3HAYCHUS 3TUX TPEX IBPUCTUK U MOIYUHB 8ecd
TPEYTOJIBLHUKOB, KaK W B MPEIbIAYIIEM aJrOpPUTME, BHIOUPAETCS TPEYTOJbHUK,
UMEIOIINI MEHBIIINMN BEC.

B HaCTOAIICC BPCMA B3BCILICHHBIN SGI-aJII‘OpI/ITM ABJACTCA OJHHMM M3
HanoOoee IMOIIYJISIPHBIX, TaK KaK HMCCT HHHeﬁHym pr,HOéMKOCTB N OYCHb
IMPpOCT B pCaJin3aliin.

11.4. AnroputM Ha OCHOBeE JAepeBa NMpPeAIIeCTBOBAHUS

AnropuTM™, NpeAcTaBieHHbIA B paboTe [68], NpUMEHUM TONBKO JJIs MJIO-
CKUX BBIIIYKJIBIX TpUAHTYyJsALuNA. OH OCHOBAaH Ha OMHOWIEHUU Npeouecmeosa-
HUA MEXAY TPEYTOJIbHUKAMH TPUAHTYJISLIHH.

Jli1st Toro 4ToOBI 334aTh 3TO OMHOULEHUE NPeOUeCm808aHUsl, HYKHO BbI-
OpaTh HEKOTOPBIM HAYATbHBIN TPEYTONBHUK £, . W JIIOOYI0 TOUKY p BHYTPH 3TO

start
TpeyroyibHUKa. Jlanee sl BCEX OCTAJIbHBIX TPEYTOJBbHUKOB ! TPUAHTYJISILUAU
(t#t,,) IPEAMIECTBYIOMIUA TPEYTOJIHHUK HAXOIUTCS CIAEAYONUM oOpazom. B
TPEYTOJLHUKE ¢ ompeessieTcss Ommkaiias Kk p Touka. Ecnu 3Ta Touka Haxo-
JUTCS BHYTPU HEKOTOPOTO pedpa e (He Ha BEpIIMHE TPEYroJIbHUKA), TO npeo-
wecmeyrowum TPEyrojJbHUKY { CUMTACTCSA TPEYTOJIBHUK f,, CMEKHBIN C f 4epe3

Start

pebpo e (puc. 88,a). B mpoTuBHOM cilydae 3Ta OJIbKaiImas Touyka COBIAIAET C
HEKOTOPBIM Y3JIOM V TPUAHTYJSAIUMU. Torma Mbl JOJDKHBI MPOAHAIM3UPOBATH
JBa peOpa TPUAHTYISIUU € U e', CMEXXHBIX C ATUM Y3JIOM v (TIpH 3TOM 0003Ha-
YeHHUE e U e’ IOJDKHO OBITh TAKUM, YTO MOBOPOT OT € K e’ JOKEeH OBITh IPOTUB
4acoBOM cTpesiku). Ecnu Touka p M TpeyroiapHUK ¢ JiexkaT MO Pa3HyI0 CTOPOHY
OT MPSAMOU, IPOXOJISIIEH uepe3 pedpo e, TO MPEAINIECTBYIOIINM TPEYTOJIbHUKY ¢
CUMTAETCsl TPEYIOJbHUK #,, CMEXKHBINA C ¢ yepe3 pedpo e (puc. 88,6), nHaue —

TPEYTOJIbHUK 7;, CMEXHBIH C ¢ uepe3 pedpo e’ (puc. 88,6).

Takum o06pa3oM, I KaXKAOTO TPEYroJbHUKA TPUAHTYJISALMU ONpeness-
€TCsl HEKOTOPBIM MPEeIIecTBYOMMM TpeyroibHuK. OueBuaHo, 4To rpadom ta-
KHX OTHOILEHUH SIBIISETCS AEPEBO C KOPHEM B TpEyrojbHUkKe .. (puc. 89,a).

OT0 nepeBo 001anaeT OJHUM BaKHBIM CBOWCTBOM: BETBH, UCXOJSIINE U3 KOP-
Hs1, KaK MPaBUJIO, UAYT MO TPEYTOJbHHUKAM «BJIEBO-BIPABO». DTO O3HAYAET, YTO
3TH BETBU MOTJIA OBl CTaTh OCHOBOW MOJIOC TPUAHTYJISLUHU, IPUYEM JIJISI UX KO-
JUPOBAHMS HYKHO HEOOJBIIOE YHCIIO KoMaHa swap. EIé ogHuM JTOCTOMHCT-
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BOM [IEpEBA MPEALIECTBOBAHUS SIBISETCS TO, YTO JISI €r0 INMPEICTABICHUS HE
HY>KHO HUKAaKO! IaMATH — OHO HESIBHO MPEJCTABICHO CAMOW TPUAHTYJISIUEH.

Jlanee no nepeBy NpealIeCTBOBaHUS METOJIOM MOMCKA B IIyOuHy popmu-
PYIOTCSl IOJIOCHI TPEYTOJIBHUKOB, IPUUEM TakK, YTOOBI HE UCIIOJIH30BATh KOMaH-

Puc. 88. OTHOIIEHNE MTPEIIeCTBOBAHUS TPEYTOJIBHUKOB B TPUAHTYJISLIUH

OTHOCHUTCIIBHO TOYKH p B HAYAJIbHOM TPCYT'OJIbHUKE tstart

Puc. 89. /lepeBo OTHOIIEHUS TPEAIIECTBOBAHNS TPEYTOJBHUKOB B TPUAHTYJILIUU

OTHOCHTEIILHO TOUKH p B HAYAIbHOM TPEYTONbHUKE £, p

start



Crpunudukanust TpUaHTyJISUN 135

16l swap (puc. 89,6). Ilocie atoro cienyer MpoCMOTPETh B TPUAHTYJISIIIUN BCE
napsl COCETHUX TPEYTOJLHUKOB, U €CJIM B HUX HAXOAATCS KOHITBI IBYX Pa3HBIX
M0JIOC, TO TH MOJIOCHI HAZ0 00BEAUHUTD B OJIHY T0JI0CY (puc. 89,8).

Tpyn0EMKOCTh ONMKMCAHHOTO AJITOPUTMA HA OCHOBE J€pEBa IMPEHIIECTBO-
BaHUS ABJISCTCS JUHEUHOM.

11.5. BpICTpPBINA reHEPaTOP M0JI0C TPEYTr0JIbHUKOB

B pabore [5] mpemioxeH aaropuTM OBICTPOTO TEHEPHUPOBAHUS IOJOC
tpeyroiapHukoB (Fast Triangle Strip Generator — FTSG), koTopblit Takxke 0CHO-
BaH Ha CTPYKTYype OCTOBHOIO JiepeBa. OHAKO, B OTIMYME OT MPEABIIYIIEro ajl-
TOpUTMA, OCTOBHOE JEPEBO CTPOUTCS U3 rpada CMEXHOCTH TPEYTrOJIbHUKOB
TPUAHTYJISIIUU IPYTUM cIocoOoM. PaccMOTpUM 3TOT anropuT™ MO IIaram.

Aneopumm FTSG

Illaz 1. Ha rpade cCMEXKHOCTH TPEYroJIbHUKOB TPHAHTYJISIIMU CTPOUTCS
OCTOBHOE JIEPEBO aJITOpUTMa IOMCKa B TIIyOMHY, HauyWHAas C HEKOTOPOIo Ha-
YaJbHOTO TpeyroyibHUKa. IIpu BeIOOpE BO3MOXKHOTO HANpPaBJICHHUS CITyCKa IO
JEPEBY CIEAYET BBIOMPATH CICAYIOIIMN TPEYroJlbHUK Ha OCHOBE ABPHUCTHUK
B3BeneHHoro SGl-anroputma (cm. 1. 11.3).

Lllae 2. (Omwennenus nonoc). B ukie B OCTOBHOM JIepeBE BHIOMpPAETCS
y3eJl MaKCUMaJIbHOU TJIyOMHBI, UMEIONUI 1Ba TOTOMKa. Ecim Takoro y3ia Her,
TO OCTaBIIASACS YacCTh J€peBa CTAHOBUTCS IOJOCOM TPEYTOJIBHUKOB M LIMKJII 3a-
KaHuMBaeTca. Eciin Takou y3en HahJieH, TO U3 3TOrO y3Jia U ABYX €ro JCPEBbEB-
MOTOMKOB (hOPMHUPYETCSI TOJI0CA TPEYTOIHHUKOB.

lllaz 3. Bce monockl, OMy4YeHHBIE HA MPEABIAYIIEM IIare, He0OX0auMO
pa3OUTh Ha MOCIIEIOBATEIIbHBIE U BEEPHBIE.

[llaz 4. Bce mocnenoBaTeNbHBIE M BEEPHBIEC IIOJOCHI, MOJYy4YEHHBIE Ha
npeabIAyIIeM are, He0OXOIUMO TOMBITATECS OOBEAMHUTL B OOJiee JIMHHEIC.
OOBbenuHeHHEe TOJHKHO MPOUCXOIUTH B Be (a3bl. B mepBoii ¢a3e BhIMONHIETCS
00bETMHEHNE BCEX BEEPHBIX IMOJIOC M TaKUX IOCIIEOBATEIBHBIX IMOJIOC, KOTO-
pbie He TPeOYyIOT JOMOJHUTENIBHBIX KOMaH] swap. Bo BTopoii daze o0benuns-
IOTCsI BCE OCTaJIbHbIE MTOCIIeI0BaTeNbHbIe N0N0CH. Koney aneopumma.

Takum o0pa3zoM, r1aBHOE OTJIMYME TAHHOTO aJITOPUTMA OT MPEIbIIYLIErO
3aKJIF0YAETCs B CIIOCOOE MEPBUYHON FeHepaluu noyioc. B npeapiayniemM monocel
CTPOATCS METOJOM IOHMCKA B NIYOMHY (MOIXO[ «CBEPXY-BHU3» OT KOPHSI BIIIyOb
nepeBa). B 1aHHOM alropuTMe MOJIOCHI CTPOSATCS METOJIOM IOMCKA B IIUPUHY
(moaxo «CHU3Y-BBEPX», POPMUPYSI IOJIOCHI OT CAMBIX INIyOOKHUX Y3JI0B B JIepe-
BE, IMEIOIIUX JBa MOTOMKA).

B 1nesoM 3T10T anroputMm Aaér pesynbTaT HEMHOIO JY4IIWH, YeM MpPEAbl-
IyIUHA aJITOPUTM Ha OCHOBE OCTOBHOTI'O JIEPEBA.

Tpynoémkocts onucanHoro anropurma FTSG sBusercs TMHENHOM.
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11.6. TyHHeJIbHBIN AJITOPUTM

B ocHOBe TyHHEIBLHOTO alrOpUTMa JICKHUT TOHSATHE MYHHeNsl — TMYTH B
JBOMCTBEHHOM rpade, COCTOSIIETO U3 MePeMeKaIOMEHCs MOCIe0BaTeIbHOCTH
NOJIOCOBbIX N 6HENOI0CO8bIX PEOEP, COOTBETCTBEHHO BXOSIIUX U HE BXOJSAIINX
B TOJIOCHl TPEYTOJIBHUKOB, MPUUYEM 3Ta MOCIEAOBATEILHOCTh JOJDKHA HAYM-
HATHCS Y 3aKaHYMBATHCS BHETIOJIOCOBBIMU PEOpaMHU.

CyTh TYHHEJIBHOTIO aJITOPUTMA 3aKJIIOYAETCS B MOMCKE HEOOXOIUMBIX
TyHHEJIeH B BoMCTBeHHOM rpade (puc. 90,a) 1 MHBEpTUPOBAHUU BCeX pEOEp B
tyHHene (puc. 90,0): Kaxa0€ BHETIOIOCOBOE PeOPO MODKHO OBITH BKIIFOYECHO B
HEKOTOPYIO TOJIOCY, a TOJ0COBBIe PEOpa MOIKHBI OBITH OTTYyJa MCKITIOUYEHBI.
CMbICTT MHBEPTUPOBAHUS 3aKIIOYAECTCS B TOM, YTO, €CJIM MPU 3TOM HE 00pazy-
eTCsl 3aMKHYTBIX IyTe B JBONCTBEHHOM TIpade (3alMKICHHBIX TOJIOC Tpe-
YTOJILHUKOB), TO OOIIIEe YMCIO MOJIOC YMEHBIIUTCS Ha enuHully (puc. 90,6—2).
[ToaTOMY IJIaBHOW YacCThIO TYHHEIIBHOTO aJITOPUTMA SIBJISIETCS [IOMCK TYHHEJIEH,
HEe 00pa3yIoLIMX MOCJIe UHBEPTUPOBAHUS 3aMKHYTHIX MyTEH.

(6) ©)

Puc. 90. [Ipumep MHBEPTHPOBAHUS TYHHEIIS: @ — TYHHENb B JIBOMCTBEHHOM Tpade 10
MHBEPTUPOBaHUS pEOEP; 6 — TyHHENb [10CIE UHBEPTUPOBAHUS; 8 — CTPUMTU(PUKALIHS
710 THBEPTHUPOBAHUS; & — CTPUIU(PHUKALNS [TOCTIE HHBEPTUPOBAHUS
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B TyHHENbHOM anropuTMe BHayaje BbIOMpaeTCsi HEKOTOPOE Hayajao TyH-
HEJsl — HEKOTOpasl BEPILMHA B IBOMCTBEHHOM Ipade, COOTBETCTBYIONIAS KOHILY
HEKOTOPOM MOJIOCHI TPEYTOJIBHUKOB. 3aTEM METOAOM ITOMCKA B IIMPUHY HIIETCS
KpaTJaiiias nepeMexaronascs MOCIe0BaTeIbHOCTh pédep, MpHUBOIALIAs B
JIPYTYI0 BEpPLIMHY, COOTBETCTBYIOILIAS KOHIY HEKOTOPOU IOJIOCHI TPEYTOJIbHU-
KOB. 3aTe€M BBINIOJIHSETCS UHBEpTUpPOBaHUE pEdep B TyHHene. [louck TynHenen
BBINIOJIHSAETCA 10 T€X MOp, MOKAa MOKHO HaWTHU TyHHenu. [Io okoHYaHuu 3TOrO
LIUKJIA JOCTUTAETCSI HEKOTOPBIN JIOKAIbHbI MAHAMYM KOJIM4ECTBA I10JIOC.

CrnemyeT OTMETUTh, YTO TYHHEJIM BCETJa COCTOST M3 HEUYETHOTO YHuCia
pé6ep. B kpaitHem ciydae, TYHHEIb MOXKET COCTOSITh TOJIBKO U3 OJTHOTO (HETo-
JocoBoro) pedpa. MHBepTUpOBaHUE TAKOTO TYHHENS, 1O CYyTH, OyJeT 03Ha4aTh
COEJIMHEHHUE JIBYX CMEKHBIX MOJIOC TPEYTOJIbHUKOB.

I[JISI YCTpAaHCHUA BO3MOKHOCTH 06p8,30BaHI/IH 3AaIUKIJICHHBIX IIOJIOC TPC-
YT'OJIBHUKOB ITOCJIC MHBCPTUPOBAHUA TYHHCJIeﬁ, ITPpHU ITOUCKE TYHHeJIeﬁ Heo0Xo-
AUMO YUYUTBIBATb CIICAYIOIINUC OT'PAHNYICHUA

1. Ilocnennee (HemojgocoBoe) pedOpo B TyHHENE HE JOJKHO COEIUHSTH
JIBa y3Jja, MPUHAJUISKAIUX OJJHOM MoJ0ce TPEYroibHUKOB (puc. 91,a).

2. Ecnu nipu moucke B TYHHEJb BKIFOUEHO HEKOTOPOE HEMOJI0COBOE peod-
PO, COEIMHSIONIEE ABA Y3JIa OJHOW MOJIOCHI TPEYTOJIBHUKOB, TO CIEAYIOIIEE T10-
JIOCOBOE peOpo JOKHO BHIOMPATHCS TaKuM 00pa3oM. byneM cuurtarh, 4TO Ka-
KJask MoJI0Ca TPEYTOJbHUKOB UMEET OPUEHTALMIO, MOJy4aeMyl0 B pe3yJbTare
IIOMCKa B IIMPHUHY HAIIPABJICHHOM OT HAayaJbHOW BEpPIIMHBL. Toraa cieayroiiee
BKJIFOYA€MO€ TIOJIOCOBOE PeOpPO ODKHO MMETh OPHUEHTAIINIO, MPOTUBOIMOJIONK-
HYIO HalpaBJICHUIO MOUCKA B IUpUHY (puc. 91,8).

Hegonyctumoe Heponyctumoe MpaBunbHoe
nocnegHee pebpo

HauyanbHble BEpLUNHBI
(@) (0) (8) ©)

Puc. 91. IlpenoTBpallieHne 3alMKIEHHOCTH TI0JI0C TPEYTOJIbHUKOB MPU IOUCKE TyHHEIIEH:
a — HEeJIOMYCTUMBIN BBIOOP TIOCTIeTHETO pedpa B TyHHENE; O — HEAOITYCTUMBII
BBIOOp MOJIOCHOTO pedpa; 6 — MpaBUIIbHBIN BEIOOP MOJIOCHOTO pedpa;

2 — pe3yabTaT HUHBEPTUPOBAHUS TYHHEISI, [TOJIyYEHHOTO Ha PUC. 8
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Cpenu Bcero MHOKECTBA U3BECTHBIX AITOPUTMOB TYHHEJIBHBIN ITO3BOJISET
IOJIyYUTh CaMOE€ MAJIEHBKOE 4YMCIIO IOJIoC. B cpeaHem OH MA€T pe3ysbTaTsl
npuMepHO B 5 pa3 nyumue, yeM SGl-anroputMm. OHaKO MPU 3TOM OH U pado-
TaeT NPUOJU3ZUTEIBHO B 5 pa3 JAOJbIIIE.

11.7. Crpunuduxanus NoJUrOHAJILHBIX MOJIeJIeH

B nanHOM paznene pemiaercs HECKONbKO Oojiee oOmias 3ajada, 4eM B
OpeapIIyIuX pa3fenax. 37ech paccMaTpUBaeTCs 3ajada CTpUnupUKanuu He
MelIel (TPUaHTyJIAIUOHHBIX MOJENEH), a MPOU3BOIBHBIX NOIUCOHANLHBIX MO-
Oeneti — MOJEJNIE MOBEPXHOCTEH, COCTOSAIIMX M3 HAOOPOB CMEKHBIX MHOTO-
YTOJILHUKOB. {711 TaKMX MOJUTOHAIBHBIX MOJENEN 3ajauya CTpUunupuKanum 3a-
KITI0YaeTCs B TPUAHTYIUPOBAHUHU KaXXJIO0TO HETPEYrOJIbHOIO MHOTOYTOJIbHUKA U
TeHepaIiy MOJI0C TPEYTOJIbHUKOB.

Tak kak OOJBITMHCTBO MHOTOYTOJILHUKOB MOKHO TPHAHTYJIMPOBAThH Pa3-
JUYHBIMA CHIOCO0AMH, TO 3a7ada CTPUMH(PUKAINHA IMOJUTOHAIBHBIX MOJICIICH
MMEET HECKOJIbKO OOJIBIIIYIO CBOOOY B BHIOOpE MOJIOC TPEYTOJbHUKOB, a TTOTO-
MY ¥ TTO3BOJISIET MOYYUTh JYUYIIHN Pe3yIbTaT, YeM MPU CTPUTTH(DHUKAITAN TOJTb-
KO TPHAHTYJISIIIHOHHBIX MOJIEIICH.

Jnst crpunudukanuy MOJUTOHAIBHBIX MOJENEH 4YacTo HMCHOJb3YIOTCS
CJIEYIOIINE OCHOBHBIE MOAXOIBI [28]:

1. Cmamuueckas mpuaneynayus. TpUaHTyIsIUS BCEX HETPEYTOJBHBIX
MHOTOYTOJIbHUKOB U MOCIEAYIOIIas CTpUMUPUKaLKsg 0OIIero Mema Jo0bIM all-
TOPUTMOM, NIPUBEIAEHHBIM B NIPEIBIAYIINAX pa3aeiax.

2. [lonnasa oOuHamuueckas mMpUAHSYIAYUS BCMPEUAIOUUXCA NOTUSOHOB.
[Tpu renepanuu monoc SGIl-anroput™MoMm (Wiu ero MoAU(DUKAIWSIME), €CIH
ouepeHas MoJIoca BBIXOAUT B HETPEYTOIBHBIN MOJIUTOH, TO ATOT MOJIUTOH TPH-
aHTYJIUPYETCs, MPUIEM CITOCOOOM, TTO3BOJISIONTUM BKJIIOYHTH B TIOJIOCY MAaKCH-
MaJIbHOE YHWCJIO WJIU JIaXKe BCE TPEYTOJBHHUKH MOJIUTOHA U 110 BO3MOXHOCTH HE
TpeOyrommmM KoMaua swap (puc. 92,a—6). Ecinu momuroH sSBIsETCS BBITYKIIBIM,
TO B IMOJIOCY MOXXHO BKIIFOUYHTH BCE €0 TPEYTOJbHUKH, & KOMaHIbI SwWap He
HYXHBI (puc. 92,2).

O1oT (AMHaAMUYecKuit) moaxod Aa€T pe3ysbTar B cpeaHeMm Ha 15% myu-
1€, 4YeM Npeabl Iy (cTaTudeckuii) [28].

3. Yacmuunas ounamuyeckas mMpuaumeyisiyus 6CMpedaouuxcs noauco-
Hog. OTInYre TaHHOTO MOAX0/Ia OT MPEAbIAYIIEr0 3aKII0YaeTCs B TOM, UTO MPU
BXO/I€ MOJIOCHI B OYEPETHOMN MOJIMIOH MOXKET BBIMOJHATHCS HE MOJIHAS €r0 TPU-
AHTyJIALMS, @ B 3aBUCUMOCTH OT CUTYAllUM TOJBKO HEKOTOpas ero 4actb. Korma
10JIOCa BXOJUT B IOJMIOH, HA OCHOBE BECOB CIICJyeT OMPEACIUTh Hamboiiee
MPEANOYTUTEILHYI0 CTOPOHY ITOJUTOHA, YEPE3 KOTOPYIO MOJIOCA JIOJKHA BbIN-
TA. Y TOJIBKO MOCJI€ 3TOTO ClieyeT MOCTPOUTh MUHUMAIbHYIO (110 YUCIYy Tpe-
YTOJIbHUKOB) TTOJIOCY MEXK/Ty BXOJTHOW U BBIXOJHOW CTOPOHAMHU MOJIUTOHA.
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JlanHblil 1OAX0A OOBIYHO HAET pe3yibTaT XyXKe, YeM MpeAblIyIInid, U
TOJIBKO B PEAKUX CIIydasX JIyylle.

4. Cmpunuguxayus uyemuvlpéxy2onibHblx o0OIaACmel Yemblpexy20bHUKO8
(asiroput™m STRIPE). JlanHbIN MOAX0 OPUMEHUM ISl YACTO BCTPEUAOLTUXCS
HA MPAKTUKE MOJUTOHAIBHBIX MOJEIEHU MOBEPXHOCTENU, COCTOSAIINUX MIPEUMYILIE-
CTBEHHO U3 YETHIPEXYTOJIbHUKOB U YACTUYHO TPEYTOJIbHUKOB.

Puc. 92. BapuaHTbl TpHaHTYJISIIMU TOJMTOHOB MPH BBIXO/IE MOJOCHI B TOJIUTOH:
a — T0JI0ca MOJIONIIa K MHOTOYTOJIbHUKY
0 — HCyAa4yHas TPUAHTYJIALIUA C HCTIOJHBIM BKIIIOYCHUCM B IIOJIOCY,
8 — TPUAHTYJISAIMS, TpeOyIolas UCOIb30BaHUS KOMAH bl SWap;
2 — TPUAHTYJISLNs, He TPeOyIoast NCIIOIb30BAHUS KOMaHIbI SWap

Puc. 93. Crpunudukanus 4eTbIpEXyTroabHbIX 00J1acTel YETHIPEXYTOJIbHUKOB:
a — BbIJIEJICHNE TIaTYel — YeThIPEXYTOJIbHBIX 00JIaCTe! YeThIPEXYTOJIbHUKOB;
O — cTpunUpUKAIHS aTIeH; 6 — CTPUMTU(PHUKAIHS OCTATBHBIX TOJIUTOHOB,;

2 — IpUMep CTpUMH(PHUKAIIUU TOJUTOHAIBHOM MOJieNnu Tpulieparorca [28]
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CyTb MoJxo/1a 3aKJII04aeTCsl B TOM, YTO BHayajae HEOOXOIUMO BBIJEIUTH
MaKCHMaJIbHO OOJIBIIINE namuu — YETHIPEXYTOIbHBIC 00JIACTH CMEKHBIX YeThI-
pEXYTOILHUKOB (puc. 93,a), mpu 3TOM 00J1aCTh JOJDKHA COACPKATh HE MEHEe 5
YETBIPEXYTOJLHUKOB.

3aTeM KaxAyr Takyl 00JacTh HEOOXOAMMO Pa3OUTh HA OJHY MOJIOCY
(puc. 93,6). OcraBmnecs: y4acTKu HEOOXOAUMO TPUAHTYJIUPOBATH JHOOBIM Tpe-
JBITYIIUM cIocO00M, ocHOBaHHBIM Ha SGl-anroputme (puc. 93,6). Ha puc. 93,2
NPUBENICH MPUMEP BBIACICHUS YETHIPEXYTONBHBIX 00JaCTe YeThIPEXYTOIbHH-
KOB JUIsl MOCTEAYIoIIel cTpunudukanuu (mpuMep B3sT U3 padboThl [28]).



I'naBa 12. Cepx0o0Jbllide TPUAHTYJISIUA

12.1. Onpenenenue

[Tocnenuue Toabl CTPEMUTEIBHO PACTYT OOBEMBI JAHHBIX, MO KOTOPHIM
BO3HHUKAET HEOOXOUMOCTh MOCTPOCHUS TPUAHTYIISIIMOHHBIX MOJIEICH MOBEpX-
HOoCcTe. Tak, TUNMUYHON CHUTyalMeu SBISIETCS HEOOXOJIUMOCTh TMOCTPOEHUS
TPUAHTYJISAIMU TI0 MIJUTMOHAM M Jake MWUIHapjaaM Todek. K coxkanenuro,
MPAKTUYECKA BCE U3BECTHBIC AJITOPUTMBI HE CIIOCOOHBI 00pabaThiBaTh TaKUe
00BEMBI, Tak Kak TpeOyIOT, 4YTOOBI BCE CTPYKTYPHI JAHHBIX HAXOAHIUCH B OTIe-
PaTUBHOW MMAMATH, UMEIOLIEN OTPAaHUYECHHBIA pa3smep.

C@epx60ﬂbmumu MOJCIIMA NAHHBIX B HACTOAMICC BPEMsS HA3bIBAKOT Ta-
KHC MOJCIIN, KOTOPBIC IJIsI CBOCTO ITOJIHOI'O IMPCACTABJICHUSA Tpe6YIOT IHaMsATHu
6OJIBIHC, 4€M NMCCTCs B HAJIMYMH OHepaTHBHOﬁ namsatu. To ecTh npcearmnoJiara-
CTCs, 4TO OIICpaTuBHAA TaAMATh, B OTJIIMIUC OT BHeHlHefI, OTrpaHHYCHA.

Takoro poma Moaenu JaHHBIX TPeOyIOT OCOOBIX AJITOPUTMOB, YUHTHI-
BAIOI[MX OTPAHUYCHHE IO JOCTYIHOW OnepaTtuBHOM nmamsatu. Hekoropsle u3 ta-
KHX aJITOPUTMOB OyAyT paCCMOTPEHBI B TAHHOU TJIaBe.

12.2. ITocTpoenue cBepx00b1IOH TPUAHTYJASAIMHA J[e/I0HEe

OpauM 13 Hanboliee MPOCTHIX U JOTUYHBIX BAPUAHTOB PEIICHUS TPoOIIe-
MBI TIOCTPOCHHS CBEPXOOJIBIINX TPUAHTYJISIHNN SIBISETCS pa3OUeHUuE UCXOTHO-
ro MHOKECTBA TOYEK HAa YACTU U MOCTPOEHUE HECKOJIBKUX CMEKHBIX TPUAHTY-
asiuid. OCHOBHOUM TIPOOJIEMOM JTaHHOTO PEUICHUs SBISIETCS OTIWYUE €IUHOU
TpuaHryssuu (puc. 94,a) OT COBOKYNHOCTH TpuaHrysanuii (puc. 94,6). Takas
npobsieMa Ha3bIBaeTCs MPOOIEMON CuiU8KY TPUAHTYIISALIUN.

JUtst TMKBUAAIMY IBIPOK MEXY CMEXHBIMA TPUAHTYJISIUUSAMUA OOBIYHO B
o0e TpHaHTyIAUUU T00aBISIOT HEKOTOPbIE JOMOIHUTENbHBIE TOUYKU: JIUOO TOY-
KU MepeceyeHus: pédep TpUaHTYJALMY C pa3festonieil npsamoil (puc. 94,6), 1u-
00 JBE€ TOYKH 10 KpasiM TpUAHTyJsiuuu (puc. 94.2).

[lepBolit cioco0 Oosiee MpeANOYTHTENCH, OCOOCHHO MPU MOACIUPOBAHUN
MIOBEPXHOCTEH, TaK KaK MMO3BOJIIET COXPAaHHUTH (hopMy MoBepxHOCTH. OIHAKO
npoOieMa 3/1eCh 3aKII0YaeTCs B TOM, UTO JUISl HAXOXKIACHUS TOUEK MEPEeCEUCHUS
pEOEp TPUAHTYISAIUU C Pa3NENAIONICH MPSIMON HY)XHO MMETh YK€ TOCTPOCH-
HYIO TPUAHTYJISIUIO!

Bo BTOpOM criocobe ¢ IByMs JOTIOJHUTEIHHBIMU TOYKAMH 110 KpasiM TPH-
AHTYJIALMNA  BIIOJIb TPAHULIBI 00Pa3yIOTCS JIMHHBIE BHITSHYTHIE TPEYTOJbHUKU
(puc. 94,2), 4TO COBEPILIEHHO HENPUEMIIEMO MPHU PEIIEHUU MHOTHX MpPaKTHYe-
CKHUX 3a/1a4, HaPUMEP MPH MOACITUPOBAHUN TOBEPXHOCTEH.
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Puc. 94. CiumBka OTACIBHO MOCTPOSHHBIX CMEKHBIX TPUAHTYJISIIHIA:

@ — eTMHAsI TPUAHTYJISALUS; O — OTJCNIbHBIC TPUAHTYJISAIUK O3 100aBICHUS
JIOTIOJTHUTEBHBIX TOYEK; 8 — OTACIbHBIC TPHAHTYJISIUN C TONOTHUTESILHBIMH
TOYKaMU TIepecedeHus pEOep C pa3aesroNIe MpsMOn; & — OTIeTbHbIC
TPUAHTYJISALUU C IBYMS JOMOJIHUTEIBHBIMU TOYKAMU; O — OTACIbHBIC

HEBBIMYKJIble TPHAHTYJISALNU C AyOJIUPYIOIIUMUCS OCHOBHBIMU TOUKAMHU; € —
OTJIEJIbHBIE HEBBITYKJIbIE TPUAHTYJISLMH CO CILIMBAIOLIEH TPUAHTYJIISAUEN

Bonee coBepIieHHBIN MOAXOA MO CHIMBKE TPUAHTYIISINN 3aKII0YAIOTCS B
MIOCTPOCHUH JIBYX HEBBINYKIIBIX TPpUAHTYJSAIMH [lenone, pa3aenéHHbIX HEKOTO-
poit nenbio pédep (puc. 94,0). CoOTBETCTBYIOIIUN aNrOPUTM BHAYaje ACIUT
UCXOJHBIE TOYKM TPHAHTYJISAIMU HA JBE YaCTH HEKOTOPOW pa3ensromei mps-
Moil (puc. 95,a). Ha MHOXecTBe TOUEK MEPBOM YAaCTU CTPOUTCA TPUAHTYIISLUSA
JlemoHe, a MOTOM M3 HEE yNAIAIOTCA BCE TPEYTOJIBHUKU, KOTOPBIE MOTECHIIAAIb-
HO MOIJIM ObI OBITH NMEPECTPOEHBI, €CIU OBl CTPOMIIACH €IMHAs TPUAHTYJISILIMS
Henone. [ly1g yaaneHus TAKUX JUIIHUX TPEYTOJbHUKOB UCIIOJIB3YETCSI CBOWCTBO
Henone. J{ns 3TOro Hajgo MO OYEPEeaH ISl KaKIOro KpailHEro CHU3Y TPEYyroib-
HUKa HAWTHU ONHCAaHHYIO0 OKPY’KHOCTb, U €CJIM OHA MEPECEUET pa3eIUTEIbHYIO
avuHMio (puc. 95,0), 3HaUUT, BHYTPb 3TON OKPY>KHOCTH MOTEHLIUAIBHO MOXKET

5 (a).". (0)

@ (6) ©) (0)

Puc. 95. IlocTpoeHre cMeXHBIX HEBBIITYKJIBIX TPUAHTYJISILUNA JlesoHe:

a — pa3zieneHe MHOKECTBA TOUEK Ha JBE YaCTH; O — IOCTPOCHUE TPUAHTYJIALUN
JlesnoHe o nepBoM 4acTu TOYEK U YJAJICHUE JIMIIHUX TPEYTOJIbHUKOB; 6 —
ITIOCTPOEHHAs1 HEBBINTYKJIAasi TPUAHTYJIALHNS [{eT0He; 2 — HCXOHBIE JaHHBIE IS
MIOCTPOCHMSI BTOPOH TpUaHrysisauuu Jlenone (Touku BTOPOM 4YacTH M TOUKU HHXKHEH
IpaHuULbl IEPBOM TPUAHTYJISALIMN); O — IOCTPOEHHAsI BTOPasi TPUAHTYJISLINS
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IIONACTh HEKOTOpPasi TOYKA HWXKE Pa3JCIIUTEIIBHOW JIMHUW, U MOTOMY JIaHHBIN
TPEYroJIbHUK OyJIeT HEBO3MOXKEH B €IMHOW TPUAHTyJIsIuu JlenoHe.

B pesynbrare nocne yganeHus TOUYEK MOITYYUTCS HEBBIMYKJas TPUAHTY-
asuus (puc. 95,6). TyT cieqyer OTMETUTh, YTO HEMOCPEACTBEHHOE YIaJlCHHE
TPEYTOJIHHUKOB W3 TIEPBOM TPHAHTYISALMN MOXET MPUBECTH K HAPYIICHHIO
CBA3HOCTH TPHUAHTYJISILIMM, KOT/Ia U3-3a YJAJIEHUs] TPEYTOJIbHUKOB Ha Kpasix Mo-
I'YT OCTaThCsl OTJEIbHBIE TOUKM 0€3 TpeyroJbHUKOB (puc. 96,a—0). B kpaiinem
clydae MOTYT OBITh yJaJ€Hbl Bce TpeyrosbHuku (puc. 96,6—2). Iloaromy Ha
NPaKTHKE ISl TPEIOTBPAICHHS] HAPYIICHUSI CBA3HOCTH CTPYKTYpHI TPHAHTY-
JSIUM TPEYTOJIBHUKU HE YJANISIOT, @ TOJIBKO OMEYatoT KaK HEBUUMBIE.

Puc. 96. Ilpumepsl Hapy1I€HUs CBA3HOCTU TPUAHTYJISALUM U3-3a YIAJIEHUS KpaltHUX
TPEYTOJbHUKOB: @,6 — UCXOJHBIE TPHAHTYJISIUY C Pa3JeIAIOIINMU JIMHASAMH;
0,2 — COOTBETCTBYIOIINE TPUAHTYJISLUH [TOCTIE YAAJICHUs TPEYTrOJIbHUKOB

[Tociie 3TOr0 HEOOXOIMMO IMOCTPOUTH BTOPYIO TPUAHTYJIALMIO Ha BCEX
TOYKaX BTOPOM YAaCTH M TOYKAX HWKHEU I'PAHULBI U3 IEPBOW TPHUAHTYISALNH
(puc. 95.2). IIpu 3TOM BTOpasi TPUAHTYJISALNS TOJKHA MTOJYYUTHCS HEBBITYKIIOM,
JUIA 9ero HeoOxoauMo OyNeT yJaluTh U3 He€ Bce TPEYrOJbHHUKHU, KOTOpHIE Iie-
pECEKArOTCs C TPEYTOJAbHUKAMY U3 IEPBOM TpuaHrysiuuu (puc. 95,0).

Emé onnH moaxoj K CIIMBKE TPHAHTYJISIIANM MPEACTABIEH Ha puc. 94,e.
Brauane st KaXa0i 4acTU TOYEK CTPOSITCS JIBE HE3aBUCHUMbIC TPUAHTYJISIIIUN
Jlenone, a 3aTeM U3 HUX YIAISIOTCS TPEYTOJbHUKU, OMUCAHHBIE OKPY>KHOCTH
KOTOPBIX BBIXOJIAT 32 pa3feiauTelbHyI0 JUHUI0. [locie 3Toro B 001acTu MexIy
STUMU TPHUAHTYJISIIIUSMH CTPOUTCS €II€ OJHA JOMOJHUTENbHAS, CUUUBAOWAs
TPUAHTYJISIITUS.

WTax, MBI pacCMOTpENN pa3InudHbIe CIIOCOOBI TOCTPOCHUS CBEPXOOIBIION
TPUAHTYJISIUU, pa30uBas 3a7ady Ha JiBe MeHbIIMe. B obmiem ciyyae HeoOXxo-
JUMO pa3OUTh MHOXKECTBO TOYEK Ha JOCTATOYHO OouiblIoe yucio yactei. Pac-
CMOTPUM OJIMH TaKOW alNTOPHUTM, SBIISIOIIMNCS PA3BUTHEM IIOCIEIHErO OIH-
caHHoro nojaxonaa (puc. 94,e).

B kierounom anropurme He0OXOIUMO BBHITIOJHUTH pa30MEeHUE MHOXKECTBA
BCEX MCXOJHBIX TOUYEK HA HEKOTOPBIE YaCTH (KJIETKH), HOCTPOUTH TPUAHTYJIALINH
B OTJAEJIbHBIX YaCTSX, a 3aTEM COEAMHUTH OTIEIbHbIE TPUAHTYJISALMU B €IUHOE
nenoe. OcHOBHAs Ues aJropuTMa 3akiIo4yaeTcss B TOM, 4ToObI BEIOpaTh pa3Mme-
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pPbI U KOJIMYECTBO YacTed Tak, YTOObI KOJUYECTBO TOUEK B KaXKJOM YacTH U KO-
JIUYECTBO TPEYTOJIbHUKOB B 30HE CIUSHUSI TPUAHTYJISIIIUN OBLIIO MPUMEPHO PaB-
HO JPYT IPYTY U cOCTaBisio o(/N). DTO MO3BOJSAET CHU3UTH Pa3MEPHOCTH 3a-

Jlayd U CBECTH €€ K PEIICHUI0 MHOXKECTBa MEHBIIUX 3a7ad. PaccMoTpuM airo-
put™ 110 1maram [ 14].

Knemounwiii ancopumm nocmpoenus C8€BX60]ZbW01:i mpuan2yaauuu /leione

JlaHO MHO>KECTBO TOYEK Ha IJIOCKOCTH B BUJIE OJTHOTO (aiina, mpuiem 3a-
HUMaeMbIii MU OOBEM MaMSTH TMPEBBIMIAET 00BEMBI JOCTYITHON ONMEPATHUBHOM
namsitu. TpeOyeTcss ToCTpouTh TpuaHrysanuio Jemone.

Illac 1. Pa3buBaeM MHOKECTBO MCXOMHBIX TO4YeK Ha K 4YacTel ¢ moMo-
b0 KJIIETOYHOTO pa3OueHus. /[ 3Toro cuuThiBaeM U3 BXOJHOTO (haitima koop-
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Puc. 97. Cxema pabOTHI KJIETOUHOTO AITOPUTMA TIOCTPOCHHUS CBEPXOO0IIBIION
TpUaHTYJSIIUH JleTioHe: a — KIIeTouHOoe pa30ueHne MHOKECTBA TOYCK;
6 — IOCTpOEHHE TPUAHTYJIALUH JleJ0OHE B KIIETKaX; 6 — ONpeeTICHNIE
HEM3MEHIEMBIX TPEYTOJIbHUKOB [leNIoHe; 2 — onpe/ieNieHne TPaHuIHBIX
TOYEK; O — MOCTPOEHHE CIIMBAIOLICH TPUAHTYJIALUN
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JTMHATHI TOYEK M 3aMKMChIBaeM WX B OJUH U3 K (ailyioB, COOTBETCTBYIONIUX Pa3-
HBbIM YacTsaM (puc. 97,a).

Llae 2. CTpouM TpUAHTYJALUIO J[€JIOHE 11T MHOXKECTB TOYEK B KaXKIOM
u3 K ¢aiinos (puc. 97,6). Ecniu npu 3TOM KOJUYECTBO TOYEK B OUYEPEIHOM
(aiine CIMIIKOM BETMKO, TO MOYKHO MPUMEHUTDH JAHHBIN aJITOPUTM PEKYPCUBHO,
MHaye — 0001 OOBIYHBIN AITOPUTM NOCTPOEHUS TPUAHTYJISIIUK JlenoHe.

llaz 3. B xaxaoi u3 K NOCTPOEHHBIX TPUAHTYJISALUNA ONPEACISIEM, Ka-
KHE€ TPEYroJIbHUKU TapaHTUPOBAHHO HE OyAYyT NMEPECTPOEHBI MPU 00bETUHEHUH
TPUAHTYJISIUU, 3 KAKUE MOTYT OBITh MOTEHIMAIBHO NepecTpoeHsbl. Jljig 3Toro
HaxOJMM JUIS KaKJIOTO TPEYTOJIbHUKA ONMCAHHYI0 OKPYKHOCTh. Eciu oHa XOT4
Obl YaCTUYHO BBIXOJWUT 3@ TPAaHUIIBI TEKyLIEH KIETKH, TO ycioBue JlemoHe B
JAHHOM TPEYTOJIbHUKE MOXET ObITh HApYyIIEHO TOYKAMH COCEIHUX KJIETOK, a
M03TOMY MIOMEUYAEM 3TOT TPEYTOJIbHUK KaK NepecTpanBaembii (puc. 97,6)

llae 4. B xaXa0l TPUAHTYJSLAU ONPENESsieM TOYKH, NONAaJarolue Ha
IPaHUILy TPUAHTYJSLUU JIUOO BXOJMIIME B COCTaB MEPECTPAUBAEMBIX TPEYTOJIb-
HHUKOB, ONPEIEIIEHHBIX HAa MpeaplayliemM are. Bce mepectpaumBaemble Tpe-
YTOJIBHUKHU yaanseM (puc. 97,2).

Lllaz 5. MHOXeCTBa BCEX TOYEK, HAWJICHHBIX HA IMPEABIIYyLIEM LIare, Io-
TaéM Ha BXOJ HEKOTOPOI'O aJrOpUTMA IOCTPOECHUS CIIMBAIOLIEH TPUAHTYJIALIUU
Henoune (puc. 97,0). Eciu kolnyecTBO TOUEK B TOM MHOXECTBE BEJIUKO, TO UC-
MOJIb3yeM JaHHBIN aJITOPUTM PEKYPCUBHO, MHAYE MPUMEHSIEM JIH000H OOBIYHBIM
QJITOPUTM ITOCTPOECHUS TPUAHTYJIALMH JleoHe.

[llaz 6. B mony4eHHOM CIIMBAIOIIEH TPUAHTYJILUU YIAIAEM TPEyTOJib-
HUKH, KOTOPBIE MEPECEKAIOTCA C TPEYrOJbHUKAMHU B OTACIbHBIX TPUAHTYIISLU-
ax. Jy1g 3TOro BRIMOJIHAEM IMOOYEPENHOE HATIOKEHUE HA CIIMBAIOLIYIO TPUAHTY-
JISILAIO BCEX OTACNIBHBIX TPUAHTYJSIUM. Koney arcopumma.

OnpenenuMm Kon4uecTBO K KIETOK, UCXOJ U3 MUHMUMH3aLUN UCIOJIb3Ye-
Moil mamatu. Hanbompime 3aTparsl aMaTH BO3ZHUKAIOT TOT/AA, KOI/1a Mbl CTPO-
UM TPUAHTYJSILUHA OTIEIBHBIX 4YacTed (mar 2), CIIMBAIOLIYH TPUAHTYJISALHIO
(mwar 5), a Tak)Ke KOTJa BBINOJHSIEM OBEpJEl ABYX TPHUAHTYJISALMA Ha mare 6.
[ToTpeOyem, 4ToOBI pa3Mephl CIIMBAKOUIEH TPUAHTYJISILIMK U TPUAHTYJIALUA OT-
JIeNIbHBIX YacTel ObUTH PaBHBIL.

IIycth N — 00l1iee KOIMYECTBO MCXOIHBIX ToYeK. Tornaa, mogodpas cooT-
BETCTBYIOIIEE pa3OnMeHNe, MOKHO MOJIYUUTh, YTOOBI B CPETHEM B KaXKIOW KIIET-
ke 610 7= N/ K Touexk.

[Torpobyem ormnpenenuTh, Kakoe KOJUYSCTBO TOYEK M BOMACT B CIIH-
BAIOILYIO TPUAHTYJALMIO. Il 3TOr0 Hy»KHO HAaWTH YUCJIO TOYEK M, MOMAJaAr0-
[IUX Ha TPAHUILy TPUAHTYJALMHU TOJIBKO OJAHOM M3 KJIETOK (1ar 4 ajiropurma).
Torma M =mK .

K coxanenuto, 3T0 4HMCIO m U JIaxe TUI ero (PyHKIIMOHAIBHOW 3aBUCH-
MOCTH OY€Hb CUJIBHO 3aBUCAT OT BHJA PACIpPEEICHUS HUCXOJIHBIX TOUYEK (CM.

. 1.2). Jlsng paBHOMEPHOTO pacupeiesieHHs] B €IMHUYHOM KBaJlpaTe m = 5,8\/; .
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Orcrona noinyuaem M = 5,84/ NK . 13 yclioBus paBeHCTBA pa3Mepa CILIU-
BAIONIEH TPUAHTYISUMU U TPUAHTYJISIHUNA OTIEIbHBIX YaCTEed KOJIUYECTBO KIle-
Tok pazouenus K ~ 0,313/ N . IIpu 5ToM B cpefHeM B KaXIOH KJIETKE M B CILIH-

BAIOILIEH TPUAHTYJISIIAN OKaxeTrcsi o n=M =3,23-N 23 Touek [14].

Tpyn0EMKOCTh TAHHOTO AJITOPUTMA B CPETHEM SIBJISIETCS] IMHEMHOM.

B 3akimoueHne OTMETHM, YTO Ba)KHBIM JOCTOMHCTBOM 3TOrO ajJrOpUTMa
SBIIIETCSI TO, YTO OH IMO3BOJIAET 3PPEKTUBHO pabOTaTh ¢ OOJBIIMHCTBOM pac-
IPOCTPAaHEHHBIX CTPYKTYP JAHHBIX JUIsl MPEACTABICHUS TPUAHTYJALUNA (CM.
n. 1.3). B pe3ynbrare paboThl anroputma OyAyT Cr€HEpUPOBAHBI OTHEIbHBIC
Gaiiiapl, COOTBETCTBYIOIIUE TPHAHTYIISIUSAM B OTIEIBHBIX KJIETKAaX, W OJHH
daiin cmmBaromieil Tpuanrynanud. [Ipu Ucmosnb30BaHUM JTBOMHOW HyMEpaluu
BCEX Y3JIOB U TPEYTOJbHUKOB (HOMEP KIIETKH + HOMEp y3Jia WM TPEYTrOJIbHUKA)
MO>KHO JIOCTATOYHO JIETKO paboTaTh CO CT€HEPUPOBAHHOM CTPYKTYPOU JaHHBIX.
[Tpu »TOM MO Mepe HEOOXOIMMOCTH B OINEPATUBHYIO MaMSATh MOTYT MOITPY-
YKATHCS T€ WIM UHBIC YaCTH OOIIEeH TPUAHTYIISAIINU.

12.3. B104YHO-KJIACTEPHAS MYJIbTUTPUAHTYJISIMSA

B npensinymem pasnene ObLIO OMUCAHO, KAK MOXKHO MOCTPOUTH CBEPX-
OOJIBIIYIO TPUAHTYJISLMIO, PA3JEIMB MHOXECTBO MCXOJHBIX TOYEK HAa YacTU U
NOCTPOUB MHOXECTBO OTAEJBHBIX TPUAHTYJAIUA. OIHaKO MCHOJIb30BAHHE Ta-
KOM CBEpXOOJBIION TPUAHTYISIMUM HAa NPAKTUKE BECbMa 3aTPyJAHEHO H3-32
KpaiiHe OOJIbIIOr0 YKCia TPEYTOJIbHUKOB.

B T0 ke BpeMms B 3a/1auax aHaiIM3a U BU3yalM3aluy TPUAHTYJISLUN OObIY-
HO 3a7aéTcst 00acTh HHTEPECOB (001acTh Ha IJIOCKOCTH, B MpeAesaX KOTOpOi
TpeOyeTcss HalWTU pelIeHue) U OTPaHUYEHUS] TI0 TOYHOCTH Tpedyemoro pere-
Hus. B n. 10.4 npexacrasiena myromumpuaneyiayus — CieqAalibHas CTPYKTypa
JAHHBIX, TTO3BOJISIIOIIAs OYeHb 3(D(PEKTUBHO MPENCTABIATh TPUAHTYIISLIUOHHBIE
MOJIENIM MOBEPXHOCTEN. BaKHENIIUM CBONCTBOM MYJIBTUTPUAHTYJISLANA SIBIIS-
€TCsl TO, YTO OHA MO3BOJIIET 3PPEKTUBHO PEIIaTh pa3IMYHbIC 3a7a4l Ha TPUAH-
TYJSILMU B TIpefieNiax 3aJaHHOM 00JIacTh MHTEPECOB, & TaAKKE YUYUTHIBATh Orpa-
HAYEHUS 1O TOYHOCTH. Hampumep, TpyaOEMKOCTb MOCTPOCHUS W30JIUHUU I10
TPUAHTYJISIUMOHHOW MOJIENIM OBEPXHOCTH B 3aJITaHHOM MHOTOYTOJIbHUKE OyIeT
IPOIOPIMOHATIbHA O0IIEMY YHCIIy TPEYTOJbHUKOB B 3TOM MHOT'OYTOJBHUKE, a
HE O0LIEMY YHCITY TPEYTOJIbHUKOB BO BCEH TPUAHTYJISIUH!

Ecnu sxe HeoOX0oAMMO MOCTPOUTH U30JIMHUU ONIPEAEIEHHON TOYHOCTH IO
BCEW MOJIeNIM MOBEPXHOCTH, TO C MOMOUIBI0O MYJIbTUTPUAHTYJISAIIMH MOXKHO ObI-
CTPO MOJYYUTh YIPOIIEHHYIO (10 HEKOTOPOH CTENEHN) TPUAHTYJIIALINIO, a 3aTeM
y>Ke 10 Hel MOCTPOUTh U30JMHUU. M B 3TOM cityyae TpyIOEMKOCTh OyJeT Tak-
e MPONOpLHOHATIbHA HE 00IleMy YHCIy TPEYTrOJbHUKOB B TPUAHTYJISIUU, a
pa3Mepy YIpoIEeHHON TpuaHryssuuu! B yacTHOCTH, B Ka4ecTBE KpUTEpHsl YII-
pOLIEHMS MBI MOXKEM 3aJaTh MAaKCUMAIBbHO JOIIyCTUMOE 4UCIO N .. TPEeyroib-
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HUKOB B YIIPOLIEHHOW TPUAHTYJISALMH, U TOTAA TPYAOEMKOCTb CTAHET IIPOIOP-
UOHAJIBHOU N .

Cama no cebe MyJIbTUTPUAHTYJISIIUS pa3padaThiBajach B MEPBYIO Oue-
penb Ui 1ene OBICTPOM BU3yaJW3allud MOJIeJIeH MOBEPXHOCTEH Ha JKpaHe
KomIibroTepa. [Ipeamnonaraiocs, 4T0 UMEIOIIECUCS ONIEPAaTUBHOM MaMATH JOCTa-
TOYHO MHOTO JUIS IIPEJACTABJIEHUS] BCEHM CTPYKTYPbl MYJbTUTPUAHTYJISUUU. B
ATOM CJIy4yae MMEIOIUECs aIrOPUTMbI TTO3BOJISIOT OUYE€Hb OBICTPO U3BJIEKATH U3
MYJIBTUTPUAHTYJISIUAN PA3JIMYHbIE YIPOIIEHHBIE TPUAHTYJSLUUU ISl I1OCIIe-
JOYIOLIEN BU3yalll3allli Ha SKpaHe KOMIIBIOTEPA.

TpeboBanue 0 MOJHOM MpEACTAaBIEHUU B MaMATH KOMIbIOTEpa Bcel
MYJBTUTPUAHTYJISIUN CBSI3aHO C BBICOKOM CTENEHbIO 3anymaunHocmu rpada
MYJIbTUTPUAHTYJISILUU (CM. pUC. 72), IPUBOIAILEN K TOMY, YTO IIPU U3BJICUYEHUN
TPUAHTYJISIIUU YacTO NMPUXOAUTCA MPOXOAUTH MO rpady a) OT caMoro Bepxa Jio
caMoro Hu3a B ClIy4ae U3BJICUYEHUS TPUAHTYJIALNH 3aJaHHON TOYHOCTH MO0 0)
JOCTAaTOYHO HIMPOKO (F€OMETPUYECKH) B CTOPOHBI MPU U3BJICYEHUU TPHUAHTY-
JSIUM B 33JJaHHON o0siacTé uHTepecoB. [Ipumep 3amyTaHHOro rpada MyJnbTUT-
PHAHTYJISILUY IIPUBEIEH HA pUC. 98.

Jliist Toro 94T00BI MYJIBTUTPHAHTYIISIITUI0 MOKHO OBLIO MCTIOIB30BATH IS
MIPEICTABIICHUST CBEPXOOJBIMX MOJENEH MOBEPXHOCTEH, OHA JIOJDKHA WMETh
0oJiee TPOCTYIO CTPYKTYpPY, KOTOPYIO MOKHO ObLIO OBl JOCTATOYHO MHPOCTO
pa3enuTh Ha HE3aBUCHMbBIC YacCTH, COOTBETCTBYIOIIWE, BO-TIEPBBIX, Pa3HBIM
TEOMETPUYECKU yAATIEHHBIM MECTaM Ha MOBEPXHOCTH U, BO-BTOPHIX, (hparMeH-
TaM MYJIbTUTPUAHTYJISIAA PA3IUIHON CTETeHH neTtanm3anuu. [Ipu Takom pas-
JIENICHAH MYJbTUTPUAHTYIISIUN 3TH YaCTH MOXHO OBLTO OBI 3arpykaTh B OTIC-
PaTUBHYIO TaMSTh MO Mepe HEOOXOIUMOCTH B 3aBHCHMOCTH OT TpeOyemoro
KPUTEPHS JACTATN3ANNY H HATHIUS CBOOOTHOM OIepaTUBHOM MaMsITH.

Puc. 98. Ilpumep 3anytaHHoro rpada ¢pparMeHTOB MyJIbTUTPUAHTYJISIUH
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Jnst paznenenust rpadga MyJbTUTPUAHTYJIALMA O TE€OMETPUYECKU Y[a-
JICHHBIM 4YacTAM HEOOXOJMMO ONMUPATHCS HA KIETOYHBIA alrOpPUTM, IPEICTaB-
JIEHHBIN BhIIE B 1. 12.2. [1o kKaX 0¥ TPUAHTYISINUU B KJIETKAX 3TOTO AJITOPUT-
Ma clelyeT NOCTPOUTh OTIEIbHbIE MYJIbTUTPUAHTYIISILIUN, KOTOPhIE HA3BIBAIOT
Kiacmepamu, a 1o CIIMBAIOUIEH TPUAHTYJISIUU CTPOUTCS OJIHA OOBEAUHSIOIIAS
MYJIbTUTPUAHTYJISILUSA — OCHOBHAs Yacmb. [Ipu 3TOM KiacTepbl HE Oy1yT UMETh
cBsi3eil (pEOep) MexIy y3idaMu pas3HbIX KiacTtepoB. Kiactepbl OyayT uUMeTh
CBA3M TOJBKO BHYTpU ceOs, a TakKe ¢ OCHOBHOM 4acTbio (puc. 99). Takas
MYJIbTUTPUAHTYJISLUA, pa30uTasi Ha KJIacTepbl, HA3bIBAETCS KIACMEPHOLL.

OcHOBHas 4acThb

NIl SRR

Krnacrep 1 Krnacrep 2 Kunacrep 3

Puc. 99. IIpumep kiacTepHOl My IbTUTPUAHTYJISALIUN

Teneps paccMOTpUM BOIPOC OpraHu3anuu Trpada MyIbTUTPUAHTYISALUNA
BHYTPH KJIACTEPOB. 3allyTaHHAas CTPYKTypa KJIaCTEpPOB, KOIAa UMEIOTCS JUIMH-
HbIE HEPETYJIApHBIC CBSI3U CBEPXY JOHU3Y rpada, sBiseTCs CIeACTBUEM Hepe-
TYJSIPHOTO BBIOOpA JETANM3UPYIOMUX (HPArMEeHTOB MYJIbTUTPUAHTYIISIIUH (CM.
n. 10.4). OrcyTcTBHE CBSA3M MEXAY BEPXHHMHU U HIDKHUMHU YPOBHIMH rpada
MYJBTUTPUAHTYJISIIIUM MOXKET OBITh TapaHTHUPOBAHO TOJBKO B CiIydae, €CIH
(dparMeHTHl Ha MPOMEKYTOUHBIX YPOBHSX rpada 3aMEHSIOT BCE TPEYTOJIbHUKH,
Haxojsmuecs Boiiie o rpady. [lpu stom BbIOOp GpparMeHTOB Al MyJIbTUTPH-
aHTYJISIMUU HYKHO OCYLIECTBISATh TaK, YTOObBI MUHHUMAJIBHOE YUCIO (parMeH-
TOB 3aMEHSUIO Cpa3y Bce TpeyrosbHuku. MHornma takue (parMeHThl BHIOpATh
CJIOKHO WIHM Jaxe HeBO3MOXKHO (puc. 100,a), mo3TOMy OCTa€TCsi HEKOTOPOE
YHUCJIO HE3aMEHEHHBIX TpeyroJbHUKOB (puc. 100,0). OTu He3aMeHEHHbBIE Tpe-
YTOJbHUKN HEOOXO0AMMO 00aBUTH B Ommkaiiiue pparmentsl (puc. 100,8), nu-
00 co3gaTh (parMeHThl, 3aMEHSIONIME TPEYTOJIbHUKM HAa TOYHO TaKHUE Ke
(puc. 100,2).
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Puc. 100. Bei6op ¢parMeHTOB MyJIbTUTPUAHTYJISAIIAN, 3aMEHSIONMUX BCE
TPEYTOJIbHUKU: a — CTAaHJAPTHBIN BBIOOP (pparMeHTOB C He3aMEHEHHBIMU
TpeyroibHUKaMHu (Kak Ha puc. 71,a); 6 — He3aMeHEHHBIC TPEYTOIHHUKH,
6 — ()parMeHTHl, TOTOJIHEHHBIE OMIKANIIUMH TPEYTOJIbHUKAMU; & — PparMeHThI
C JIONOJTHUTENIbHBIMU (parMeHTaMU U3 HE3aMEHEHHBIX TPEYTOJIbHUKOB

[TomubIit HaOOp (GparMeHTOB, 3aMEHSIONINX BCE TPEYTOJHHUKUA B TPUAH-
TYJISWAA, Ha3biBaeTcs Onoxkom. KimacTtepHas MyIbTUTPUAHTYIISIUSA, B KOTOPOM
BCE KJIACTEPhl OTOJHUTEIHHO PAa30UThI Ha OJIOKHW, HA3BIBACTCA OJI04HO-
knacmepuou (puc. 101).

W cKITIOUUTENBHO BaXXKHBIM JOCTOMHCTBOM OJIOKOB MYJIbTHUTPUAHTYJIALIMH
ABIIAETCS TO, YTO rpad MYJIbTUTPUAHTYISLIMM MOXKET UMETh CBSI3H TOJBKO
BHYTpPH OJIOKOB WJIM MEXIY COCEAHUMU OioKamu (a BepXHUE OJOKU U C OCHOB-
HOM 4acTh0), TaK KaK KaXKJbI OJIOK 3aMEHSIET BCE TPEYyroJbHUKU. FIMEHHO 3TO
CBOMCTBO T03BOJIAECT A(HPEKTUBHO PacXOJOBATh OMEPATHUBHYIO MaMsTh, 3arpy-
*Kasi TOJBKO HEOOXOAUMBbIE OJIOKM MYJBTUTPUAHTYJSUMUA (OCHOBHAs YacTb
JIOJI’KHA BCET/1a HAXOAUTHCS B ONIEPATUBHON MAMATH LIETUKOM).

ANTOPUTM W3BJICUCHUS TPUAHTYJISIUHM U3 OJOYHO-KIACTEPHOU MYJIHTHUT-
PHAHTYJISAIANA C YIETOM UMEIOIINUXCS OTPAaHUYCHHH Ha JOCTYIHYIO ONepaTHB-
HYIO TIaMSTh TIOCTPOCH Ha CTPATETUH MOKCKA B MIUPUHY. AJITOPUTM TOJACPKH-
BaeT CIMCOK HEYTOYHEHHBIX (parMeHTOB Tpada, YIMOpsIOYCHHBIX 1O TOCTHUT-
HYTOMY KPHUTEPHUIO H3BJICUCHUs (HAIIPUMeEp, M0 pa3Mepy TPEyroJbHUKOB Ha JK-
paHe KOMITbIOTEpa — B 3ajJaue BU3YyaIH3aIllMl MYJIbTUTPUAHTYISIINK). BHagame
B OTOT CIIHCOK MOMEIIACTCSI TOJIBKO KOPEHh OCHOBHOW YacTH. DTOT K€ KOPCHb
TaK)Ke OOBSABISICTCS B KAUeCTBE TEKYIICH TpHAHTYIAKU. [loka criicok He MmycT,
U3 HEro M3BJICKACTCS M MPUMEHSETCS K TeKYIICH TPUAHTYIISIUHN NPUMEHUMDbLLL
(cM. HIKE) QparmedT 7, YTOUHSIONUN YacTh TPUAHTYJSALNUN C HAUXYIIIAM
3HaYCHUEM KpUTEpHsl W3BJICUCHUS (HAIPUMEp, YacTh, COACPIKAIIYIO CaMble
OoJbIlINe TPEYTOJBHUKHN Ha SKpaHe KOMITBIOTEpa). 3aTeM OMpPEIeISIFOTCS U JI0-
OaBJISIFOTCS B CIIUCOK HOBBIE ()parMeHThl, yTOUHSIONIME TEKYIIHI pparmMeHt 7.

( N\



150 I'nasa 12

OcHOBHas 9acThb

______________ A VAN IR

EBJ'IOK 1.1 i Brok/[2.1

tbnok 1.2\ [TV T\ | [Brox 22| TN

ibjoy/1.3/7] "\ L] i [(Brox 237\ [\

P L

Knacrep 1 Knactep 2 Kractep 3

Puc. 101. ITpumep 65104HO-KIACTEPHON MYyJIBTUTPUAHTYJIISIIMN

Ecnu HOBBIE parMeHTHI JieKaT B €lI€ He 3arpy»KEeHHbIX OJI0Kax, TO Jieia-
eTCsl MOMNBITKA 3arPy3UTh ATH OJOKHM W3 BHEIIHeW namsatu. Ecnu noctynHas na-
MSTh YK€ BCSl U3PAaCcX0J/I0BaHa, TO /IO KOHIIA aJlfOPUTMA U3BJICYCHHS OOJIbIIE HE
JIeIaeTCsl HUKAKUX TOTBITOK 3arpy3ku HOBBIX 0J10k0B. COOTBETCTBEHHO, (hpar-
MEHTBI, KOTOPBIE JIS)KAT B HE3arpy)aeMbIX OJ0KaX, HE MOMEIIAIOTCS B CIIUCOK
HEYTOYHEHHBIX (PParMeHTOB.

3areM IS KaXIOr0 HOBOT'O HEYTOYHEHHOrO ¢parMeHTa HE0O0XOIUMO
TIOJTHATHCS. BBEPX IO Tpadyy MO BCEM CBSI3SIM JI0 YK€ MPUMEHEHHBIX (parMeH-
TOB, TEM CaMbIM ONPEEIISIsl JAOMOJHUTEIBbHBIE (parMeHTh, 0e3 MPUMEHEHUS
KOTOPBIX HEIb3sl WCIOIh30BaTh JaHHBIE HEYTOYHEHHBIE. TO €CTh, 0OpaTUTe
BHUMaHHUE, YTO HEKOTOPHIE ()parMEHTHI B CIHCKE HEYTOYHEHHBIX HEJb3s MPH-
MEHSTH, TIOKa HE OYyIyT MPUMEHEHBI HEKOTOpBIC Jpyrue (hparMeHTHhI M3 ITOTO
CIHUCKa. DTO HEOOXOIMMO YUUTHIBATH TIPH W3BJICUCHUH M3 JIAHHOTO CIHCKA OYe-
penHoro (parmenTa.

AJropuT™M H3BIICUEHUS 3aKaHUMBAET paboOTy B ABYX ciydasx: 1) nmubo 3a-
KOHYMJICSI CIIMCOK HEYTOYHEHHBIX (parMeHTOB, 2) MUOO TEKyIlas MOITydYeHHAs
TPUAHTYJISIUUS JOCTUTIIA MAKCUMAJIBHO JIOITyCTUMOTO pa3Mepa, KOTOPbIA MOXKET
ONPEIENAThCA KOJIMYECTBOM JOCTYIHON MAMSTH WM IPOU3BOJUTEIBHOCTHIO
BUJICOKAPTHI B CITy4ae BbIBOJA N300paKEHUsS HA DKPaH.



I'1aBa 13. AHAJIU3 NOBEPXHOCTEH

13.1. ITocTpoeHue pa3pe3oB MOBEPXHOCTH

OnnHoit n3 6a30BbIX 3aJ1a4 aHATU3a TPUAHTYJISILIMOHHBIX TOBEPXHOCTEH SIB-
JISIeTCS TIOCTPOEHUE Pa3pe30B — BEPTUKAIBHBIX (TTpoduiieii) U rOpU30HTAITIBHBIX
(u30MHUI).

B 3apmaue moctpoenus mnpoduned 3amaeTcs HEKOTOpasl JOMaHasl, BIOJb
KOTOpPOM HEOOXOAMMO MOCTPOUTH pa3pe3 MOBEPXHOCTU. JlJIsi 3TOro Hy>KHO
MIPOMTH BIIOJb 3TOM JIOMAHOM C MOMOIIBIO BapuaHTa | aaropuTMma JOKaaIu3aluu
TPEYTOJIbHUKOB B TpUaHTyJsiuu (pa3a. 2.1, puc. 15,a), BeIYUCHsIS mociienoBa-
TeJIbHbIE TPEXMEPHBIE TOUKH MEpeceUeHUs JJOMaHOU ¢ pEOpamMu TPUAHTYJISIIIUH.

38,,[[3113 IMOCTPOCHHUA I/IBOJII/IHPlf/'I, HCCMOTPA Ha BHCIIHCC CXOIACTBO C IIPO-
(bl/IJISIMI/I, 3HAYUTCIIBHOC CJIOKHCC.

Onpeodenenue 29. M3onunusmu ypoBHS I Ha3BIBAIOT T€OMETPUUECKOE Me-
CTO TOYEK Ha MOBEPXHOCTH, UMEIOIINX BBICOTY /1 U MMEIOUIUX B 000U CBOEi
OKPECTHOCTHU JPYTUe TOYKHU C MEHbILIEH BHICOTOM:

Iy =106 ) [2(x,p) = h, Ve >0 3, ) [ (X, ), (6, p) [< &, 2(x', y") < 7y

VYcnoBue Hanuuus B 1000 OKPECTHOCTH TOYKH C MEHBILIEH BBICOTOM MO-
3BOJISIET U30€KaTh HEONPEAEIEHHOCTEN, KOTJa B TPHAHTYJISILIUM UMEIOTCSI TOPH-
30HTaJIbHbIE pEOpa WM Aake TPEYTrOJbHUKHU (IUIaTO) ¢ BBICOTOU /4. B mpoTus-
HOM CJIy4yae U30JUHUS He OyIeT MpeCTaBIATHCS B BUJIE JIMHUH.

JUtst OCTpOeHUsT U30JIMHUI BBICOTOM /1 MOKHO NMPUMEHHUTH CIEAYOLINN
AIITOPUTM.

Aneopumm nocmpoerust U30JUHUI.

llaz 1. IlomeyaeM KaXIbld TPEYTOJIBHUK TPUAHTYISLNHA, IO KOTOPOMY
IPOXOJAT M30JIMHUMU  (T.€. BBINOJHSAETCS yCIOBHE min(z,,z,,z;) <h<

<max(z,,z,,2,), TI€ z, — BEICOTHI Tpex ero BepmuH), ¢uarom C, =1, a Bce oc-
taybHble TpeyroiabHUkH — C, =0 (puc. 102,a). Ecau oOHapyxeH XoTs Obl OJUH
TPEYTOJIbHUK, Y KOTOPOTO XOTsI Obl OAHO peOpo JIEKHUT B MIIOCKOCTU M30JIUHUM,
TO /1 yMEHBIIAETCsl HA HEKOTOPOE MaJloe A W alrOpUTM MOBTOPSIETCS 3aHOBO.
lae 2. i xaxnoro tpeyroibHuka ¢ C, =1 BBIIOIHAEM OTCIIEKUBAaHUE

OuYepeHON M30JUHUHM B 00€ CTOPOHBI OT JAHHOTO TPEYroJIbHUKA, MOKa OJUH
KOHEI] He BBIWJET Ha IPYToi WM Ha TpaHuIly TpuaHryssun (puc. 102,6). Kax-
IbII IPOUIECHHBIN IIPU OTCIEKUBAHUU TpeyrojbHUK nomevaerca C, :=0. Koney

ajteopummda.
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Puc. 102. ITocTpoeHune U30JUHMI: @ — ONIPEAEIECHNE MOTCHIIUATbHBIX
TPEYTOJIHHUKOB; O — OTCIICKUBAHUE U3OIUHUN

Tpyno€MKOCTh TaKOIO aJIropuTMa, OYEBUIHO, SIBJISETCSA JIMHEMHOW OTHO-
CUTEJIBHO pa3Mepa TPUAHTYJISLINH.

Onpeodenenue 30. H3oxonmypamu MeXIy YPOBHSAMH A, U h, Ha3bIBAIOT
3aMbIKAHUE TEOMETPUUECKOTO MECTa TOUEK Ha MOBEPXHOCTH, UMEIOIINX BBICOTY

helh,h,), T.e. MHOXeCTBO Touek [, ={(x,)) ‘ h <z(x,y)<h,}.

Onpeodenenue 31. B 3a0aue nocmpoenus uzoxkommypos TpeOyeTcs Io-
CTPOUTH MHOXKECTBO HEMEPECEKAIONIUXCS PETUOHOB, KAXIbIM U3 KOTOPHIX Mpe/I-
CTaBJIIET O0JACTh, BBICOTHI TOUYEK BHYTPHU KOTOPOM JIEKAT B OMPEACIEHHOM
ana3oHe.

OOBIYHO 3a7a€TCS CUCTEMa JIMANa30HOB C MOMOIILI0 HAYaJabHOI'O 3HaYe-
HUS CaMOro MEPBOro JIhana3zoHa, KOHEYHOT0 3HAYEHUsI MOCIETHETO Auana3oHa u
1iara mocTpoOeHuUs TUarna3oHoOB.

AJZZODMWIM nocmpoeHus U30KOHRNyYypoe

ITycTte 3a1anbl ypoBHHU Ay,..., 1, . HeOOX0AMMO OCTPOUTH U30KOHTYPBHI.

Illlae 1. OGHymsIeM MHOXECTBa JIOMAaHBIX, BXOJSIIMX B H30KOHTYPHI:
C.=J, i=0,M.

4

[lae 2. JInsa kaxxnoro ypoBHs A, crpouM n3zonuaud (puc. 103,a). Kaxnyro
3aMKHYTYIO H30JIMHHIO 100aBisieM BO MHOXeCTBO C,.

[llaz 3. OnpenensieM Bce KyCOYKH T'PAHMIIBI TPUAHTYJISALMA MEXAY TOY-
KaMM BbIXOJIa U30JIMHUN Ha rpanully. DopmupyeM rpad, B KOTOPOM B KaueCTBE
y3JI0B BBICTYMAIOT TOYKHM BBIXOJIa HAa TPAHUILy, a B KauyecTBe pEOep — KyCOUKH
IPaHULIBl MEXKIY dTUMHU TOYKAMU M paccuMTaHHble u3oiuHuu. Kaxmas uzomnu-
HUS JI0JDKHA BOUTH B rpad) IBaKIbl B BUJE OJAMHAKOBBIX OPUEHTUPOBAHHBIX PE-
Oep, HO HaIlpaBJIEHHBIX B pa3Hble CTOPOHBL. J{Ji1 pdep — KyCOUKOB I'PAHUIIBI —
yCTaHaBJIMBAEM TaKyl0 OPHEHTAIMI0, YTOObl BHYTPEHHOCTH (TPEYTOJIbHUKH)
TPUAHTYJISIMU HAXOAWIKCH CIpaBa 1o xoay askenus (puc. 103,0). B pesynb-
TaTe B KAKJOM y3Jie rpada T0IKHBI CXOIUTHCS YeThIpe pedpa.
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Puc. 103. [locTpoeHne H30KOHTYPOB: a — MOCTPOCHHUE W30THHHUIA;
6 — 00beIMHEHNE N30JIMHUM U KyCOYKOB IT'PaHMIIbI B U30KOHTYPBI;
6 — IPUMeEp pacyeTa 1o MoJeNu penbeda, IpeCTaBIeHHON Ha pHC. 66

Illaz 4. Tlo momydeHHOMY Tpady CTPOUM KOHTYpbl. HaunHaeM nBMKEeHHE
¢ 1r000H BepIIMHBI rpada U JBUTaeMCS BIIEPEl B COOTBETCTBUU C OpHEHTAIIUEH
peédep 1o Tex mop, MoKa He BepHEMCS B HauajbHY10 BepiuuHy. [loBTOpHBII po-
XO/JI TI0 OTHOMY M TOMY e peOpy 3alpemiéH, Ui 9ero JAETal0TCs CreluaTbHbIe
nomeTkn Ha pébpax. [Ipu monaganuu B y3en rpada u3 rpaHUYHON IETIOYKH JIa-
Jee Ha/lo JBUTATHCA MO pedpy, COOTBETCTBYIONIEMY U30JIMHUHU, HHAYE — 110 T'pa-
HUYHOMY peOpy. OOpaTUM BHUMAHHE, YTO Ka)Jasi U30JIMHUSL BOUIET B J1Ba KOH-
Typa, COOTBETCTBYIOIIMX Pa3HbIM JHaNa3zoHaM BbICOT.
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Llae 5. JIns KaXXa0ro IOJIy4YeHHOI0 Ha MPEABIAYILEM IIare KOHTypa Oll-
penenseM, KakoMy JAHMana3OHy BBICOT OH COOTBETCTBYET. IS 3TOr0 Hy»KHO
B35Th U NMPOBEPUTH JII000€ peOpO TPUAHTYIISIUHU, BXOAIIEE B COCTaBE I'PaHUY-
HOW LIEMIOYKH, MCIIOJIb30BAHHOM B KaXXJIOM KOHType. Ha ocHOBaHuMM 3TOTO IMO-
MEILaeM LIETIOYKY B COOTBETCTBYIOIIee MHOkecTBO C. (puc. 103,6). Koney an-

copummda.

Tpyno€MKOCTh JAaHHOI'O AJITOPUTMA JIMHEWMHO 3aBUCUT OT pa3Mepa TpUaH-
I'YJISIHUA U KOJIMYECTBA U30JIMHUN.

13.2. CriakvBaHHue M30JIMHUM

I'maBHBIMU HCOOCTATKAaMH MHOTI'HX aJITOPUTMOB ITIOCTPOCHUA W30JIMHUMN
ABJIAOTCA PC3KHUC M3rUOBl U CHIIbHAS OCHUIOUA T10JIYYaCMbIX JUHUK. DTO
CBA3aHO C HCPABHOMCPHOCTBIO IMOJTYYACMBIX Y3JIOBBIX TOUCK W30JIMHMI ¥ OOBIY-
HO HCIIOJIB3YCMBIM JIMHEHHBIM MCTOAOM HHTCPIIOJISAINH.

[TonbITKH CTIIAANTh U30JMHUM C TOMOIIBIO CTAHIAPTHBIX METOJIOB CIJia-
YKUBaHUSI KPUBBIX (MIOJMHOMBI, CTUIAMHBI) HE BCETrJa MPUEMIIEMBI, T.€. IPU ATOM
BO3MOXKHO TIEPECEUCHUE HM3O0JUHUN pa3HbIX ypoBHEW. J[JIsl yCTpaHEHHUsI 3TOro
HEJIOCTAaTKa B [7] MPemsioxKEH CrelUalbHbld KOPUAOPHBIH alroputM. CyTh €ro
3aKJIIOYAETCS B MPEABAPUTEIBHOM MOCTPOCHUH JJISI BCEX U30JIMHUN HENEPEKPbI-
BAIOIIUXCS KOPUIOPOB U IOCIECAYIONMIEM IMOCTPOEHUHU B UX MPEAEIax U30JIUHUN
B BUJIC JIOMAHOW MUHUMAJIbHOM JIJIMHBI WU TJ1aJIKUX KPUBBIX besbe.

Aneopumm nocmpoenust 2NAO0KUX USOAUHULL

ITycte HEOOXOAMMO TIOCTPOMTH H30JIMHHUU YpPOBHEU h <h,<..<h ,
CTJIa’KeHHBIX KpUBBIMU be3sbe.

Lllaz 1. BeruucnsgeM MakCUMaJIbHO JOITYCTUMOE OTKJIOHEHHME BBICOT CTJIa-
’KCHHO! U30JIMHUU OT UCTUHHOU Ah=max(h , —h)/2.

i=1,n-1
[llaz 2. BeraucnsgeM 17l KaX10i U30JIMHUM /i, KOPUIOP B BUJE OOBIYHBIX

HECTJIA)KEHHBIX U30JIMHUN A, —Ah n h, + Ah.

[llaz 3. B noay4YeHHBIX KOPUAOPAX C MOMOIMIbIO KpUBBIX be3be cTtpoutcs
criaxkuparouas u3onunus. Kowey arcopumma.

Jlns crnaxkuBanus B [7] mpeayiaratoTcst Tpu crocooa.

Camplil TTpOoCTOM 3aKIHOYAETCd B MOCTPOEHUU JIOMAHOW MUHUMAJIBHOU
JUTMHBI, KOTOpasi MoJ00HAa PE3NHOBON HUTH C JIByMS 3aKPETUVICHHBIMU KOHI[AMH,
pacTaHyTol BHYTpH Kopuaopa (puc. 104,a). OnHako npu 3TOM MOJIy4aeTcs, 4TO
MUHHMMaJbHas JOMaHas 4acTO MPUKUMAETCS K OJHOW U3 TPaHUI] KOpUAOpa, a
KOJIMYECTBO OCHMUIALMKI MOYTH HE yMeHbIIaeTcs. [loaToMy miig 3TOro Hy)HO
MOIU(PUITUPOBATh KOPHUIOP, CIBHHYB BCE BEPIIMHBI TPAHUI], COBMAJAIOIINE C
y3J1aMU JIOMaHOHM Ha y4acTKax BBIMTYKJIOCTEH, K IEHTpy Kopuopa (puc. 104,6).
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Puc. 104. IToctpoenue 10MaHOW MUHUMAJILHOM JJTUHBI:
@ — B UCXOIHOM KOPHJIOPE; 6 — B MOJU(PHUIIMPOBAHHOM KOPUAOPE

Jns monmydeHus IEUCTBUTENBHO TIIAJAKUX W30JMHUM MOKHO HCIIOJIb30-
BaTh KyOMueckue KpuBble be3be, pa3MecTUB UX B BBINIEIOCTPOCHHBIX KOPHUJIO-
pax. IIpu 3ToM AJist KaK0TO OTpe3Ka JOMaHONW MUHUMAIbHON JUIMHBI HEOOXO-
MO 33J1aTh 10 JABE JOMOJHUTEIBHBIC TOUKH, KOTOPHIE BMECTE C JBYMS BEpPIIU-
HaMH OTpe3Ka OIMPEIEIA0T YIPAaBIAIINE TOYKU KpuBoi besbe. [ononHurens-
HBIC TOYKH JOJDKHBI 33]1aBaThCs TaK, YTOOBI HAKJIOH KPUBOW B BEPIIIMHAX JIOMa-
HOW OB HETIPEPHIBHBIM, a YETHIPEXYTOBHUKN, 00pa30BaHHBIC YIIPABIISIOMIUMHA
TOYKaMHU (a MOATOMY U KpuBbIe be3ne), mexanu Obl eTMKOM BHYTPH KOPHUIOPA.

13.3. IlocTpoeHue M30KJIUH

Pemenne 3amaun mocTpoSHHUSI M30IMHUNA MOKET OBITH ITOJI0KEHO B OCHO-
BY pCIICHUS W JAPYrux NMOAOOHBIX 3ajay. [IpakTudeckuii MHTEpeC, HaIpHUMED,
BBI3BIBACT 3d0aia NOCMPOeHUs: U30OKIUH — JIMHUN OJMHAKOBOTO YKJIOHA TTOBEPX-
HOCTEU.

Ha mpakTuke mHpOKO pacnpoCTpaHEHBl ABa crocoba BhIPAXKEHHs YKIIO-
HOB — C [TIOMOILIBIO I'paJyCHON Mephl (yros) u npoueHtoB. Hanpumep, 1Byxmer-
POBBIN NOIBEM MOBepXHOCTH Ha 100 METPOB IMCTaHLIUKA MOKET OBITh BBIPAXKEH

kak 2% mub6o 1,15° =arctg 2/100 . IIpu 3TOM DOBOJBHO TPOCTO MEPEUTH OT
MIPOIEHTHOT'O YKJIOHA K TPaAyCHOMY U HA00OpOT.

PaccMmoTpum Teneps BOIpocC ompezesieHus ykioHa nmoepxHoctu. Cyiie-
CTBYIOT JiBa criocoba pacuéra ykinoHoB. [Ipu nepBom u3 Hux (puc. 105,a) 3naye-
HUSl YKJIOHOB ONPENENSIOT JOKAIBHO ISl KAXJI0T0 TPEYTrOJIbHUKA KaK YroJl Ha-
KJIOHA TIPOCTPAHCTBEHHOTO TPEYroJIbHUKA K MIOCKOCTH XY. Jljist 3TOro BhIYHUC-
JISIeTCS BEKTOPHOE MPOU3BEACHHE BEKTOPOB JIBYX CTOPOH TPEyTOJIbHUKA U IO-
Jy4aeTcsi BEKTOP HOpMaJK K HEMY, KOTOPBIHN Y€ CpPaBHUBAETCS C BEPTUKAIIBIO.

Ha npakrtuke ucnonb3yeTcsi JaHHBIM Croco0, OJIHAKO Yallle BCTPEYaeTCs
MOJIXO0/I, 3aKIIOYAIOUTUICS B MEepexoJie OT 3HAYCHUH YKJIOHOB JUIsl TPEYTOJIbHU-
KOB K YKJIOHaM B uX BepirHax (puc. 105,0).
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Puc. 105. Pacuér yKIIOHOB: @ — TPEYTOJIBHUKOB; O — y3JI0B; 8 — IPUMEP
pacuéra o Mojenu pernbeda, MpeICTaBICHHON Ha pHC. 66

Takol nepexo, ¢ OAHOU CTOPOHBI, YUUTHIBAET HE TOJBKO JIOKAJIBHOE I10-
JI0KEHUE KAXKIOTO TPEYTrOJIbHUKA, HO U KX COBMECTHOE PACIIOJIOKEHUE, a C IPY-
rOM — TIO3BOJISIET MCIIOJIB30BaTh AJITOPUTM MOCTPOCHUS U30JMHUM JISL pacdyera
M30KJIMH. JIeHCTBUTENBHO, TyTEM 3aMEHbI KOOPAMHAT Z TOYEK HA 3HAUYECHUS pac-
CUMTAHHBIX YKJIOHOB MOJYy4Yae€M BTOPUYHOE TOJIE 3HAYCHUW I JTAHHOM TIO-
BEPXHOCTH, KOTOPOE MOKHO IT0JIaTh HA BXOJ AJITOPUTMA ITOCTPOECHUS NU30JIUHUM.

DTOT alNropuT™M MOCTPOUT JIMHUU, BJIOJIb KOTOPBIX z-3HAUYECHUS OyIyT
HBIMH, a TaKH€ JIMHUU U OYIyT SIBASATHCSA N30KIUHAMH.

ITOCTOSH-
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AHaJIOTHYHO PacUéTy U30KIUH MOYKHO TTOCTPOUTH U TMOJO0COBBIE KOHTYPBI
MEXIy W30KJIIMHAMH, HUCIIOIB3Ysl aITOPUTM IOCTPOCHHS M30KOHTYpPOB U3 IIpe-
neiayiero pasaena (puc. 105,6).

B 3aknroueHne OTMETHM, YTO pacu€T KOHTYPOB MEXAY H3O0KIMHAMH
MO>KHO BBIIIOJHUTB U JPYTUM CIIOCOOOM. i 3TOro Hy»KHO IPOCTO ONPEAETUTh
YKIIOH Ka)KJIOIO TPEYTOJIbHUKA U TEM CaMbIM yKa3aTh, B KAKOM PETHOH OH JOJ-
eH ObITh BKJIIOYEH. [lociie yero Hy>kHO MpPOCTO BBI3BATh aJTOPUTM BBIICICHUS
pernoHoB. OTMETHM, YTO TAKOM BAPUAHT IPOLIE B PEAIN3ALNUH, HO BBIAAET BU-
3yalbHO XYK€ BOCIIPUHUMAEMBbIE N300paKEHU.

13.4. IlocTpoeHue IKCIO3MIMKA CKJIOHOB

Eme omnHOl 9acTo BO3HUKAIOMICH B TeOMH(POPMATHKE 3aJauei SBISETCS
nocmpoeHue dKCno3uyull CKIoHos8. 31ech TpedyeTcsl OMpeaeIuTh TOMUHUPYIO-
IFie¢ HAIIPABJICHHS CKJIOHOB IO CTPaHAM CBETa W pa3OWTh MOBEPXHOCThH Ha pe-
THOHBI, B KOTOPBIX JIOMUHHPYET HEKOTOpPOE OIpe/ef€HHOe HampaBiieHue. Tak
KaK JIJI1 TOPU3OHTAIBHBIX YUYaCTKOB MOBEPXHOCTH OMPEACIICHUE SKCIIO3UIINU HE
MMEET CMBICJIa, TO B OT/ACJIbHBIM PETUOH BBIICISIOT 00JIACTH, SBIISIOIIUECS TO-

PUBOHTAIBHBIMU WJIM UMEIOIIME HE3HAYUTEIBHBIN YKIIOH, HanpuMep o < 5°. Ilo
CTpaHaM CBeTa JieJieHHuEe OOBIYHO BBITIOJIHSIETCS Ha 4, 8 uiu 16 dacteil.

VAT

Puc. 106. IIpumep pacuéra 3KCO3UILINI CKIIOHOB 110 MOJIETTH
penbeda, npencTaBlIeHHON Ha pHC. 66
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3aiada pacuéra SKCIO3UIIMI CKIIOHOB OOBIYHO UCTIONB3YETCS JUIsl aHAIu3a
OCBEIIEHHOCTU 3eMiii. B CBsI3U ¢ 3TUM 4acTO BO3HUKAET MOTPEOHOCTH JOMOJI-
HUTEJIBHOTO y4éTa TeKyIero mnojoxeHuss CoiHIa, T.e. SKCIO3UIUS BEIYUCIISIET-
Cs KaK HampaBJICHUE MEXIYy HOPMAJIbI0 K TPEYTOJbHUKY M HaIpaBJICHUEM Ha
Comnize.

Takum 00pazoM, KaxIablii TPEYTrOJbHUK TPUAHTYJISILIUA MOXKET OBITh MPO-
KJ1acCU(UIMPOBAH MO MPUHIUIY NPUHAIIEKHOCTH K TOMY WJIM UHOMY PEruo-
Hy. [lociie 3Toro Hy’>kHO IPOCTO BBI3BATH AITOPUTM BBIJEIEHUS PETHOHOB.

[Ipumep BBINIOIHEHUS pacy€Ta dKCIO3ULUN CKJIOHOB IO TPUAHTYJISALIMOH-
HOW Mozenu penbeda npusenéH Ha puc. 106. benbim mpencraBieHsl 001acTu C
HAKJIOHOM, & YETBIPbMs TEMHBIMU — IIPEUMYIIIECTBEHHBIC HAIIPABIICHUs YKJIOHA.

13.5. Bboiuuciienue 00bEM0B 3eMJISIHBIX PadoT

B 3agaue pacuéra 00HEMOB 3eMISIHBIX paOOT B JOMOJHEHHUE K CYIIECT-
BYIOIIIEW MoJienu penbeda 3a1aéres xemaemas Mojielb. Tpedyercs: paccuuTarh,
KaKyl0 TEPPUTOPHIO HY)KHO Cpe3aTh, a KaKyl0 3achIlaTh, YTOOBI IMOTYYUTh XKe-
JaeMyI0 TTIOBEPXHOCTh. [Ipu 3TOM HYXHO OIpenenuTh 00bEMBI TIEPeMEIIacMbIX
Macc TpyHTa (CyMMa Cpe3aHHOTO U 3aChIITAaHHOTO 00BEMOB) U OaTaHCOBBIN 00b-
€M (pa3HHUlla CPEe3aHHOTO U 3aCHIIAHHOTO 0OBEMOB, T.€. U30BITOK WM HEAOCTa-
TOK TPYHTA).

B naubonee mpocToil mocraHoBke jkenaemasi gpopma penbeda 3amaércs
KaK HEKOTOPBIA PETHOH Ha KapTe, B Mpeeiiax KOTOPOro TpeOyeTcs: BhIpaBHUBA-
HUE TIOBEPXHOCTH IO 3aIaHHBIA TOPU30HTANBHBIA YPOBEHb. JTO MPUMECHSECTCS
JUTSI OTICHKH 00BEMOB palbOT MPHU PHIThE KOTIOBAHOB ¢ BEPTUKAIBLHBIMU CTCHKA-
MH.

Pemenue 3aJa491 C KOTJIOBAHOM BBIITIOJIHACTCA CIICAYIOIINUM 06p3,30M.

Aneopumm_pacuéma 3eMasHbLX pa60m npu pslimbe KOomjaoeaHa C eepmu-
KAJIbHbIMU CMEHKAMU U 2OPUSOHMAIbHbIM OHOM.

Illae 1. lenaetcs BeIpe3ka U3 oOIIel TPUAHTYIISIIUA HEKOTOPOUW YacTH IO
rpaHuie KotiaoBaHa. [lo cyTu, BHavase aenaercss KOs UCXOIHOW TPUAHTYJIS-
MU U B HE€ BCTABJSETCS TpaHUIA KOTJIOBaHA B KauecTBE OOJACTH MHTEPECOB
TPUAHTYJISIUU, TEM CAMBIM BCE TPEYTOJIbHUKU BHE KOTJIOBaHA OTOPACHIBAIOTCS.

[llaz 2. Be13piBaeTCa alrOpUTM MOCTPOEHUS M30KOHTYPOB JJisi BhIpE3aH-
HOM TpHUAHTYJSIIIMM HAa TpeOyeMOM YypOBHE JHA KOTJIOBaHA. AJITOpUTM BO3Bpa-
TUT JIBa PETMOHA, OMPEAEISIONIUNX TEPPUTOPUU C UBJIUILIKOM U C HEIOCTATKOM
IPYHTa COOTBETCTBEHHO.

Llae 3. JInst KaXKa0TO TPEYTOJIbHUKA BBIPE3aHHOW TPUAHTYJISILUK BBINOJI-
HSIETCS CpaBHEHHE C TpeOyeMbIM YpPOBHEM JHAa KOTJoBaHa. Eciu TpeyroibHUK
HAXOJUTCS IIEIMKOM BBINIE JIHA, TO €ro TpeOyeTcs 3achilaTh, €CIU IEIUKOM
HUXKE — TO cpe3arb. OOBEM 3aCHITIKH/CPE3KU OMpeesieTcsl Kak 00BEM COOTBET-



AHaIIN3 TOBEPXHOCTEN 159

CTBYIOIIIEN TPEYTrOJbHOW MIPU3MBI C IByMSI OCHOBAaHUSAMH, OJHO U3 KOTOPBIX SIB-
JSETCA TEKYLIUM TPEYTOJIbHUKOM, & BTOPOE — IMPOEKLIHUEN ITOrO TPEYTOJIbHUKA
Ha JTHO KOTJIOBaHa. Ecii TpeyrosbHUK MEPECEKAETCS C INIOCKOCTHIO THA KOTIIO-
BaHA, TO JIEJAETCS CEUCHHUE TPEYTOJIbHUKA Ha ABE YACTH, JUIsl KOTOPBIX OTAEIBHO
BBIYHCIIAIOTCS O0BEMBI COOTBETCTBYIOIIUX NpU3M. Koney arcopumma.

B Oonee ciioxHoM mocTaHOBKE 3a7jau pacuéra 3eMIISTHBIX padoT Tpedye-
Masi TIOBEPXHOCTh 3aJaeTcsi Kak JApyras He3aBHCHMas TPHAHTYJISIUOHHAS MO-
nenb. B Takoil ¢popme 3amaua BOZHMKAET MPU BEPTUKAIBHOM IJIAHUPOBKE TEp-
PUTOPHIT CaMOTO pa3HOTO HA3HAYCHHUSI.

OOBIUHO 3Ta 3aad4a pemacTCAa Ha PpCryJIPHBIX MOJACIIAX € IIPCABAPUTCIIb-
HBIM Hp€06p330BaHI/ICM HCXOJHBIX TPHAHTYJIIIUOHHBIX MO,HCHGﬁ. B sBHOM ke
BHUAC HA TPUAHTYJIAIIUN O0OBIYHO 9Ty 3a1la4y HC pCUIANOT, TaK KaK CYIICCTBYIO-
e IJsl 9TOro aJIropuTMbl BECbMa CJIOKHBI U MOTYT I'CHCPHUPOBATH B XYAIICM
ClIydac OUCHBb CJIOXHBIC PCTHMOHBI, UMCIOIIUC YUCJIO TOYCK, IIPOITOPIHHUOHAIBHOC
KBaapary 06IH€FO quciia y3JIOB B UCXOOHBIX TPHUAHTYJIANUAX. TeM He MeHee B
HCKOTOPBIX ClIIydYasaX BO3HUKACT HOTpC6HOCTB B TAKUX SBHBIX BBIYHCICHUAX, U
IMO3TOMY MOKHO HCIIOJIb30BATH CJICI[YIOH_II/Iﬁ JOCTAaTOYHO HpOCTOﬁ AJITOPUTM.

Onpeodenenue 32. IlycTh maHa CXoJHas MOJEib pelibeda B BUJIC TPUAH-
rynsauuu 1, v xenaemas monens 7,. B 3adaue pacuéma zemnanvix pabom Tpe-

OyeTcsl BBIYUCIUTh PErHOH L, ONpeAesioluidi TeppUTOpuUIo, B Ipeaeiax KOTo-
poro moBepxHOCTh 7| BellIe 7,, peruoH [, Ha kotopoMm I, Huxe 1,, U PETUOH

E, na xotopom ypoBHM 1, u T, paBHbl. Tarxxe TpeOyeTcs BBIYUCIUTH OOBEM
3eMJIM, KOTOPBIN Ha/10 Cpe3aTh, U O0BEM, KOTOPBII HA/10 HACKINATD.

AJZZODMWZM pacqé'ma SEMIIAAHbIX pa6om.

[llaz 1. OnpenensieTcs MUHUMAIIbHBI MHOTOYTOJBHHUK, OXBAThIBAIOIIUI
TpUaHTyJsauuu 1; U 1, KaKk NepeceYyeHre OXBAThIBAEMBIX TPUAHTYJIALUAMU TEP-

PUTOPUU.

lae 2. Co3naerca HOBas TPUAHTYJALUSA 1, U B HEE€ BHOCSTCS B KAU€CTBE
CTPYKTYpHBbIX pEOep Bce péOpa Tpuanrymauuit 7, u 7,. [lnd kaxmoro ysia n,

TpuaHryysiuu T Hy)KHO BBIMHCIIUTH BBICOTHI Z, U Z., ONPEIEISIONIME BBICOTHI
3TOrO y3/1a B TPUAHTYIALUAX 1} U T, COOTBETCTBEHHO.

Llge 3. JInst KaXA0r0 TPEYToNbHHUKA {; HOBOW TPHAHTYJISLHUU ONMPEICIs-

€M, HE IePECEKAOTCS JIM TPHAHTYISIUU 1) U T, B IIpeenax TpeyroabHuKa ¢,

17. .1 2 u
1. Ecnu Vk=1,3: z;, =z}, T0 00a TpeyrojbHUKa JI)KAT B OJAHOM ILIOCKO-

CTH, U IO3TOMY TPEYTOJIBHUK /; MOMagacT B PErHoH E.

2. Ecmm Vk,[=1,3: z}k < zjz., , TO B IIPEAENIAaX 3TOr0 TPEYroJbHUKA ITOBEPX-

HOCTb 7| He BbILIC 7,, M MO3TOMY TPEYTOJIBHHUK /, MOIAJACT B PErUOH H.
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T A, 1 2
3. Ecmm Vk,[=1,3: z; >z}, TO B Ipefienax 3TOro TPEyroJbHNUKa MOBEPX-

HOCTb 7, HE HWKE T), M IO3TOMY TPEYTONBHUK /; MOMAagaeT B PErHoH L.

1~2. .1 2 1.1 2
4. Nnaue, eciu 3 k,Z:1,3.zjk>zj, ui mn=13:z, <z, TO NOBEPX-

jn?
HOCTH TIepeceKaroTcsl B mpejenax JaHHoro TpeyroibHuka (puc. 107). [ToaTomy
MBIl JOJDKHBI HAaTH NMEpPECEUYEHHE ABYX NMPOCTPAHCTBEHHBIX TPEYTrOJbHUKOB B
BHJIE HEKOTOPOTO OTPE3Ka, PA3AEIAIOMIEr0 TPEYTOJIbHUK Ha JIBE 4YaCTH, KOTOPBIE
B JAJIbHEHIIEM BOMIYT B pasHble pe3yapTUpyromue peruonsl L u H. [locne ne-
JICHUSI TPEYTOJIbHUKA YI0OHO paccuuTaTh 00BEMBI 3eMIIIHBIX pa0doOT B Ipeaenax
JAHHOTO TPEYTrOJbHUKA.

Illaz 4. CobupaeM u3 Bcex HaWJEHHBIX yacTel peruonsl L, H u E. Koney
aneopumma.

Puc. 107. Ilepeceuenune npocTpaHCTBEHHBIX TPEYTOJbHUKOB

CII0KHOCTH TaHHOTO AJITOPUTMA 3aBUCUT B OCHOBHOM OT TPYAOEMKOCTH
NOCTpOEHUsA TpuaHrymsiuuu 7. B Xyzamem ciydae 3TO  MOXKET  OBITh

O((N, +N,)*), rae N, — 4ucyIO y3/10B HCXOMHBIX TpUAHTyIsuuid. TeM He MeHee
B CPEIHEM 3Ta BEIIMYMHA MOKET cOocTaBIATh O(N, + N,) Ha paBHOMEPHBIX pac-
MPEICTICHUSX UCXOTHBIX y3JI0B TPUAHTYJISIIAMA.

13.6. IlocTpoeHue 30H ¥ JIMHUI BUAUMOCTH

B 3amadye mocTpoeHus 30H BUIUMOCTH MO 33JaHHOMY TOJIO)KCHHIO Ha-
OmroaTensi B IPOCTPAHCTBE TPEOYETCsl ONMPENeINTh, KAKUE Y9aCTKH TTOBEPXHO-
CTH €My BHJIHBI, a KaKue HEeT. JTa 3aja4a BO3ZHUKAET, HAIIPUMED, TIPHU pa3Mellie-
HUU TIOKAPHBIX BBIMICK, palapHBIX CTAHIIUN, TEJIe- U PAIUOBHIIICK, CTAHIIUN CO-
TOBOM cBsi3u [61].
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B psne cinywaeB 3Ty 3aadyy MOXKHO pelIaTh NMPUONMKEHHO, HAIPUMED,
HEePEXoisl K PaCTPOBOMY IIPEJICTaBICHHIO, OJJHAKO 4acTo TpeOyroTcs Oosee Tou-
HBIE pe3yJIbTaThl PaCYETOB.

Jls perieHust JaHHOM 3a7]adyu MOKHO MCIIOJIb30BaTh OOIIME METOJIbI ya-
JICHWS HEBUJIMMBIX JIMHUH, TPUMEHsSIEMbIE B MAallIMHHOU Tpaduke, Hampumep aj-
TOpUTMBI Z-Oydepa U MIaBaroIIero ropu3oHTa.

JlanHyto 3a1a4y MHOT/AA PEIIaloT B YIPOIIEHHOM BapUaHTe, CTPOSI TOJIBKO
JUHUU 8UOUMOCTU, KOTOPBIE TIPEJICTABIISAIOT COOOM JTy4r, UCXOIAUINE U3 TOUYKH
BUJIMMOCTH B pa3Hble CTOPOHBI U pa30UTHIE HA YACTH IO MPUHUHUITY BUIUMOCTH.
JlanHas 3aj1aya pelraercs 3HaYUTeNIbHO MPOoILe, YeM MOJHBIN ciryvail. J{is aToro
BHayajie CTpOUTCS NMPOodUib MOBEPXHOCTU BAOJB 3TOTO JIyda, a TOTOM METOOM
IUIABAIOIIEr0 TOPU30HTA (POPMUPYIOTCS €70 BUAMMBIE U HEBUIUMbIC YACTH.

JIyist pelieHust OJIHOM 3a/1a4ud MOKHO HCIIOJIb30BaTh TOYHBIM aJITOPUTM,
OCHOBAaHHBIA Ha Ujee alropuTMa IulaBaroiiero ropusonta [13]. B otnuuue ot
O0OBIYHOIO AIrOPUTMa, UCIOJIB3YEMOr0 B MAIIMHHOM Tpaduke, B HaLIEM cliydae
TOPU30HT OyJIeT MPEACTABIATHCS HE B BUJE PAcTpa, a B BUJE JIOMAaHON KPyTOBO-
ro o63opa. Ha puc. 108 mo ropu3oHTaIn OTKIAABIBAECTCS a3UMYT HaIpaBJICHHUS
3peHHUs, a MO0 BEPTUKAIN — MAKCUMAJbHBIN TEKYIIUN BEPTUKAIbHBIA TOPU3OHT
3pEHUS.

Aneopumm nocmpoenusi 301 BUOUMOCHIU.

Lllae 1. YcraHaBiauBaeM TEKYIIUN KPYroBOW IUIaBalOIIMI TOPU30HT B BU-
JI€ TOPU30HTAIBHOM JIMHUY Ha ypoBHE —90°.

Ilae 2. TlocnenoBaTenbHO aHAIU3UPYEM BCE TPEYTOJbHUKH TPHUAHTYJIS-
U OT OJIMKAWIIMX K TOUKE 3PEHUS JI0 CaMbIX yIaléHHBIX. Kax bl Tpeyroib-
HHUK CPABHUBAEM C TEKYIIMM TOPU30HTOM M BBIJECISIEM T€ YACTH TPEYTOJbHUKA,
KOTOPBIC BUIHBI K HE BUIHBI, U 3aTeM MOIUMDHUIIUPYEM TEKYITUN TOPU30HT ITUM
TpeyroJibHUKoM. Koney ancopumma.

90°

N I\ N
\“\ [ -
\/~/

-180° -90° 0° 90° 180°

-90°

Puc. 108. Texyuuii KpyroBoi miaBarouuii TOPU30HT
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B nanHOM anroputrMme camoe CI0KHOE 3aKJIF0UaeTCs B OMCKE TAKOro Mpa-
BUJILHOTO TMOpPsiAKa 00X0Ja TPEYroJbHUKOB, YTOOBI BCE paHee aHAIM3UPYyEMbIe
TPEYTOJIbHUKU HE 3aCIOHsUIUCh Oojee mo3aHuMu. K coxanenuro, Takoi mops-
JIOK HE BCErJa CYILIECTBYET, XOTs B MPAKTHUECKUX 3aJayaX UCKIOYEHUSI BO3HU-
KatoT peako. B yactHoctu, B [30] mokazaHo, 4to aJis TpuaHrysinuu emone ra-
Kas cUTyalusi He Bo3HHMKaeT Hukoraa. Ha puc. 109 toukoit 0603HaueHo 1moio-
KeHue HaOro1aTens, CIUIOMHBIMU JIMHUSMHU — YK€ IPOaHaJIu3UpPOBAaHHBIE Tpe-
YTOJIbHUKUA. AHAIN3 K€ MYHKTUPHBIX TPEYTOJIbHUKOB HEBO3MOKEH, TaK Kak Ie-
pea KaXIbIM M3 HUX HAaXOJUTCS KaKOW-TO IPYyrou, 3akpeiBatrouiuii 063op. B Ta-
KOM CJIOHOM CIIydyae MO>KHO JIM0O0 pa3pe3aTb HEKOTOPBIA TPEYToJbHUK HA Yac-
TH, T1OO0 IPOCTO MPOJOJKUTH aHAIN3 C HAUMEHEE EPEKPhIBAEMOT0 UIIM CAMOT0
ONMM3KOro K HaOIOJaTeNto TpeyrojpHUKa. BTOpoil BapuaHT, BO3MOXHO, JacT
OLIMOKY B BBIYMCIIEHUH, HO OH 3HaYUTENIBbHO 00Jiee IPOCT.

Puc. 109. ITIpoGaema nmpaBuiIbHOTO BEIOOPA MOPsIKAa 00X01a TPEYTOJILHUKOB

Jlns ompeneneHus ToOpsiiKa 00XoJa CO3/1aéM CIHCOK HE3aCIOHSEMBIX
TpeyrojbHUKOB L. [loka cnucok HE MycCT, MOCIEeN0BATEILHO aHAIU3UPYEM BCE
€ro TpeyroJibHUKU. [lociie BBINIOJHEHUS aHajinu3a OYEPEIHOTO TPEYroJIbHUKA
BO3MO>KHA CUTYaIMs], KOT/Ia CMEKHBIE C HUM TPEYTrOJbHUKN CTaHYT TAKKE HE3a-
CIIOHSIEMBIMHU, U TOTJa MX HaJ0 TaKXKE€ IMOMECTUTh B cnucok L. Ecim crimcok L
CTaHET IYCThIM, TO NMPHU HAJIMYUHU B TPUAHTYJSALMU €II€ HE MPOAHAIU3UPOBAH-
HBIX TPEYTOJIHLHUKOB BBIOMPAEM U3 HUX TOT, LICHTP KOTOPOTO HAXOIUTCS OJIMKE
BCEX K TOUYKE 3PEHMUS, U IOBTOPSIEM LIMKJI AaHAIN3A CIIUCKA.
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Puc. 110. [Tpumep pacuéra 30H BUTUMOCTH IO MOJIETH pebeda,
MPEACTaBICHHON Ha pUC. 66 ((P1akKKOM OTMEUEHA TOYKa
HAOII0/IEHUS HAa BBICOTE 5 METPOB OT YPOBHSI 36MIIH,
CIUIOITHOM 3aKpacKO¥ M300paKeHbI HEBUIUMBIC 30HBI)

CambiM OONBIIMM HEAOCTATKOM ONMHCAHHOTO aJITOpPUTMA SIBIISETCS 4Upes3-
MEpPHOE KOJIMYECTBO Y3JI0B JIOMAaHBIX, EJSAIIUX TPEYTOJbHUKN B 30HAX BUIUMO-
CTH, UTO HE BCETJla HYy’)KHO Ha MpakTuke. B xyniiem ciaydae ux KoOJIM4eCTBO MO-
ket coctaByaTe O(N). IloaToMy st KaXXJI0ro TPEyroJibHUKa pa3pe3arollyro

JIOMAHYIO HY>KHO YIIPOCTUTDb, OCTABUTH OAMWH HJIHU JIBA OTPC3Ka.

Ha puc. 110 npencraiieH npuMep BBIMOJHEHHS pacdy€Ta 30H BUJIUMOCTH.
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