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Abstract
We present a survey of several recent results on parameter es-

timation for partially observed linear systems and the construc-
tion of adaptive Kalman-Bucy filtration equations. It is sup-
posed that the observation equation contains small noise of level
ε and the properties of estimators are described in the asymp-
totics ε → 0. The adaptive filter is constructed in several steps.
First we propose a nonparametric estimator of the quadratic
variation of the derivative of the observations. Then we use this
estimator for construction of One-step MLE-process. Finally,
this estimator-process is substituted in the filtration equations.

Keywords: Kalman-Bucy filter; Volatility estimation; Adap-
tive filtration; One-step MLE-process.

MLE and BE.
Consider a partially observed linear system

dXt = f (ϑ, t)Ytdt+ εσ (t) dWt, X0 = 0, 0 ≤ t ≤ T (1)
dYt = a (ϑ, t)Ytdt+ b (ϑ, t) dVt, Y0 = y0, (2)

where f (·) , σ (·) , a (·) and b (·) are known, smooth functions, while Wt,
and Vt are two independent Wiener processes. We have to estimate
ϑ ∈ Θ = (α, β) from continuous time observations XT , given that the
process (Yt, 0 ≤ t ≤ T ) is unobservable (hidden).

The likelihood ratio function is

L(ϑ,XT ) = exp

{∫ T

0

f (ϑ, t)m (ϑ, t)

ε2σ (t)
2 dXt −

∫ T

0

f (ϑ, t)
2
m (ϑ, t)

2

2ε2σ (t)
2 dt

}
.

Here m (ϑ, t) = Eϑ (Yt|Xs, 0 ≤ s ≤ t) is solution of the equations:
Kalman–Bucy filter.

dm (ϑ, t) =

{
a (ϑ, t)− γ (ϑ, t) f (ϑ, t)

2

ε2σ(t)2

}
m (ϑ, t) dt

+
γ (ϑ, t) f (ϑ, t)

ε2σ(t)2
dXt,

∂γ (ϑ, t)

∂t
= 2a (ϑ, t) γ (ϑ, t)− γ (ϑ, t)

2
f (ϑ, t)

2

ε2σ(t)2
+ b (ϑ, t)

2
,

1The work was supported by the RSF, project no 20-61-47043.
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where γ (ϑ, t) = Eϑ (m (ϑ, t)− Yt)
2.

The MLE ϑ̂ε and BE ϑ̃ε are defined by usual relations

L(ϑ̂ε, X
T ) = sup

ϑ∈Θ
L(ϑ,XT ), ϑ̃ε =

∫
Θ
ϑp (ϑ)L(ϑ,XT )dϑ∫

Θ
p (ϑ)L(ϑ,XT )dϑ

.

The model under study is of special interest when ε→ 0 because,
lim
ε→0

{f (ϑ, t) ṁ (ϑ, t) + ḟ (ϑ, t)m (ϑ, t)} = 0,

ε2Iε (ϑ) =

∫ T

0

σ (t)
−2

[
∂

∂ϑ
{f (ϑ, t)m (ϑ, t)}

]2
dt→ 0.

In addition we have the convergence in distribution
ε−1/2{f (ϑ, t) ṁ (ϑ, t) + ḟ (ϑ, t)m (ϑ, t)} =⇒ n (ϑ, t) ξt,

where n (ϑ, t) is a det. f. and ξt are i.i.d. N (0, 1/2). We expect

ε Iε (ϑ) =⇒
∫ T

0

n (ϑ, t)
2
ξ2t dt.

As it happens, however, this integral does not exist and we have instead,
as ε→ 0,

ε Iε (ϑ) −→ I0 (ϑ) =
1

2

∫ T

0

n (ϑ, t)
2
dt.

Limit model. Suppose that ε = 0, then we obtain the system
dxt = f (ϑ, t)Ytdt, x′t = f (ϑ, t)Yt, x′0 = f (ϑ, 0) y0,

dYt = a (ϑ, t)Ytdt+ b (ϑ, t) dVt, Y0 = y0
Question: is it possible to estimate ϑ by observations x′t, 0 ≤ t ≤ T
without error?

Recall that by Itô’s formula, we have

(x′t)
2
= 2

∫ t

0

x′sdx
′
s +

∫ t

0

b (ϑ, s)
2
f (ϑ, s)

2
ds

and the function

Ψt = (x′t)
2 − 2

∫ t

0

x′sdx
′
s =

∫ t

0

b (ϑ, s)
2
f (ϑ, s)

2
ds ≡ K (ϑ, t)

is deterministic. The “observed” function Ψt defines ϑ without error.
For example, the estimator ϑ∗ defined by the equation K (ϑ∗, t) = Ψt

is without error, i.e., ϑ∗ = ϑ.
Let us denote S(ϑ, t) = f (ϑ, t) b (ϑ, t), set

G (ϑ, ϑ0) =

∫ T

0

[S (ϑ, t)− S (ϑ0, t)]
2

2S (ϑ, t)σ (t)
dt,

I0 (ϑ) =

∫ T

0

S (ϑ, t)

2σ (t)

[
∂

∂ϑ
lnS (ϑ, t)

]2
dt

and introduce the conditions:
For any ν > 0,

inf
ϑ0∈Θ

inf
|ϑ−ϑ0|>ν

G (ϑ, ϑ0) > 0 and inf
ϑ∈Θ

I0 (ϑ) > 0.
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We have the lower minimax bound
lim
δ→0

lim
ε→0

sup
|ϑ−ϑ0|<δ

ε−1Eϑ|ϑ∗ε − ϑ|2 = I0 (ϑ)
−1
.

Theorem 1. The MLE ϑ̂ε and the BE ϑ̃ε are consistent, and asymp-
totically normal, i.e.,

ϑ̂ε − ϑ0√
ε

=⇒ ζ ∼ N
(
0, I0 (ϑ0)

−1
)
,

ϑ̃ε − ϑ0√
ε

=⇒ ζ.

Moreover the moments converge, i.e., for any p > 0

lim
ε→0

Eϑ0

∣∣∣∣∣ ϑ̂ε − ϑ0√
ε

∣∣∣∣∣
p

= Eϑ0 |ζ|
p
, lim

ε→0
Eϑ0

∣∣∣∣∣ ϑ̃ε − ϑ0√
ε

∣∣∣∣∣
p

= Eϑ0 |ζ|
p

and both estimators are asymptotically efficient.

For the proof see [1].
Quadratic variation estimation. Let us consider the linear two-

dimensional partially observed system
dXt = f (t)Ytdt+ εσ (t) dWt, X0 = 0, 0 ≤ t ≤ T, (3)
dYt = a (t)Ytdt+ b (t) dVt, Y0 = 0, 0 ≤ t ≤ T, (4)

where the Wiener processes Vt, 0 ≤ t ≤ T and Wt, 0 ≤ t ≤ T are sup-
posed to be independent. The solution Y T = (Yt, 0 ≤ t ≤ T ) can not
be observed directly and we have available the observations XT =
(Xt, 0 ≤ t ≤ T ) only. Here a (·) , b (·) , f (·) , σ (·) ∈ C1 are unknown
functions and ε ∈ (0, 1] is a small parameter.

Our first goal is to construct a consistent (ε→ 0) estimator Ψ̂τ,ε, 0 ≤
τ ≤ T of the function

Ψτ =

∫ τ

0

f (s)
2
b (s)

2
ds, 0 < τ ≤ T. (5)

Then we show that this estimator Ψ̂τ,ε can be useful in the construction
of the estimators of the parameters ϑ in the case of models (1), (2) with
f (t) = f (ϑ, t) or b (t) = b (ϑ, t).

The construction of the estimators is based on the following prop-
erties of the model (3), (4).

sup
0≤t≤T

|Xt − xt| −→ 0, xt =

∫ t

0

f (s)Ys ds.

We have
dxt
dt

= f (t)Yt, x0 = 0.

If we formally calculate the derivative
∂Xt

∂t

∣∣∣∣
ε=0

= ft (ϑ)Yt

and then calculating the quadratic variation ⟨ft (τ)Yτ ⟩ = Ψτ we obtain
the desired function Ψτ . The construction of the estimator of Ψτ is a
discrete time modification of these two steps.
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Introduce the statistic

Ψε (τ) =

Nτ,ε−1∑
i=0

(
Xti+1+δε −Xti+1

δε
− Xti+δε −Xti

δε

)2

, 0 < τ ≤ T.

Here ti = iφε, Nτ,ε =
[

τ
φε

]
, the rates φε → 0, δε → 0 will be defined

later.
Let us explain why this statistic can be a consistent estimator of

Ψτ . We have
Xti+1+δε −Xti+1

δε
=

1

δε

∫ ti+1+δε

ti+1

fs (ϑ)Ys ds+
ε

δε

∫ ti+1+δε

ti+1

σs dWs.

Hence if we take εδ−1/2
ε → 0, then

Xti+1+δε −Xti+1

δε
= fti+1 (ϑ)Yti+1 + o (1) ,

Xti+δε −Xti

δε
= fti (ϑ)Yti + o (1)

and ∣∣fti+1
(ϑ)− fti (ϑ)

∣∣ ≤ Cφε.
Further, formally we write

Ψε (τ) =

Nτ,ε−1∑
i=0

(
fti+1

(ϑ)Yti+1
− fti (ϑ)Yti

)2
+ o (1)

=

Nτ,ε−1∑
i=0

fti (ϑ)
2 (
Yti+1 − Yti

)2
+ o (1)

=

Nt,ε−1∑
i=0

fti (ϑ)
2

(∫ ti+1

ti

as (ϑ)Ysds+

∫ ti+1

ti

bs (ϑ) dVs

)2

+ o (1)

=

Nτ,ε−1∑
i=0

fti (ϑ)
2

(∫ ti+1

ti

bs (ϑ) dVs

)2

+ o (1)

=

Nτ,ε−1∑
i=0

fti (ϑ)
2
bti (ϑ)

2
(ti+1 − ti) + o (1)

−→
∫ τ

0

fs (ϑ)
2
bs (ϑ)

2
ds = Ψτ .

We have the estimates

Eϑ

∣∣∣∣∣∣Ψε (τ)−
Nτ,ε−1∑
i=0

fti (ϑ)
2 [
Yti+1

− Yti
]2∣∣∣∣∣∣

≤ C

[√
δε
φε

+ φε +
ε√
δεφε

]
,
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and ∣∣∣∣∣∣Ψτ −
Nτ,ε−1∑
i=0

fti (ϑ)
2
bti (ϑ)

2
(ti+1 − ti)

∣∣∣∣∣∣ ≤ Cφε.

If we put δε = εq, φε = εl then the equation√
δε
φε

= φε =
ε√
δεφε

gives us the values q = 1 and l = 1/3, i.e.,
δε = ε and φε = ε1/3.

Hence ti+1 = ti + ε1/3,

Ψε (τ) =

Nτ,ε−1∑
i=0

(
Xti+1+ε −Xti+1

ε
− Xti+ε −Xti

ε

)2

,

and

Eϑ

∣∣∣∣∣∣Ψε (τ)−
Nτ,ε−1∑
i=0

fti (ϑ)
2 [
Yti+1 − Yti

]2∣∣∣∣∣∣ ≤ C ε1/3.

The regularity conditions:
A. The functions a (·) , b (·) ∈ C(1) [0, τ ] and f (·) , σ (·) ∈ C(2) [0, τ ].

Theorem 2. Let the condition A be fulfilled then for any p > 0 there
exist a constant C > 0 such that

Eϑ

∣∣∣Ψ̂ε (τ)−Ψτ

∣∣∣p ≤ C εp/3.

Reark that it is possible to prove the asymptotic normality
ε−1/3

(
Ψ̂ε (τ)−Ψτ

)
=⇒ N

(
0, D2

)
.

Parameter estimation.
Consider the partially observed linear system

dYt = a (t)Ytdt+ b (ϑ, t) dVt, Y0 = 0, (6)
dXt = f (ϑ, t)Ytdt+ εσ (t) dWt, X0 = 0. (7)

Substitution estimator ϑ̄ε .
The functions f (·), b (·) are supposed to be known and the functions
a (·), σ (·) are unknown. Define the function

Ψτ (ϑ) =

∫ τ

0

f (ϑ, t)
2
b (ϑ, t)

2
dt, ϑ ∈ (α, β) = Θ.

We have
Ψ̇τ (ϑ) = 2

∫ τ

0

[
ḟ (ϑ, t) b (ϑ, t) + f (ϑ, t) ḃ (ϑ, t)

]
f (ϑ, t) b (ϑ, t) dt.

Condition B.
B1. The functions Ψτ (ϑ) has two continuous derivatives Ψ̇τ (ϑ) ,

Ψ̈τ (ϑ) w.r.t. ϑ.
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B2. For a given τ we have
inf
ϑ∈Θ

∣∣∣Ψ̇τ (ϑ)
∣∣∣ > 0. (8)

By condition (8) the function Ψτ (·) is monotone. Without loss of
generality we suppose that it is increasing.

Introduce the notation

Ψ̂τ,ε =

Nτ,ε−1∑
i=0

(
Xti+1+ε −Xti+1

ε
− Xti+ε −Xti

ε

)2

, ti+1 = ti + ε1/3,

ψm = inf
ϑ∈Θ

Ψτ (ϑ) , ψM = sup
ϑ∈Θ

Ψτ (ϑ) , ψm = Ψτ (α) , ψM = Ψτ (β) ,

G (ψ) = Ψ−1
τ (ψ) , ψm < ψ < ψM , α < G (ψ) < β,

Bm =
{
ω : Ψ̂τ,ε ≤ ψm

}
, BM =

{
ω : Ψ̂τ,ε ≥ ψM

}
,

B =
{
ω : ψm < Ψ̂τ,ε < ψM

}
, ηε = G(Ψ̂τ,ε),

The substitution estimator (SE) is introduced as follows
ϑ̌τ,ε = α1I{Bm} + ηε1I{B} + β1I{BM}.

Roughly speaking
Ψ̂τ,ε = Ψτ

(
ϑ̌τ,ε

)
.

It has the following properties.

Theorem 3. Suppose that the conditions A and B are fulfilled. Then
for any p > 0 there exists a constant C = C (p) > 0 such that

sup
ϑ∈Θ

ε−p/3Eϑ

∣∣ϑ̌τ,ε − ϑ
∣∣p ≤ C. (9)

Example 1. Suppose that we have the model of observations (6),(7),
where f (ϑ, t) = ϑf (t) , ϑ ∈ (α, β) , α > 0, b (ϑ, t) = b (t) and all corre-
sponding conditions are fulfilled. Then

Ψτ (ϑ) = ϑ2
∫ τ

0

f (t)
2
b (t)

2
dt

and SE

ϑ̌τ,ε =
√

Ψτ,ε

(∫ τ

0

f (t)
2
b (t)

2
dt

)−1/2

.

This estimator is consistent and has the rate of convergence ε1/3.
Example 2. Consider this model with b (ϑ, t) =

√
h (t) + ϑg (t) and

f (ϑ, t) = f (t). Suppose that the functions h (·) and g (·) are positive
and α > 0. Then

Ψτ (ϑ) =

∫ τ

0

f (t)
2
[h (t) + ϑg (t)] dt

and

ϑ =

(
Ψτ (ϑ)−

∫ τ

0

f (t)
2
h (t) dt

)(∫ τ

0

f (t)
2
g (t) dt

)−1

.
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Hence the SE is

ϑ̌τ,ε =

(
Ψτ,ε −

∫ τ

0

f (t)
2
h (t) dt

)(∫ τ

0

f (t)
2
g (t) dt

)−1

.

This estimator is consistent and has the rate of convergence ε1/3.
One-step MLE-process ϑ⋆t,ε, τ < t ≤ T .
Suppose that we have slightly different partially observed system

dYt = a (ϑ, t)Ytdt+ b (ϑ, t) dVt, Y0 = 0,

dXt = f (ϑ, t)Ytdt+ εσ (t) dWt, X0 = 0.

As before the process XT = (Xt, 0 ≤ t ≤ T ) is observable and Y T is
hidden. All functions a (·) , b (·) , f (·) and σ (·) are supposed to be
known. The parameter ϑ ∈ Θ = (α, β) is unknown and has to be
estimated by observations XT .

One way is to use the MLE ϑ̂τ,ε. Remind that the MLE is defined
by the equation

L(ϑ̂τ,ε, X
τ ) = sup

ϑ∈Θ
L(ϑ,Xτ ),

where the likelihood ratio function is

L (ϑ,Xτ ) = exp

{∫ τ

0

M (ϑ, t)

ε2σ (t)
2 dXt −

∫ τ

0

M (ϑ, t)
2

2ε2σ (t)
2 dt

}
, ϑ ∈ Θ.

Here M (ϑ, t) = f (ϑ, t)m (ϑ, t), the function σ (·) is supposed to be
positive.

The random process (conditional expectation) mt = m (ϑ, t) =
Eϑ (Yt|Xs, 0 ≤ s ≤ t) satisfies the equation of the Kalman-Bucy fil-
tration: m (ϑ, 0) = y0,

dmt = a (ϑ, t)mtdt+
γ (ϑ, t) f (ϑ, t)

ε2σ (t)
2 [dXt − f (ϑ, t)mtdt] ,

∂γ (ϑ, t)

∂t
= 2a (ϑ, t) γ (ϑ, t)− γ (ϑ, t)

2
f (ϑ, t)

2

ε2σ (t)
2 + b (ϑ, t)

2
,

with initial value γ (ϑ, 0) = 0. It was shown that this estimator is
consistent, asymptotically normal

ε−1/2
(
ϑ̂τ,ε − ϑ0

)
=⇒ N

(
0, Iτ (ϑ0)

−1
)
, Iτ (ϑ) =

∫ τ

0

Ṡ (ϑ, t)
2

2S (ϑ, t)σ (t)
dt

and asymptotically efficient. Here S (ϑ, t) = f (ϑ, t) b (ϑ, t).
Introduce notation: τ < t ≤ T

Itτ (ϑ) =

∫ t

τ

Ṡ (ϑ, s)
2

2S (ϑ, s)σ (s)
ds, ξt,ε =

ϑ⋆t,ε − ϑ0√
ε

,

ϑ⋆t,ε = ϑ̌τ,ε +
1

Itτ (ϑ̌τ,ε)

∫ t

τ

Ṁ(ϑ̌τ,ε, s)

εσ (s)
2

[
dXs −M(ϑ̌τ,ε, s)ds

]
,

ξt =
1

Itτ (ϑ0)

∫ t

τ

Ṡ (ϑ0, s)√
2S (ϑ0, s)σ (s)

dw (s) .
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We have to define the random processes
M(ϑ̌τ,ε, s) = f

(
ϑ̌τ,ε, s

)
m

(
ϑ̌τ,ε, s

)
and

Ṁ(ϑ̌τ,ε, s) = ḟ
(
ϑ̌τ,ε, s

)
m

(
ϑ̌τ,ε, s

)
+ f

(
ϑ̌τ,ε, s

)
ṁ

(
ϑ̌τ,ε, s

)
.

Conditions C.
C1. For any t0 ∈ (τ, T ]

inf
ϑ∈Θ

It0τ (ϑ) > 0.

C2. The functions f (·) , σ (·) are separated from zero and the func-
tions f (·) , b (·) have two continuous derivatives w.r.t. ϑ.

Proposition 1. Let the conditions A,B,C be fulfilled then the One-step
MLE -process ϑ⋆t,ε, τ < t ≤ T is consistent: for any ν > 0

Pϑ0

(
sup

t0≤t≤T

∣∣ϑ⋆t,ε − ϑ0
∣∣ ≥ ν

)
−→ 0,

the random process ξt,ε, t0 ≤ t ≤ T converges in distribution in the
measurable space (C [t0, T ],B]) to the Gaussian process

ϑ⋆t,ε − ϑ0√
ε

=⇒ ξt, ξt ∼ N
(
0, Itτ (ϑ0)

−1
)

Adaptive filtration.
Note that

mt − Yt√
ε

=

√
σ (t) b (ϑ, t)

f (ϑ, t)
ζt,ε + o (1) =⇒

√
σ (t) b (ϑ, t)

2f (ϑ, t)
ζt,

where ζt, t ∈ (0, T ] are independent Gaussian random variables, ζt ∼
N (0, 1).

We have for any, say, continuous function h (t)

ε−1/2

∫ T

0

(mt − Yt)h (t) dt −→ 0

and

ε−1

∫ T

0

(mt − Yt)
2
h (t) dt −→

∫ T

0

σ (t) b (ϑ, t)

2f (ϑ, t)h (t)
dt.

Introduce the equations of adaptive filtration

dm̂ (t) = −qε
(
ϑ⋆t,ε, t

)
m̂ (t) dt+

γ
(
ϑ⋆t,ε, t

)
f
(
ϑ⋆t,ε, t

)
ε2σ (t)

2 dXt, m̂ (0) = y0,

∂γ (ϑ, t)

∂t
= 2a (ϑ, t) γ (ϑ, t)− γ (ϑ, t)

2
f (ϑ, t)

2

ε2σ (t)
2 + b (ϑ, t)

2
, γ (ϑ, 0) = 0.

Here

qε (ϑ, t) =
γ (ϑ, t) f (ϑ, t)

2

ε2σ (t)
2 − a (ϑ, t)

and we suppose that Riccati equation can be solved before the experi-
ence.

44



The error of approximation of mt = m (ϑ0, t) is
mt − m̂ (t)√

ε
=⇒ b (ϑ0, t) ḟ (ϑ0, t)

σ (t)
Yt −

ḃ (ϑ0, t)
√
σ (t)√

f (ϑ0, t) b (ϑ0, t)
ζt ξt,

where ζt, t ∈ (0, T ] are independent standard Gaussian r.v.’s.
This limit together with

mt − Yt√
ε

=⇒

√
σ (t) b (ϑ, t)

2f (ϑ, t)
ζt,

allows us to describe the error of approximation of Yt by m̂ (t):
m̂ (t)− Yt√

ε
.

It is possible to give this couple of equations in recurrent form too

dm̃ (t) = −qε
(
ϑ⋆t,ε, t

)
m̃ (t) dt+

γ̂ (t) f
(
ϑ⋆t,ε, t

)
ε2σ (t)

2 dXt, m̃ (0) = y0,

∂γ̂ (t)

∂t
= 2a

(
ϑ⋆t,ε, t

)
γ̂ (t)−

γ̂ (t)
2
f
(
ϑ⋆t,ε, t

)2
ε2σ (t)

2 + b
(
ϑ⋆t,ε, t

)2
, γ̂ (0) = 0.

It was shown that m̂ (t)−m (ϑ0, t) =
√
εOp (1).

Remarks.
1. The rate of convergence ϕε = εm of the preliminary estimator

for the construction of a consistent One-step MLE-process has to be
such that m ∈ ( 14 ,

1
2 ]. Recall that the proposed SE ϑ̌ε has ϕε = ε1/3.

2. It is possible to study this construction supposing that τ =
τε → 0 sufficiently slow. We need just to provide for the preliminary
estimator ϑ̄τε,ε the convergence

Eϑ

∣∣ϑ̄τε,ε − ϑ
∣∣2 ≤ Cε2m

where m ∈ ( 14 ,
1
2 ]. This will allow us to prove the asymptotic efficiency

of the One-step MLE-process for all t ∈ (0, T ].
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стика скрытых марковских процессов (непрерывное вре-
мя)

Аннотация. Представляем обзор нескольких недавних резуль-
татов по оцениванию параметров частично наблюдаемых линейных
систем и построению адаптивных уравнений фильтрации Калмана-
Бьюси. Предполагается, что уравнение наблюдения содержит ма-
лый шум уровня ε, а свойства оценок описываются в асимптотике
ε → 0. Адаптивный фильтр строится в несколько этапов. Снача-
ла предлагаем непараметрическую оценку квадратичной вариации
производной наблюдений. Затем используем эту оценку для постро-
ения одношагового MLE-процесса. Наконец, этот оценочный про-
цесс подставляется в уравнения фильтрации.

Ключевые слова: фильтр Калмана-Бьюси, оценка волатиль-
ности, адаптивная фильтрация, одношаговый MLE-процесс.
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