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Abstract

In the paper, the retrial queueing system of M/M/1 type with input Poison
flow of events and impatient calls is considered. The service time, delay time of
calls in the orbit and the impatience time of calls in the orbit have exponential
distribution. Asymptotic diffusion analysis method is proposed for the solving
problem of finding distribution of the number of calls in the orbit under a long
delay of calls in orbit and long time patience of calls in the orbit condition.

Keywords: Retrial queueing system, Impatient calls, Asymptotic diffusion
analysis

1. Introduction

At the present time retrial queueing systems (RQ-systems) research is in the
demand as evidenced by numerous papers in this area and grants support. The
systems as mathematical models are very suitable for modern telecommunication
systems, networks, mobile networks describing. Along with the construction of
mathematical models of RQ-systems, new methods of their study are being developed.
A fairly new method is asymptotic diffusion analysis method, as a modification of
the asymptotic analysis method. Both of them are suggested by the Tomsk research
school, and there are interesting works [1, 2, 3, 4], in which the asymptotic diffusion
analysis method is used.

The present paper is devoted to study of the retrial queueing system of M/M/1
with impatient calls by the asymptotic diffusion analysis method.

The repoted study was funded by the RFBR and Tomsk region according to the research project
No.19-41-703002.
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2. Mathematical Model

We consider an retrial queueing system with one server and Poisson arrival process
with intensity λ. An arriving call (or customer) that has found the service device free
takes it for the service for a random time distributed exponentially with parameter
µ. If the device is busy, calls that arrive go into the orbit. On the orbit, each call,
independently of others, waits for a random time whose duration has an exponential
distribution with parameter σ, and then again accesses the device with a second
attempt to obtain servicing. If the device is free, the call from orbit occupies it for
random servicing time. If the device is busy, call immediately goes into the orbit
and wait once more random time. Moreover, a call from the orbit leaves the system
after exponential distributed time with parameter α, demonstrating the “impatience”
property.

The problem is to find the stationary distribution of the number of calls in the
orbit. This problem has been solved in [5] by the asymptotic analysis method under
a long time patience of calls in the orbit condition. In the present paper we use
asymptotic diffusion analysis under a long delay of calls in orbit and long time
patience of calls in the orbit condition to study the stationary distribution P (i) of
the number of calls in the orbit.

3. Process of the System States: System of Kolmogorov
Differential Equations in terms of Partial Characteristic Functions

Let us consider Markovian process {k(t), i(t)} determined states of the considered
RQ-system where i(t) is the number of calls in the orbit at the moment t, i(t) =
0, 1, 2, 3, . . . , k(t) defines device state at the moment t and takes one of the following
values: k(t) = 0, if server is free at the moment t, and k(t) = 1, if server is busy at
the moment t.

Denote as P0(i, t) = P {k(t) = 0, i(t) = i} and P1(i, t) = P {k(t) = 1, i(t) = i}
the probability that, at the moment t, there are i calls in the orbit, i = 0, 1, 2, . . . ,
and the service device is free or the server is busy respectively.

Introduce the partial characteristic functions

Hk(u) =

∞∑
i=0

ejuiPk(i, t), k = 0, 1, j =
√
−1. (1)

To obtain the probability distribution P0(i, t), P1(i, t) for the states of the retrial
queue M/M/1 with impatient calls in the orbit, we construct a system of Kolmogorov
differential equations [5] and write it in terms of partial characteristic functions (1)
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
∂H0(u, t)

∂t
= −λH0(u, t) + µH1(u, t) + j

(
σ + α

(
1− e−ju

)) ∂H0(u, t)

∂u
,

∂H1(u, t)

∂t
= λH0(u, t)−µH1(u, t)−λ

(
1−eju

)
H1(u, t)− jσe−ju

∂H0(u, t)

∂u

+jα
(
1− e−ju

) ∂H1(u, t)

∂u
.

(2)

In adding the first equation by the second equation of (2) we get (3)

∂H(u, t)

∂t
=
(
1− e−ju

)(
λejuH1(u, t) + j (σ + α)

∂H0(u, t)

∂u
+ jα

∂H1(u, t)

∂u

)
, (3)

where H(u, t) = H0(u, t) +H1(u, t).
We use the system (2) and equation (3) for diffusion approximation in three

stages: 1) obtaining the drift (transfer) coefficient; 2) centering the process and
obtaining the diffusion coefficient; 3)diffusion approximation.

4. Obtaining the Drift (Transfer) Coefficient

In the system (2) and equation (3), we make the substitutions σ = ε, α = qε,
u = εw, τ = εt, Hk(u, t) = Fk(w, ε, τ), k = 0, 1, where ε is infinitesimal value, so

ε
∂F0(w, ε, τ)

∂τ
=−λF0(w, ε, τ)+µF1(w, ε, τ)+j

(
1+q−qe−jwε

)∂F0(w, ε, τ)

∂w
,

ε
∂F1(w, ε, τ)

∂τ
= λF0(w, ε, τ)− µF1(w, ε, τ)− λ

(
1− ejwε

)
F1(w, ε, τ)

−je−jwε∂F0(w, ε, τ)

∂w
+ jq

(
1− e−jwε

) ∂F1(w, ε, τ)

∂w
,

ε
∂F (w, ε, τ)

∂τ
=
(
ejwε − 1

)(
λF1(w, ε, τ) + j (1 + q) e−jwε∂F0(w, ε, τ)

∂w

+jqe−jwε∂F1(w, ε, τ)

∂w

)
.

(4)

Transform the equations of (4) under ε → 0 with Fk(w, τ) = lim
ε→0

Fk(w, ε, τ),

k = 0, 1, and find their solution Fk(w, τ), k = 0, 1, in the form

Fk(w, τ) = Rk exp {jwx(τ)} , k = 0, 1, (5)

where Rk = Hk(0), k = 0, 1, x(τ) - unknown function of time τ .
Substituting (5) in (4) we get the following

R0 = R0(x(τ)) =
µ

λ+ µ+ x(τ)
,

R1 = R1(x(τ)) =
λ+ x(τ)

λ+ µ+ x(τ)
,

x′(τ) = a(x(τ)) = λ− qx(τ)− (λ+ x(τ))R0(x(τ)).

(6)
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5. Centering the Process and Obtaining the Diffusion Coefficient

In (2) and (3) we let

Hk(u, t) = exp

{
ju

σ
x(σt)

}
H

(2)
k (u, t), k = 0, 1, (7)

and then we make the substitutions σ = ε2, α = qε2, u = εw, τ = ε2t, H
(2)
k (u, t) =

F
(2)
k (w, ε, τ), k = 0, 1, to obtain the system below after some transformations



jwεa(x(τ))F
(2)
0 (w, ε, τ)=µF

(2)
1 (w, ε, τ)−[λ+x(τ)+qjwεx(τ)]F

(2)
0 (w, ε, τ)

+jε
∂F

(2)
0 (w, ε, τ)

∂w
+O(ε2),

jwεa(x(τ))F
(2)
1 (w, ε, τ) = [λ+ (1− jwε)x(τ)]F

(2)
0 (w, ε, τ)

+ [λjwε− µ− qjwεx(τ)]F
(2)
1 (w, ε, τ)− jε∂F

(2)
0 (w, ε, τ)

∂w
+O(ε2),

ε2
∂F (2)(w, ε, τ)

∂τ
+ jwεa(x(τ))F (2)(w, ε, τ) =

(
jwε+

(jwε)2

2

)
{
− (1 + q) (1− jwε)x(τ)F

(2)
0 (w, ε, τ) + [λ− q (1− jwε)x(τ)]F

(2)
1 (w, ε, τ)

+jε (1 + q)
∂F

(2)
0 (w, ε, τ)

∂w
+ jqε

∂F
(2)
1 (w, ε, τ)

∂w

}
+O(ε3).

(8)

The solution of equations system (8) has the following form{
F

(2)
k (w, ε, τ) = Φ(w, τ) (Rk + jwεfk) +O(ε2), k = 0, 1,
R0 +R1 = 1,

(9)

where Rk = Rk(x(τ)), k = 0, 1, are defined above, f0, f1, (f0 + f1 = f), are constants,
and Φ(w, τ) is determined function.

Using (6) and (9) in (8) after transformations we can get

− [λ+ x(τ)] f0 + µf1 = [a(x(τ)) + qx(τ)]R0 −R0
∂Φ(w, τ)/∂w

wΦ(w, τ)
,

[λ+x(τ)] f0−µf1=[a(x(τ))−λ+qx(τ)]R1+x(τ)R0+R0
∂Φ(w, τ)/∂w

wΦ(w, τ)
,

∂Φ(w, τ)

∂τ
= (jw)2Φ(w, τ) {−a(x(τ))f + qx(τ)R1 + [λ− qx(τ)] f1

− (1 + q)x(τ)f0 + (1 + q)x(τ)R0} − w(1 + q)R0
∂Φ(w, τ)

∂w

−wqR1
∂Φ(w, τ)

∂w
+

(jw)2

2
a(x(τ))Φ(w, τ).

(10)
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The solution of system (10) has the form

fk = CRk + gk − ϕk
∂Φ(w, τ)/∂w

wΦ(w, τ)
, k = 0, 1, (11)

and after substitution (11) in the first and the second equations of the (10) we obtain
the equations systems (12), (13) for the ϕk and gk, k = 0, 1, respectively{

− [λ+ x(τ)] g0 + µg1 = [a(x(τ)) + qx(τ)]R0,
[λ+ x(τ)] g0 − µg1 = [a(x(τ))− λ+ qx(τ)]R1 + x(τ)R0,

(12)

{
[λ+ x(τ)]ϕ0 − µϕ1 = −R0,
− [λ+ x(τ)]ϕ0 + µϕ1 = R0.

(13)

Equations (6) and additional condition g0 + g1 = 0 for the (12) lead us to (14)
ϕk = ϕk(x(τ)) =

∂Rk(x(τ))

∂x(τ)
, ϕ0 + ϕ1 = 0, k = 0, 1,

g0 = g0(x(τ)) = −a(x(τ)) + qx(τ)

λ+ µ+ x(τ)
R0(x(τ)), g1 = −g0.

(14)

The third equation of the (10) with (6), (11), (14) can be rewritten as

∂Φ(w, τ)

∂τ
= a′(x(τ))w

∂Φ(w, τ)

∂w
+ b(x(τ))

(jw)2

2
Φ(w, τ), (15)

where

b(x(τ)) = a(x(τ)) + 2
(
qx(τ)R1(x(τ)) + (1 + q)x(τ)R0(x(τ)) + [λ+ x(τ)] g1

)
. (16)

6. Diffusion Approximation

Using (15) and (1), (7), (8) we can get the Fokker-Plank equation for the proba-
bility density of an diffusion process y(τ) with drift (transfer) coefficient a′(x(τ))y(τ)
and diffusion coefficient b(x(τ))

∂P (y(τ), τ)

∂τ
= −a′(x(τ))

∂ {y(τ)P (y(τ), τ)}
∂y(τ)

+
b(x(τ))

2

∂2P (y(τ), τ)

∂y2(τ)
, (17)

and the process y(τ) is the solution of the stochastic differential equation (18)

dy(τ) = a′(x(τ))y(τ)dτ +
√
b(x(τ))dω(τ), (18)

where ω(τ) is the Wiener process.

302



E.Yu. Danilyuk, S.P. Moiseeva, et al.
Asymptotic Diffusion Analysis of RQ-system

DCCN 2021
20-24 September 2021

Introduce diffusion process z(τ) = x(τ)+εy(τ) and write the stochastic differential
equation (19) for z(τ)

dz(τ) = a(z(τ))dτ + ε
√
b(z(τ))dω(τ). (19)

Denote the probability density of the z(τ) as Π(z(τ), τ) =
∂P {z(τ) < z}

∂z
and he

Fokker-Plank equation for it can be written as follows

∂Π(z(τ), τ)

∂τ
= −∂ {a(z(τ))Π(z(τ), τ)}

∂z(τ)
+
ε2

2

∂2 {b(z(τ))Π(z(τ), τ)}
∂z2(τ)

. (20)

The solution of the equation (20) for stationary probability distribution of the
process z(τ) has the form

Π(z) =
C

b(z)
exp

 2

σ

z∫
0

a(x)

b(x)
dx

 , C − constant. (21)

Finally, based on the (21) in (22) we get diffusion approximation P̃ (i) for the
stationary distribution P (i) of the number of calls in the orbit

P̃ (i) =
Π(iσ)
∞∑
k=0

Π(kσ)

. (22)

7. Numerical Results

Preliminary calculations suggest that theoretical results are consistent with
simulation ones. To compare the pre-limit probability distribution of the number of
calls in the orbit of considered queueing system P (i) calculated via matrix method
and its approximation PD(i) constructed by using the asymptotic diffusion analysis
method for different values of the system parameters we use Kolmogorov distance ∆

between respective distribution functions: ∆ = max
n≥0

∣∣∣∣ n∑
i=0

[P (i)− PD(i)]

∣∣∣∣.
The comparison of the distributions is shown in Figures 1, 2.

8. Conclusion

In the present paper, retrial queueing system of M/M/1 type with impatient
customers in the orbit is considered. In the course of the study, the asymptotic
diffusion analysis method was used and the diffusion approximation of the stationary
probability distribution of the calls number in the orbit was obtained. As a asymptotic
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Fig. 1. Comparison of the asymptotic (solid line) and the pre-limit (dashed line)
distributions for σ = 0.01, λ = 0.4, µ = 1, q = 2, H = 1, ∆ = 0.012.

Fig. 2. Comparison of the asymptotic (solid line) and the pre-limit (dashed line)
distributions for σ = 0.001, λ = 0.4, µ = 1, q = 2, H = 1, ∆ = 0.0027.

304



E.Yu. Danilyuk, S.P. Moiseeva, et al.
Asymptotic Diffusion Analysis of RQ-system

DCCN 2021
20-24 September 2021

condition it was taken condition of a long delay of calls in orbit and a long time
patience of calls in the orbit. In further studies it is planned to obtain numerical
results about diffusion approximation and compare them with the asymptotic analysis
method results from [5]. Based on the works of the other authors from references, for
example, it can be assumed that the asymptotic diffusion analysis method is more
accurate than asymptotic analysis method under the same asymptotic condition.
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