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Abstract
The cooling process of electronic devices having heat-generating elements is a major challenge allowing to develop electron-
ics industry. Therefore, a creation of novel cooling techniques is an important task that can be solved numerically taking into 
account the multiparametric character of this problem. The mixed convection heat transfer combined with thermal radiation 
in a lid-driven cavity filled with an alumina–water nanofluid under the effect of sinusoidal time-dependent heat-generating 
solid element is studied numerically. The partial differential equations formulated in stream function–vorticity variables are 
solved by the finite difference method. Effects of the Rayleigh number, Reynolds number, thermal radiation parameter, heater 
location, volumetric heat flux oscillation frequency and nanoparticles volume fraction on liquid flow and heat transfer are 
analyzed. It has been found that an addition of nanoparticles leads to reduction of the heater temperature, while convective 
flow rate decreases also.
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Introduction

Nowadays, many experimental and numerical papers on 
convective heat transfer within enclosures with local heat-
ers were published [1–14]. Some of them are devoted to 
analysis of isothermal heater effect neglecting the heater 
sizes [1–8], while other papers deal with heaters of finite 
sizes [1, 2, 9–14]. Thus, Karataş and Derbentli [15] inves-
tigated the natural convection and radiation in rectangular 
closed spaces with different aspect ratios. They performed 
also experiments on heat transfer. The variations of the 
temperature profile and the local Nusselt number along 
the cavity height are presented. Sun et al. [16] investi-
gated the performance of the DOM, FVM, P1, SP3 and P3 

methods for 2D combined natural convection and radia-
tion heat transfer for an absorbing, emitting medium. They 
obtained temperature distributions, heat transfer rate and 
computational performance in terms of accuracy and com-
puting time. Mahfooz et al. [17] considered the radiation 
effects on a transient two-dimensional natural convection 
for electrically conducting and optically dense fluid along 
a vertical flat surface in the presence of heat generation. 
Hashemi et al. [18] concerned with the natural convection 
in a porous closed space occupied by Cu–water micropo-
lar nanofluid. They applied the Darcy model to simulate 
macroscopic flow dynamics in the presence of internal 
heating. They found that an increment in Da number leads 
to a decrease in the strength of fluid flow and microrotation 
of particles. Hussain et al. [19] performed a computational 
analysis on mixed convection in a double-sided lid-driven 
closed space in the presence of volumetric heat generation 
or absorption. They solved the governing parameters via 
Galerkin weighted residual finite element method in space 
and the Crank–Nicolson in time. They observed that heat 
transfer increases with increase in nanoparticle volume 
fraction. Dogonchi and Ganji [20] made the simultaneous 
of convection–radiation through a moving fin under the 
heat generation. In their work, the heat transfer coefficient, 
thermal conductivity and heat generation are varied with 
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temperature by using differential transformation method 
(DTM).

Karbasifar et  al. [21] solved the problem of mixed 
convection in a lid-driven closed space with hot ellipti-
cal centric cylinder filled with nanofluid. Increase in the 
temperature difference between the cold walls and the 
cylinder at a constant Richardson number, volume frac-
tion and cavity angle increases the Nusselt number and 
heat transfer in such a way that the increasing trend of the 
Nusselt number depends on volume fraction, fluid velocity 
and cavity angle. Hussain et al. [22] made serial numerical 
simulations to examine the effect of inclination angle on 
the heat transfer of nanofluid for mixed convection flows in 
a partially heated double lid-driven inclined closed space. 
At the lower wall of the closed space, two heat sources are 
fixed. Ahmed and Elshehabey [23] studied the buoyancy-
driven heat transfer of nanofluids in inclined closed spaces 
in the presence of heat generation or absorption effect. In 
their case, the bottom and top walls of the closed space 
are taken as adiabatic. They found that a closed space with 
a square obstacle enhances the heat transfer rate with a 
higher rate comparing with the circular cylinder case. 
Raisi [24] performed a numerical analysis for the con-
jugate heat transfer in a square closed space filled with a 
copper–water nanofluid. The closed space contains a heat-
generating solid square block (a heat source) at the center. 
Higher thermal conductivity of the heat source is related 
to the temperature of the nanofluid in the closed space, the 
temperature of the heat source and the average Nu number. 
Mansour and Ahmed [25] discussed the natural convection 
in an inclined triangular closed space filled with Cu–water 
nanofluid in the presence of porous medium and heat gen-
eration effect. They found that average Nusselt number 
increases with increase in the nanoparticle volume fraction 
and an increase in the heat generation parameter leads to 
a decrease in the average Nu number. Other interesting 
results on mixed convection in a lid-driven chamber can 
be found in [26–31].

Ambreen et al. [32] investigated the effects of fin shape on 
mixed convection heat transfer and fluid flow. Cui et al. [33] 
showed the effects of nanofluids on heat transfer enhance-
ment by using field synergy analysis. Al-Kalbani and Rah-
man [34] investigated the convective heat transfer of nano-
fluid in an inclined square closed space. Control of heat 
transfer and fluid flow can be made by using magnetic field 
[35]. It has been showed that increase in power of magnetic 
field reduces the heat transfer. Mixed convection heat trans-
fer and fluid flow is studied in the presence of nanofluid for 
vented cavities [36], double-sided lid-driven cavities with 
inner body [37] and lid-driven cavities [38–41] for different 
boundary conditions. Nanofluids are also used as control ele-
ment for combustion [42]. Again, complex problems such as 
three-dimensional analysis in the presence of magnetic field 

[43] or electronical applications [44, 45] are studied. Other 
applications can be found in papers [46–52].

Taking into account the presented brief review, it is pos-
sible to conclude that there are no papers on mixed convec-
tion and thermal radiation in a lid-driven cavity filled with 
a nanofluid under the effect of the heat-conducting element 
with transient internal volumetric heat generation. Therefore, 
the aim of the present work is to study numerically mixed 
convection combined with thermal radiation in a square lid-
driven cavity filled with an alumina–water nanofluid under 
the effects of transient heat-generating source. It should be 
noted that the present work deals with analysis of passive 
cooling system in the case of transient heat-generating ele-
ment and thermal radiation using the smart fluid.

Basic equations

The physically mixed convective heat transfer in a 
square cavity with moving upper wall under the effect 
of local heat-generating source is depictured in Fig. 1. 
The domain of interest includes the square heater of size 
0.2L with time-dependent volumetric heat generation 
Q(t) = 0.5q{1 − sin(�t)} . This element is located on the left 
adiabatic side of vertical wall. The remaining walls are adi-
abatic too with the exception of the upper moving wall of 
constant low temperature Tc. This wall moves in positive 
x-coordinate direction with constant velocity V0. The nano-
fluid contains solid spherical aluminum oxide nanoparticles, 
and their physical properties can be found in [53]. Thermal 
equilibrium between the fluid phase and nanoparticles is 
assumed.

It is assumed in the analysis that the nanofluid is heat-
conducting, Newtonian, and the Boussinesq approximation 
is valid. The governing equations based on the previous 
assumptions in dimensional Cartesian coordinates can be 
written as follows:

• for the nanofluid
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• for the heat-generating source

Invoking Rosseland approximation for thermal radiation, 
we have [54]

Expanding T4 in Taylor series about Tc and neglecting 
higher-order terms, we have T4 ≈ 4TT3

c
− 3T4

c
 , so that we 

have
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(
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At the same time, effective viscosity and thermal conduc-
tivity are the functions of nanoparticles volume fraction that 
have been obtained by Ho et al. [55].

The governing equations of convective heat transfer in 
dimensionless variables stream function—vorticity become:

• for the nanofluid
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Fig. 1  Physical model (a) and 
employed uniform mesh (b)
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Table 1  Mean Nusselt number 
at the moving border for 
Gr = 100 and Pr = 0.71

Reference Re

1 100 400 500 1000

Data of Abu-Nada and 
Chamkha [56]

1.010134 2.090837 4.162057 4.663689 6.551615

Data of Waheed [57] 1.00033 2.03116 4.02462 4.52671 6.48423
Obtained data 1.00033 2.04935 4.09826 4.6179 6.70345

Table 2  Mean Nusselt number at the hot border for Ra = 8.663×107 
and Pr = 7.002

Alumina nanoparticles vol-
ume fraction

0.01 0.02 0.03

Experimental results [55] 32.2037 31.0905 29.0769
Obtained numerical data 31.6043 31.2538 30.829
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• for the heat-generating element

The initial and boundary conditions for the formulated 
problem (6)–(9) are as follows:
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Here, Re is the Reynolds number; Ra is the Rayleigh 
number; Pr is the Prandtl number; Rd is the radiation param-
eter, f is the dimensionless oscillation frequency and there 
are the additional functions H1(�) , H2(�) , H3(�) and H4(�) , 
which are defined as

(12)
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Fig. 2  Variation of the average 
Nusselt number (a), maximum 
absolute value of the stream 
function (b) and average 
temperature inside the heater (i) 
versus the dimensionless time 
and the mesh parameters
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Fig. 3  Evolution of streamlines for Ra = 105, Re = 100, Rd = 1, δ = 0.4, f = 0.05π at ϕ = 0.0 (solid lines) and ϕ = 0.04 (dashed lines)
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The physical quantity of interest is the average Nusselt 
number at heat source surface defined as:

Here, the effective thermal conductivity of the nanofluid 
was defined using the empirical data of Ho et al. [55] as fol-
lows: knf = kf

(

1 + 2.944� + 19.672�2
)

.

(14)Nu =
1

l

l

∫

0

(

−
knf
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��

�n

)

d�

Numerical method

The partial differential Eqs. (8)–(11) with corresponding 
initial and boundary conditions (12) have been solved by 
finite difference method using the uniform grid [10–12, 53, 
54]. The complicated validation analysis has been performed 
earlier [10–12, 53, 54].

In the case of a convective energy transport in a lid-
driven chamber, the developed computational code has 
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been verified using the numerical data of [56, 57]. Table 1 
demonstrates a very good comparison for the mean Nusselt 
number at the moving top border for Gr = 100 and Pr = 0.71.

In the case of alumina–water nanosuspended natural 
convection within a square region, the developed code has 
been verified using the experimental data of Ho et al. [55]. 
Table 2 shows a very good agreement with experimental 
data for the mean Nusselt number at heated border.

The method of solution has been tested on different 
meshes. Figure 2 shows the sensitivity of the average Nus-
selt number at the heater surface, maximum absolute value 
of the stream function and average temperature inside the 
heater for Re = 100, Ra = 105, Pr = 6.82, Rd = 1, ϕ = 0.02, 
δ = d/L = 0.4, f = 0.05π.

Taking into account the obtained results for 0 ≤ τ ≤ 200, 
the computational mesh of 200 × 200 has been selected for 
an investigation owing to obtain an appropriate accuracy 
and optimal calculation time. A sample of the used uniform 
mesh is presented in Fig. 1b.

Results and discussion

A numerical study has been conducted for the follow-
ing values of the control parameters as: Rayleigh number 
(Ra = 103–106), Reynolds number (Re = 50–500), Prandtl 
number (Pr = 6.82), radiation parameter (Rd = 0–3), nanopar-
ticles volume fraction (0 ≤ ϕ ≤ 0.04), heat source location 
(0.1 ≤ δ ≤ 0.7), volumetric heat flux oscillation frequency 
(f = 0.01π–0.1π) and heat source material (silicon). The used 
thermal properties of the alumina/water nanofluid and heat 
source material can be found in [53, 58]. Particular efforts 
have been focused on the effects of these parameters on the 
fluid flow and heat transfer. Streamlines, isotherms, average 
Nusselt numbers at the heater surface, nanofluid flow rate 
and average temperature inside the heater for different values 
of governing parameters mentioned above are illustrated in 
Figs. 3–9.

Figure 3 shows the streamlines during one period for the 
heater average temperature at Ra = 105, Re = 100, Rd = 1, 

Fig. 5  Variation of mean 
Nusselt number 
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 (a), liquid 
motion rate (b) and average 
temperature inside the heater (c) 
with the dimensionless time for 
Re = 100, Rd = 1, δ = 0.4, 
f = 0.05π, different values of 
Rayleigh number and nanoparti-
cles volume fraction
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δ = 0.4, f = 0.05π and different values of nanoparticles con-
centration. Regardless of the considered dimensionless 
time values at quasi-stationary mode, one clockwise con-
vective circulation is formed inside the cavity reflecting an 
ascending flows near the heater and descending flows near 
the right vertical wall. Such flow nature can be explained 
by the heater location and the effect of the moving upper 
wall. The flow structures for all considered time values 
are typical, and they do not have any essential differences. 
Some differences can be found in the size of the right bot-
tom corner recirculation. Namely, a growth of this recir-
culation scale can be found for low heater temperature and 
during the next several time points when this temperature 
rises. Moreover, an additional recirculation places over the 
heated element and the size of this vortex has the similar 
behavior. Also, it is possible to conclude that in the case 
of low θavg the fluid flow rate is low also. An insertion 

of nanoparticles leads to a growth of the liquid viscosity 
and as a result, convective flow intensity reduces. At the 
same time, the heater average temperature decreases also 
due to a rise of the liquid effective thermal conductivity. 
It is interesting to note that maximum values of θavg are 
reduced, while the minimum value changes weakly. Such 
behavior can be explained by low impact of the internal 
volumetric heat generation for this time moment. It should 
be noted that in the case of nanofluid (ϕ = 0.04) the size 
of right bottom corner minor vortex is less than for pure 
fluid (ϕ = 0.0).

Distributions of the isotherms are presented in Fig. 4 to 
illustrate different style of the thermal plume formation over 
the heater. Taking into account the formed flow structures 
inside the cavity, thermal plume develops along the left 
vertical wall, while heating of the right and bottom parts 
occurs due to heat conduction. In the case of high average 

Fig. 6  Variation of mean 
Nusselt number 

(
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)

 (a), liquid 
motion rate (b) and average 
temperature inside the heater (c) 
with the dimensionless time for 
Ra = 105, Rd = 1, δ = 0.4, 
f = 0.05π, different values of 
Reynolds number and nanopar-
ticles volume fraction
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temperature inside the heater, when we have maximum value 
of the internal volumetric heat generation, isotherms near 
the heater have high values and isotherm θ = 0.1 locates 
along the upper cold moving wall. As a result, upper mov-
ing wall cools the cavity. In the case of minimum θavg when 
internal volumetric heat flux is zero, we have low tempera-
tures close to the heater surface and inside the heater. Such 
quick temperature variation inside the heater occurs due to 
high thermal conductivity of the heater material (silicon).

It is worth noting that an addition of nanoparticles leads 
to more intensive cooling of the upper part due to low 
dynamic viscosity and high thermal conductivity. At the 
same time, the bottom part is cooled not so essential like 
for the case of pure fluid (ϕ = 0.0). Low internal heat flux 
for τ = 173.3 reflects a domination of heat conduction with 
weak forced convective flows along the right vertical wall 
from the moving upper wall. Moreover, an evolution of the 
thermal plume over the heater illustrates the inertia of the 

working fluid. Namely, when the average heater temperature 
decreases one can find a formation of stable thermal plume 
over the heater, while for a growth of the average heater 
temperature this thermal plume distorts. Such changes can 
be found in comparison between τ = 163.05 and τ = 183.05. 
For these time points θavg = 1.0, but the temperature fields 
are differ due to a finite temperature distribution rate.

Figure 5 characterizes the influence of dimensionless 
time, Rayleigh number and nanoparticles volume fraction 
on the average Nusselt number along the heater surface, 
liquid flow rate inside the cavity and average temperature 
within the heater. The considered time moments reflect a 
formation of periodic quasi-stationary mode. Increase in the 
Rayleigh number results in a weak increase in the average 
Nusselt number and fluid flow rate, while average tempera-
ture inside the heater decreases with Ra due to more inten-
sive circulation. It is well known that high values of the 
Rayleigh number illustrate more intensive convective flow. 

Fig. 7  Variation of mean 
Nusselt number 

(

Nu

)

 (a), liquid 
motion rate (b) and average 
temperature inside the heater (c) 
with the dimensionless time for 
Ra = 105, Re = 100, δ = 0.4, 
f = 0.05π, different values of 
radiation parameter and 
nanoparticles volume fraction
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Liquid flow rate reflects also low-intensive circulation inside 
the enclosure for low values of the Rayleigh number, when 
heat conduction is a dominated heat transfer mechanism. 
|Ψ|max increases with Ra. Complicated changing of |Ψ|max 
for Ra = 106 characterizes the significant intensification of 
convective flow and a formation of chaotic flow nature, but 
the regime is still periodic. Such complicated shape of this 
profile illustrates more complex flow modification compared 
to the heat transfer performance that reflects a dependence 
of the flow structure on buoyancy force compared to energy 
transport performance.

At the same time, an addition of nanoparticles leads 
to weak growth of Nu , while |Ψ|max decreases and θavg 
decreases also with ϕ. The latter is more desirable behav-
ior taking into account the objective of the passive cooling 
system. At the same time, more intensive cooling of the 
heat-generating element with nanoparticles occurs for low 
values of the Rayleigh number, where heat conduction is a 
dominate heat transfer regime. Such result was mentioned 
in some published papers [59, 60] that characterize more 

essential influence of the nanoparticles only for the heat 
conduction regimes.

An impact of the Reynolds number combined with 
nanoparticles volume fraction and dimensionless time is 
presented in Fig. 6. The effect of nanoparticles volume 
fraction has been described above. In the case of Re influ-
ence, one can find a reduction of all considered param-
eters. Therefore, a growth of the upper moving velocity 
leads to the cooling of the heated element. It should be 
noted that an increase of the Reynolds number leads to a 
weak displacement of the oscillation period for all con-
sidered parameters. Moreover, more intensive motion of 
the upper border leads to strong reduction of the oscilla-
tion amplitude for the fluid circulation rate. Therefore, the 
velocity of upper moving border can suppress the oscillat-
ing influence of the periodic volumetric heat generation of 
the heater on the fluid circulation.

The effect of the thermal radiation parameter on the con-
sidered integral characteristics is shown in Fig. 7. A growth 
of Rd leads to small changes of the average Nusselt number, 

Fig. 8  Variation of mean 
Nusselt number 

(

Nu

)

 (a), liquid 
motion rate (b) and average 
temperature inside the heater (c) 
with the dimensionless time for 
Ra = 105, Re = 100, Rd = 1, 
f = 0.05π, different values of 
heater location and nanoparti-
cles volume fraction
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while nanofluid flow rate increases with Rd and as a result 
the average heater temperature augments also.

It is interesting to note that the impact of the nanoparti-
cles volume fraction is more essential for high values of the 
thermal radiation parameter. In the case of small changes 
of the average Nusselt number, it is possible to notice the 
complex nature of this parameter that depends not only on 
the fluid and solid material properties but also the formed 
flow and heat transfer regime.

Figure 8 demonstrates the variations of the average Nus-
selt number, liquid flow rate and average heater temperature 
with dimensionless time, the heater location and nanoparti-
cles concentration for Ra = 105, Re = 100, Rd = 1, f = 0.05π. A 
displacement of the heater from the bottom wall (δ = 0.1) to 
the upper border (δ = 0.7) leads to the small variation of Nu , 
while liquid flow rate reduces and heater average tempera-
ture diminishes also. The latter occurs due to the proximity 
of the cold wall to the heated element. The effect of the nan-
oparticles on the average heater temperature is significant 
when the heated element is located near the upper moving 

cold wall. At the same time, a displacement of the heater 
from the lower border till the upper one characterizes a weak 
displacement of the oscillation period. Such modification 
can be found for the average heater temperature and liquid 
circulation strength. It is interesting to note that the proxim-
ity of the cold border reduces the oscillation amplitude for 
the liquid motion strength and average heater temperature.

The impact of the volumetric heat flux oscillation fre-
quency on Nu , |Ψ|max and θavg is demonstrated in Fig. 9. A 
growth of the oscillation frequency leads to a reduction of 
the oscillation period for the considered control parameters. 
At the same time, the oscillation amplitude decreases also 
with f. As a result, low value of the volumetric heat flux 
oscillation frequency can lead to an appearance of high val-
ues of the average heater temperature that can be a reason 
for the system failure.

Fig. 9  Variation of mean 
Nusselt number 

(

Nu

)

 (a), liquid 
motion rate (b) and average 
temperature inside the heater (c) 
with the dimensionless time for 
Ra = 105, Re = 100, Rd = 1, 
δ = 0.4, different values of 
volumetric heat flux oscillation 
frequency and nanoparticles 
volume fraction
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Conclusions

The mixed convection heat transfer combined with thermal 
radiation in a lid-driven cavity filled with an alumina–water 
nanofluid under the impact of the heat-generating solid ele-
ment with a time-dependent internal volumetric heat flux 
has been studied. Governing equations formulated using 
the non-dimensional stream function, vorticity and tem-
perature have been solved numerically by the finite differ-
ence method. Effects of the Rayleigh number, Reynolds 
number, the thermal radiation parameter, heater location, 
volumetric heat flux oscillation frequency and nanoparticles 
volume fraction on liquid flow and heat transfer have been 
investigated. It has been revealed that the average Nusselt 
number, liquid flow rate and average heater temperature are 
the periodic functions for the quasi-stationary regime. At 
the same time, the average Nusselt number is an increasing 
function of the Rayleigh number, thermal radiation param-
eter, nanoparticles volume fraction and distance between 
the heater and bottom wall, while Nu decreases with the 
Reynolds number and volumetric heat flux oscillation fre-
quency. More important parameter for analysis of passive 
cooling system is an average heater temperature. It has been 
ascertained that an insertion of nanoparticles, a growth of 
the upper wall velocity, a reduction of the distance between 
the heater and the upper wall and a rise of the volumetric 
heat flux oscillation frequency can essentially reduce the 
heater temperature. Therefore, the alumina nanoparticles and 
moving cold wall can be very good control parameters for 
the passive cooling system.
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