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Abstract

In this paper, we consider multiserver retrial queue with two-way commumni-
cation. Incomimg calls arrive according to the Poisson process and reserve the
server for an erponentially distributed time. If all of the servers are busy the
incoming call joins the orbit and makes a delay for an erponentially distributed
time before the next attempt to occupy the server. Idle servers also make outgoing
calls following a distinct exponential distribution. Using the asymptotic-diffusion
analysis method we derive the approrimation for the stationary probability dis-
tribution of the number of calls in the orbit.

Keywords: multiserver retrial queue, two-way communication, incoming call,
outgoing call, asymptotic-diffusion analysis, diffusion approximation

1. Introduction

Currently, more and more services are partially or fully working in a call-center
mode. Banks use call centers to advise customers and to advertise their services;
online stores utilize call centers to refine and confirm orders, and call centers also
exist independently to conduct social surveys.

A lot of research papers are devoted to modeling call centers. Papers [1, 2, 3, 4]
are devoted to the quality of customer service in telephone services. In [5], the authors
present a study of incoming processes models in real call-centers. A statistical analysis
of the work of call-centers taking into account various aspects of the functioning of
the service is presented in the study [6].

Recently, retrial queues with two-way communication have been used as a model
of a blended call-center. The most detailed studies on retrial queues can be found

The publication has been prepared with the support of RFBR according to the research project
No.18-01-00277.
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n |7, 8. The main feature of model with two-way communication is that during
idle time, the server makes outgoing calls and serves them along with incoming calls.
As an outgoing call we refer to an operator’s call to a client, or any other type of
alternative operator’s activities rather than serving incoming calls. Thus, retrial
queueing models with two-way communication are flexible and allow you to simulate
most modern telephone services. In [9] the model of multiserver retrial queue with
two-way communication was was proposed and numerical analysis was presented.

In this paper, we consider the same model as in [9] but rather than numerical
analysis of the stationary distribution, our focus is to obtain the diffusion limit of
the underlying time-dependent Markov process [10]. As a byproduct, the limiting
results are then used to approximate the probability distribution of the number of
customers in the orbit in the stationary state.

The rest of our paper is organized as follows. Section 2 is devoted to the
presentation of the model and preliminary analysis of the underlying Markov chain.
Our main results are in Section 3 where we present the asymptotic-diffussion analysis
to obtain the diffusion limit of the underlying Markov chain. In Section 4 we describe
an algorithm for constructing a probability distribution approximation of the system
state. Section 5 shows the diffusion approximation accuracy for several values of
system parameters. Finally, Section 6 is devoted to some concluding remarks.

2. Mathematical model

We consider multiserver retrial queue with two-way communication. The input
process is a stationary Poisson process with rate A. Service times of incoming calls
are exponentially distributed with rate uy. Calls that find servers fully occupied
join the orbit and reattempt to access the server after an exponentially distributed
delay with rate 0. When the server is idle it makes an outgoing calls with rate a and
provides the service for an exponentially distributed time with rate ps. We denote
N is the number of servers in the system.

Let n1(t), n2(t) denote the number of servers busy serving incoming and outgoing
calls at the time ¢, respectively. Also i(t) is a number of calls in the orbit. Thus, we
can see that three-dimensional random process {ni(t), na(t), i(t)} is a continuous
time Markov chain.

Let P(ni,n2,i,t) = P{ni(t) = n1,n2(t) = ng,i(t) = i} denotes the probability
distribution of the process {ni(t), na(t), i(t)}, which is the solution of Kolmogorov’s
system of equations

M ()\+ZO'+NOZ) (0,0,’L,t) H1 (1707i7 ) H2 ( ’ ’i’ )’
oP(n , T 77;715 ; + + naia J
M = —()\ + 10+ (N — N1 — 712)04 nit1 Na b )P(n17n27 l,t)
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+AP(ny — L,ng,i,t) + (i + 1)oP(ny — L,ne, i+ 1, 6)+
+(N —nqg —ng + DaP(ny,ne — 1,4,t) + (n1 + D P(ng + 1,ne, 0,6+
+(n2 + 1)M2P(n1,n2 + 1,i,t), 0 <ni+n2 <N,

ap(nlvn% lvt)

i = —(A+nyp1 + nop2)Png, ne, i, t) + AP(ny — 1,n9,4, )+

+AP(ny,no, 0 — L,t) + (i + 1)oP(ny — L,ne, i+ 1, 6)+
+aP(ni,ne —1,4,t), ny +mne = N. (1)
Then we transform the system (1) into system for partial characteristic functions
H(ny,ng,u,t) = i)ej“iP(nl,ng,i,t), where j = /—1
=

aH(nlv N2, U, t)
ot

O0H(nq,no,u,t
(n1, n2 )+

= —(\+ Na)H j
(A+ Na)H (ny,n2,u,t) + jo ™

+M1H(7’L1 + 1,”2,U,t) + MQH(n17n2 + 1,U,t), ny+ng = 07
aH(”lv”Qvuv t)
ot
. OH(ny,n2,u,t OH(n1 — 1,n2,u,t
Vo (n1,n2,u,t) (n1 N2, U, t)
ou ou
+H(N —ny —ng + DaH(ny,ne — Lu,t) + (ny + DprH(ng + 1, ng,u, t)+
+(ng + DpsH(ni,ne + 1,u,t),0 <njp +ng < N,

aH(nlv g, U, t)
ot

= —(A+ (N —ny —n2)a +n1py + nope) H(ny,ng, u, t)+

+ AH(ny —1,n9,u,t) — joe™7" +

= —(A+nipr + nop2)H(ny, o, u, t) + AH(nw — 1,ng, u, t)+

OH(ny — 1,n2,u,t)
+
ou
+aH(ny,ny — Lu,t), nqg +ng = N. (2)

+ AT H (ny, ng, u, t) — joe™7

We denote H(u,t) is a matrix of functions H(n1,nz2,u,t) and rewrite the system
(2) in form of

H . . H
IR a4\ BYH(u, £) + jo(Ty — e—71p) T

ot ou (3)

533



DCCN 2020
Asymptotic-Diffusion Analysis of Multiserver Retrial Queue 14-18 September 2020

where A, B, Iy, I; are operators, which set in the following form
—(A+ Na)H(ny,n2, u, t) + prH(ng + 1,02, u,t)+
tpaH(na,ne + 1, u,t), n1+mng =0,

—(A+ (N —n1 —ng)a + napn + nape) H(na, ng, u, 1)+
HN —=ny — (n2 — 1))aH(n1,n2 — Lu, t)+

AH(u,t) = (4)
+)\H(n1 - 1,”2,U,t) + (nl + 1)M1H(nl + 17”27 'U/,t)+
+(ng + DuzH(ni,ne + 1,u,t), 0 <ni+mn2 <N,
_()‘ +nipn +n2u2)H(nlvn27uvt) + )‘H(nl - 1,”2,U,t)+
+aH(ni,ny — Lu,t), nqy +ng =N,
0, <N,
BH(u,t) — e (5)
H(n17n27u7t)7 n1+n2:N7
H ) ) 7t ) < N7
e )
0, n1+ng = N,
0, =0,
LH(u,t) = e (7)
H(ny —1,n2,u,t), my+ng>0.

We denote E as an operator that summarizing over all available values of 1, ng
and present the additional equation that we need to provide analysis

H , , H
EM — E(A + )\GJUB)H(U, t) + jOE(Io _ e—JUIl)M. (8)
ot ou
We also note that
E(A +)B) =0, E(Ip - I;) = 0. (9)

3. Asymptotic-Diffusion Analysis

In operator equations (3) and (8) we introduce the following notations
o=¢, u=cw, T=ct, H(u,t) = F(w,1,¢),
to obtain the equations

€8F(w, T,€)
or

OF(w, 7,¢)

= (A + NB)F(uw,7,2) + j(Io — e 7T G
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OF(w, T, , ) , OF(w, T,
&:E% = E(A + X*B)F(w, 1,¢) + jE(Iy — 6_3“’511)%. (11)
T

We solve the system (11) taking the limit as £ — 0 and present the result in following
theorem.

Theorem 1. In considered retrial queue, the stationary probability distribution
R(n1,n2) of the two-dimensional process {ny(t), n2(t)} is a solution of the system
of operator equations

(A +AB — £E(Io — Il))R = O,

ER = 1, (12)

where R is a matrix of probabilitites R(n1,n2), function (1) is a solution of differ-
ential equation
2'(r) = E[AB — z(7)I;] R.

Denoting
a(z) = E[AB —2I;| R (13)

and making the following replacements in the operator equations (3) and (8)

H(uv t) - ej%$<0t)H<2> (U, t)v (14)
we have @
H
OO0 ! (ot H (1) —
ot
. . , H(2)
= (A + 27B — 2(at)(Ip — e 7T ) HP (u, ) + jo(Iy — e_J“Il)aT(Lu’t), (15)
H2)
Eanu’t) + jua! (ct) EH? (u, t) =
. . , H2)
— E(A + 7B —2(ct)(Ig— e 1)) ) H? (u, t) + jo By — e—ﬂuh)aaii“’t). (16)
In operator equations (15) and (16) we introduce the following notations
c=¢? =2 u=-cw, HY(u,t) = F?(w,7e), (17)

to obtain the equations

82 8F<2) (wv 7, 8)

; F2 —
o + jwea(x) (w,T,¢€)

— (A4 X7 B — 2(Iy — e 7 1) F P (w, 7, 2)+

535



DCCN 2020
Asymptotic-Diffusion Analysis of Multiserver Retrial Queue 14-18 September 2020

OF @ (w, 1,¢)

+je(Ip — e779eTy) o , (18)
€2EW + jwea(x)EF® (w, 7,2) =
— E(A + A/ B — 2(Iy — e, )F@(w, 7, €) +
HjeR(T, - e PO E) (19)

ow

Solving the equations (18) and (19) taking the limit as £ — 0 we present the
following theorem.

Theorem 2. Probability density of diffusion limit z(7) of the number of calls in
the orbit given as follows

X

II(z) = %exp %/%dw , (20)
0

where C' is a normalization factor, function a(x) is defined by (13), function b(x) has
the following form

b(x) = a(x) + 2[E(AB — z11)g + 2ELL R|. (21)

Here g is the matrix of additional values. It has the same dimension as R and
appears as the solution of the system of operator equations

(A+ 2B —2(Ip —I))g =alz)R— (AB —2I1)R,

Eg = 0. (22)
From the obtained probability density I1(z) we build the approximation of the

probability distribution of the number of calls in the orbit using expression

PD(i) — —i9)

== (23)
nZ::OH(na)

4. Algorithm of Calculating Drift and Diffusion Coeflicients

To obtain the function a(x) we need to calculate the elements of the matrix R.
We rewrite the system of operator equations (12) in scalar form

—(A+ Na+2(7)R(ny, ng) + pR(ng + 1,n9) + paR(ny,me +1) =0, g +ny =0,
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—(A+ (N —n1 —ng)a +nipr +nops + 2(1)) R(ng, ng) +
(N —n1 — (n2 — 1)aR(ny,np — 1) + (A +2(7)) B(ny — 1, n2)+
+(n1 + DprR(na + 1,m2) + (n2 + DpeR(ni,n2 +1) =0, 0 <nyg +ng <N,

—(nyp1 +nep)R(ny,na)+(A+a(1)) R(n1—1,n2) +aR(ng,na—1) = 0, ny+ng = N.
N N-—-nq

Z Z R(nl,ng) = 1. (24)

n1=0 no=0

We transform the system of equations (24) to the system of linear algebraic
equations renumbering the elements of the matrix R in the following way

(n1 + n2)2 —(n1 + n2).

(n1,n2) —2nq +ng + 5 (25)
Then we obtain the system of equations
RD(z) =0, Re =1, (26)

where R is a vector of probabilities R(n1,n2), € is a unit vector, the matrix D(z) is
a matrix of the system with renumbered elements.
Solving the system of equations (26) we can express the function a(x) as follows

a(z) = (A + 2)Re; — 2, (27)

where e; is a vector, where the last N + 1 elements are ones and the other elements
are zeroes.

To derive the function b(x) we need to calculate the elements of the matrix g.
We rewrite the system of operator equations (22) in scalar form

—(A+ Na+z(1)g(ni,n2) + pig(ng + 1,n2) + pag(ni, ne + 1) = a(x) R(ny, n2),
ny +ng =0,
—(A+H(N—n1—n2)atnip+nope+2(7))g(n1, n2) +(N —ni—(ne—1))ag(ny, ng—1)+
F(A+a(7)g(n — 1,n2) + (n1 + Dpag(na +1,n2) + (n2 + Dpeg(ny,ng +1) =
=a(x)R(ni,n2) +x(r)R(n1 — 1,n2), 0 <nyg +ng <N,

—(nipa + nopiz)g(ne, n2) + (A4 2(7))g(n — 1,n2) + ag(ny,ng — 1) =
= (a(x) — N)R(ny,n2) + 2(7)R(ny — 1,n2), ny +ny = N.
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N N-ng

Z Z g(ni,na) = 0. (28)

n1=0 ny=0

We transform the system of the operator equations (22) to the system of linear
algebraic equations renumbering the elements of the matrix g using (25). Thus, we
obtain the system of equations

gD(x) =d(z), ge =0, (29)

where g is a vector of elements of the matrix g with renumbered elements, vector
d(x) is a vector of right parts of the system (28) with renumbered elements.
Solving the system of equations (29) we can express the function b(z) as follows

b(z) = a(z) + 2[(A + 2)ge1 + 2(1 — Rey)]. (30)

5. Numerical Examples

We fix the number of servers in the system N = 5. We assume that the rates of
service times are p; = 1, po = 2. Outgoing calls rate is a = 1.

The accuracy of approximation we will determine using Kolmogorov range
i

> _(P(n) - PD(n))

n=0

A = max
0<i<<oo

, (31)

where P(n) is the probability distribution of the number of calls in the orbit, obtained
with simulation, PD(n) is a diffusion approximation defined by (23). Calculation of
A we provide while both P(n) and PD(n) are not equal to zero.

We assume that the approximation is acceptable when its accuracy A < 0.05.
Table 1 depicts the accuracy of the diffusion approximation PD(n) depending on
parameters o and p, where p characterizes the system load p = \/Np;.

A c=5|0c=2|0c=1]0c=05]0c=02]0c=0.1
»—06 | 0,04 | 0,039 | 0,039 | 0,022 | 0,015 | 0,023
p—0.7] 0,07 | 0,063 | 0,051 | 0,036 | 0,031 | 0,032
s — 08| 0,00 | 0,078 | 0,064 | 0,049 | 0,039 | 0,041
p—0.9 | 0,081 | 0,069 | 0,065 | 0,053 | 0,044 | 0,05

Table 1. Kolmogorov range
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6. Conclusion

We have considered multiserver retrial queue with two-way communication.

Using asymptotic-diffusion analysis method we have built the diffusion process the
distribution density of which we used to construct the approximation of the number
of calls in the orbit.

We have presented numerical experiments where we have estimated the accuracy

of the approximation by comparing to simulation.

10.
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