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Abstract

In this paper we consider the non parametric drift estimation 
problem for the ergodic diffusion processes on the basis of the 
observations in the fixed discrete time moments in the case when 
the diffusion coefficients are unknown. Using the truncated se
quential point wise kernel estimators we develop a new model 
selection method for arbitrary orthonormal basis on the grid.
For the constructed model selection procedure we show sharp 
oracle inequalities, i.e. we show, that it is optimal in the sharp 
oracle inequalities sense.

Keywords: adaptive non parametric drift estimation; dis
crete data; non asymptotic estimation; model selection; quadratic 
risk; sequential estimation; sharp oracle inequality.

In this paper we consider the diffusion process defined by the fol
lowing stochastic process

d y  =  S(yt)dt +  b(yt)dW t , 0 < t < T , (1)
where (Wt)t> 0 is a standard Wiener process, the initial value y0 is a 
given constant. The problem is to estimate the nonparametric drift 
£(•) on the discrete observations

(ytj )l<j<N  , j 5  , (2)
where the frequency 5 =  5T G (0,1) is some function of T which will 
be specified later and the sample size N  =  N (T ) =  [T/5]. We denote 
here by [a] the whole part of a. We consider this problem in the case 
when the diffusion coefficient b(-) is unknown, i.e. this is a nuisance 
parameter.

These models are very important for various fields in the theory of 
stochastic processes such that optimal control, identification problem, 
filtration, financial markets, insurance etc (see, for example, [9, 6, 5, 7, 
8, 10]). Nonparametric estimation problems of the drift S were studied 
in a number of papers in the case of complete observations, i.e. when 
the whole trajectory (yt )0<t<T  is observed.

1This work is supported by the RSF Grant no. 17-11-01049.

20

mailto:serge.pergamenchtchikov@univ-rouen.fr


To obtain the uniform ergodicity property for the process (1) we use 
the functional class introduced in [2], i.e. for any fixed L > 1, M > 0 
and x* > |x0| +  |x1 1 we set

El ,m  =  1 S e c 1 (R ) : sup f\S(x)\ +  \S(x)\] < M ,
I |x |<x+  ̂ '

—L < inf S'(x) < sup S'(x) < — 1/L > . (3)
|x|> x* M > xt J

Moreover, for some fixed parameters 0 < b m in < b max < to we denote 
by B the class of the functions b from C 2(R) such that

b min <  inf \b(x)\ < sup max Ub(x)\ , \b(x)\ , \b(x) \ J < b max . (4)
х е к  xeR v J

Now we set
0  =  EL,M x B =  {(S, b) : S e  E and b e B} . (5)

It is easy to see that the functions from EL M are uniformly bounded 
on [xo, Xi], i.e.

s* =  sup sup S2(x) < to . (6)
a<x<b рд

It should be noted that, for any $ e 0 , there exists an invariant density 
for the process (1 ) which is defined as

q* ( x ) = ( f  b- 2(z) eS (z )d z ) b- 2(x) e*(x ) , (7)

where S(x) =  2 f *  b- 2(v)S(v)dv (see,e.g., [3], Ch.4, 18, Th2).
We need the following condition for the observation frequency.

A 1) Assume that that the frequency 6 in the observations (2) is of 
the following form

6 =  6T
1

(T +  1)lT ,
(8)

where the function lT is such that,

lim t̂ tT —Уоо In T
=  + to . (9)

For example, we can take lT =  (ln T )1+t for some i >  0.
In this paper for estimation problem we consider the quadratic risk 
defined as

R(S, S) =  E*
•xi

\S (x) — S(x)\2d x , (10)
•/x 0

where E* is the expectation with respect to the distribution of the 
process (1 ) with the parameters $ e 0 .

Remark 1. Note that we consider the problem estimation only for the 
drift function S, i.e. in this case the diffusion function b is considered 
as a nuisance parameter.
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To construct the model selection procedures first we define the sieve
(zk)0<k<n as

zk =  xo +  k(Xl n Xo) , 0 < k < n, (1 1 )
where n =  n(T ) is an integer-valued function of T such that

lim < 2  =  1 . (12 )
v T

Moreover, we fixe some basis (ф- )- >  in L2([x0, x1]) such that for any 
1 < i , j  < n,

(Фг , Фj )n Ч  л 0
)Фj Ы  =  1 {i=j} • (13)

1=1
For example, we can take the trigonometric basis defined as Tr1(x) =  
1 / ^ x 1 — x0 and for j  > 2

cos(2n [ j /2] l0(x)) for even j  ;
dfij(x) = 2

x 1 x° [ sin(2n [ j /2]l0(x)) for odd j ,
where [a] denotes integer part of a and l0(x) =  (x — x0) / ( x 1 — x0). 
Note that if n is odd, then this basis is orthonormal for the empirical 
inner production, i.e. satisfies the property (13). By making use of 
this property we define the discrete Fourier representation for S on the 
sieve (1 1 ), i.e.,

(14)

where

S ( z k) =  E  Oj^ j (zk ) , 1 <  к <  n,
j = 1

(15)

Oj,n =  (S, Фj )n = E  S(z0 ^j Ы  •
1=1

To estimate S(-) we will use the point-wise sequential procedure (Sk,тк) 
for S(zk) proposed in [2]. To this end we set

x 1 -  x 0

Yk =  SkX{rfc<N} •
We remind that Tk is the random number (stoping time) of observations 
used for the estimation of S (zk). Note that on the set

r  =  nn= 1 K  < N }
we can write the regression model, i.e.

Yk =  S (zk) +  a(zk ) k̂ +  g k, (16)
where (£k) 1<k<n is the i.i.d. Gaussian (0,1) sequence and the sequence 
gk is the sufficiently quick vanish sequence when T ^  to. Moreover, 
using the regression model (16) we estimate the Fourrier coefficients for 
S as n

j  =  (Y  Ф-)n =  x1 — x0  E  (zi) • (17)
1 = 1

22



We estimate the values (S(zk) ) 1<;k<n by the weighted least squares 
estimators

n

S\(zk) =  E  A (j)в],пФ^(zk ) , 1 < k < П, (18)
j = 1

where the weight vector A =  (A(1),. . . ,  A(n))'  belongs to some finite set 
Л from [0,1]n . In the sequel we denote by v the cardinal number of the 
set Л, v =  card(Л), which is a function of T , i.e. v =  vT. Moreover, we 
set the norm for Л as n

Л* =  E  A(j) (19)
j = 1

which can be a function of T , i.e. Л* =  Л* (Т ). We assume that the 
basis functions and the weights set Л satisfy the following condition. 

A 2)For any a >  0

lim ^T J~ T  =  0 and lim ^ . * /(fT+) =  0 , (20)
t T “  t T 1 /6 + “ v ’

where фТ =  max1 < j < n maxXo< K< Xi ф (x)|.
Now one needs to choose a cost function in order to define an optimal 

weight A € Л. A best candidate for the cost function should be the 
empirical squared error given by the relation

Errn (A) =  Is  -  S 11П ^  min .
In our case, the empirical squared error is equal to

n n n

Errn (A) =  E  A2 (j) j  -  2 E  A (j)0j ,n  j  +  E  j  . (21)
j = 1 j = 1 j = 1

Since coefficients 0j are unknown, we need to replace the term 0j n 6j n 
by some estimator which we choose as

4  -  x 07j =  02 _  x  -  x
°j,n 0j,n

, ~  X1 -  Xo
Cjn and CTj,n =  ---------- E  0^2(z;), (22)

l= 1
n n

where 0  is the estimator for the coefficient ф  defined through a special 
sequential modification for the quadratic characteristic proposed in [4]. 
Now, to penalize the replacement the term 0j,n0j,n with the estimator 
(22) we are needed the additinal positive term defined as

n

P (A) =  X i - X  E  A2 ( j )0j ,n  .n
j = 1

Finally, we use the following cost function

(23)

Jn(A) =  E  A2( j j  -  2 E  A (j)0j,n +  P0 n(A ), (24)
j = 1 j = 1

where the positive coefficient 0 < p < 1 will be specified later. We 
define the model selection procedure as

A =  argminAeл Jn (A) and S* =  SA . (25)
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Theorem 1. Assume that the conditions ) -  A 2) hold. Then, there 
exists c* >  0 such that for any 0 < p < 1/6 , the estimation procedure 
Sф defined in (25) satisfies the following inequality

R (S ,,S ) <
(1 +  p)2(1+ 4p )

1 -  3 p
where the term Фт is such that for any a > 0

lim
T^oo T a

minRn(Sx, S ) +  —  
лел p

0 .

(26)

(27)

Remark 2. It should be noted that similarly to [1] we will use the 
inequality (26) to provide the efficiency property in adaptive setting, 
i.e. through the sharp oracle inequality without using the regularity 
properties of unknown function we can estimate from above the risk for 
the model selection procedure by the risk effective value corresponding 
to the Sobolev ball.
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Гальчук Л., Пергаменщиков С. (Руанский университет, Ру
ан, Франция, Томский государственный университет, Томск, 2019) 
Точные оракульные неравенства для задач оценивания сно
са по дискретным данным.

Аннотация. В данной работе рассматривается задача оцени
вания непараметрического сноса для эргодических диффузионных 
процессов на основе наблюдений в фиксированные дискретные мо
менты времени в случае, когда коэффициенты диффузии неизвест
ны. Используя усеченные последовательные точечные ядерные оцен
ки, разрабатывается новый метод выбора модели для произвольно
го ортонормированного базиса на сетке. Для построенной процеду
ры выбора модели получены точные оракульные неравенства, т.е. 
показывается, что она оптимальна в смысле точных оракульных 
неравенств.

Ключевые слова: адаптивное непараметрическое оценивание; 
дискретные данные; неасимптотическое оценивание; выбор моде
ли; квадратичный риск; последовательное оценивание; точные ора- 
кульные неравенства.
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