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AnHoTauus. B manHOo# paboTe 3HIOMOP(HU3MBI KOHEUHON P-
TpyINBl  paHra TPU HPEACTaBISIOTCS  0000meHHbMH  (3%3)-
MaTpHLAMH, 3JIEMEHTaMH KOTOPBIX SIBISIOTCS MOJXOJSIIUE KIIACCHI
BbIYETOB. /Iyl TaKMX MaTpPHIl Mbl BBOJUM IIOHATHE OIpPEACIUTEN,
CBOMCTBA KOTOPOTO OKa3bIBAIOTCS AHAIOTMYHBIMHU CBOMCTBaM
ompenenureneid OOBIYHBIX MaTpul. [ OJZHOrO U3 BO3MOMKHBIX
YaCTHBIX CJIy4aeB HAHJOEH KpUTepHid 0OOpaTUMOCTH O0O0O0OIICHHON

MaTpHIIbI.

KiaroueBble ciioBa: p-rpynma, MaTpuma, OIPCACIUTECIb,

KOJIBIIO 000OIIEHHBIX MATPHIL, SHAOMOP(PH3M.

[TycTh Z — KONBIIO TENbIX YHCeN, P — MPocToe Ynucio. Kombio
KIIaCCOB BBIYETOB 10 Moaymio p™ Oymem o0o3Hauath depes Z,m.
Ilyctb m=2n>=2k>0 u H= Z,m@Zyn®Z k  (Mb  Oynem
3aNMCBIBATh BJIEMEHTHl Tpymmnsl H B BHUIE BEKTOP-CTOJIOLOB).
Kaxnomy s3m0MOphu3My ¢ rpynnsl H TOCTaBUM B COOTBETCTBUE TY

CANHCTBCHHYIO MaTpuily

a,+p™Z a,+p"Z a;+p*Z
N,=| by +p"Z b, +p"Z bs+p*Z | @)
c,+p*2  c; +p*Z 3 +p¥Z

JUIs1 KOTOpOH
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z, +p™"Z a,z; + p™ "ayz, + p™*azzy + p™Z
o| z2+p"Z | = byzy + bz, + p"*b3z3 + p"Z
Z3 + ka C]_Zl + 62Z2 + C3Z3 + ka
NpY TIOOBIX Z4, Z,, Z3 € Z.

[TycTtb B nomosHeHue K ¢ uMeercst s3ugoMopdusm y € End H

a, +p™Z a,+p"Z a;+p*Z
N,=|bi+p"Z by+p"Z by+p*Z | 2)

¢ +p*Z c,+p*Z 3 +p*Z
Jus  ymobctBa OymeM mmicath X =x+p"Z, X=x+p"Z u
X =x+p*Z nna Bcaxoro x € Z. Beumciuss AIA TPOU3BOTBHBIX

Z1,Z9,Z3 € Z DIIeMEHT

z, +p™Z a;z; + p™ "ayz, + p™ *azzy + p™Z
olvlz+p"Z | |=9 bizy + byzy + " ¥byzy + p"Z ,
z3 +p*Z €17y + €75 + c325 + P*Z

rnojty4aem, 4to marpuna N, paBHa

aia, +sa,b; +uazc; aja, +a,b, +tasc, a;a; +ayb; + ascg

bia, + byb, + thsc;  sbia, + byby + thyc, shias + byb; + by,

10y + Cby + 304 5¢1a, + b, + €3¢, ucias + teybs + 0304

(3mech yepes s, t, U Mbl 0003HAYMIN COOTBETCTBEHHO MHOXHTEIU

pm—n pn—k pm—k)l
me an Zpk
Ilycte Ha wMHOXecTBE R = Zyn Zpyn Zpk , T.. Ha
Zpk Zpk Zpk

MHOKECTBE BCEX MaTpUll BUJa
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a; a; as

a=\5 5 5) @
1 G G

roe a;b;,c; €Z, BBemeHa omepanus YMHOXCHHSA TakK, YTO
mpom3BeieHueM MaTpuisl Buga (1) Ha marpuity Buma (2) CIyXHT
MaTpulla, COBNAJAIOIIAs € YKa3aHHOW BbIILIE MaTpuLEil NW;
CIIOKEHHE Ha R 3amaiuM Mo3leMeHTHO. Torna BBHAY CKa3aHHOTO
BEIIIe R TpeBpamiaercs B KoJblo, m3oMopdHoe konpmy End H.
EauHUYHEINA 371€MEHT KoJiblia R UMeeT BUJI

ol

E =

ol ol HIl
Ol =y
= Ol Ol

(oueBuaHo, uto AE = EA = A nnst Bcex A € R).

Onpenenenue. Onpederumenem mampuyst 6uoa (3) Hazoeem

oJ1eMerRm

|A| = a1b2C3 - ta1b3C2 - Sa2b1C3 + u(a3b1C2 + a2b3C1 - a3b2C1)

KoJbya Zpk, 20es=pm M t= pn_k, u= Pm_k-

MoxHo HCTIOCPCIACTBEHHO MpOBEPUTH, qTO IIOHATHEC
OIIpeJIeUTENS BBEICHO KOPPEKTHO, T.€. 3HaYeHUe |A| HE 3aBHCUT OT
BBIOOpPa  KOHKPETHBIX  MpeAcTaBuTeNe  a; b;, ¢ U3
COOTBETCTBYIONIMX KJIaCCOB BEIYETOB.

Ecim m =n =k, To R — 9TO KOJBIIO MaTpHII, DJIEMEHTHI
KOTOPBIX TIPUHAIJIERKAT OJHOMY U TOMY K€ KOJIBITY BBIUETOB. JIETKO
yOEUTBCS, YTO U OTEPAIMS YMHOXEHHsI, U ONPEJEIIUTENb B TAKOM

KOIIbIIE R COBIANAOT ¢ OOBLIYHBIMH.
Ipennoxenne. s nobvix A, A' € R swinoaneno |AA'| = |A| - |A].

Jloxkazamenvcmeo. Ilyctb A m A’ cOBNAjalOT € MaTpHUIAMH,

3anaBaeMbiMu popmynamu (1) u (2). Tornma
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|Al - |A'| = aya1bybscscy + t2ayarbsbscycy + s2ayazbybicses —

— t(aa,bybscsc, + araybsbsycycs)

—s(a;aybybyc5c5 + ayabibycscs) +

+ u(ayazb,byc3c, + a;ayb,bscscy — ajazbybycscy

+ asaybybycycy +

+ aya;bsbycic; — azay;b,bycics + ajazbsbycycs + aya;bybscscy)

— ut(ayazbsbicycy + ajazbsbscyc; — agazbsbycycy

+ azayb;bscyc, +

+ aya,bsbscic; — azaib,bycicy) — us(aashybycsc,

+ aya,b;bycscy —

— ayazh,bycsc; + aza,b bicycs + ayaybsbicics — azazbybycicy)

+

+ u?(agazb bycycy + azazbybycycy — azazbybycycy

+ ayazbsb;cic, +
+ ayaybsbscic; — azazbsb,cicy — azasbybicicy —
— azayb,bscicq + azazb,bycicy) + p*Z.
Onpenenurens |AA'| paBeH BHIPaKEHHIO
(aia; + sab; +uazc;)(shya, + byb, + thycy)(ucias + tcyby
+ c5c3) +
+ u(a,az + a,b; + ascy)(bya; + byby

+ thycy)(scya, + cby + c3cy) +
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+ u(aya, + a,b, + tasc,)(shyaz + bybs + bscs)(ciay + cyby
+c300) —
—u(a,az + a,bs + ascy)(shya, + byb, + thycy)(ciay + by

+c3¢,) —
— t(a,a, + sayb; + uasc;)(shyas + byby + bycs)(scia, +
+ ¢,b, + c3¢,) — s(a,a, + ayb, + tagc,)(bya; +
+ byby + thycy)(uciaz + teybs + c3c3) + p*Z.
[Nocne npuBeaeHMs MOAOOHBIX MoTydaeM, uto |[AA'| = |A] - |A']. m

Teopema. Ilyemv m>n=k>0. Jua mampuyvr euoa (3)
IKGUBANEHMHBL CEAYIOWUE YCTOBUS:

1) Yucna ay u b,c3 — bsc, ne denssmest na p;

2) |A| — o6pamumuiii snemenm 6 Z yn;

3) A — obpamumutii 21emenm 6 R.
Ecnu smu ycnosust svinonnenst, mo mampuya

B =

G(1—p™"FM) F(azc; — azcs) F(a;b; — azby)
F(bzcy — byc3)  F(ajc3 —p™"aszc) F(p™ ™azby —aqibs)
F(bic; — bye)  F(p™™Maye —aqc;) F(agb, —p™™azby)

20e M = a3b1C2 + a2b3C1 - a3b2C1 - a2b1C3, G+ me =

(a; +p™Z)™ Y F + p"Z = |A|™%, sensemcs obpammoii ona A.

Hoxazamenvcmeo.  3amerum, urto  |A| = a;byc3 — absc, +
p™ "M + p"Z.
1) = 2). Ilycte uncna a; u b,c3 — bsc, He nensaTcs Ha P,

Torna crpaseannBo paBeHcTBO HO/[(a;b,c3 — aybscy, p) = 1. Tak
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Kak m>mn, To mnonydaem, uro HO/(ab,c3 —a,bsc, +
p™ "M, p) = 1. D10 03HaUaET, 4TO NMeMeHT |A| oOpaTum B Z)yn.

2) = 1). Ilpemmomoxum, 4Yro dnemeHT |A|sBusercs
00paTuMBbIM, T.C. BBIIIOJTHEHO HO/[(a;byc53 — absc, +
p™"M,p) =1. Tak xak m >N, TO MOXHO 3aKIIOYHTh, YTO
HO/[(a,byc3 —aibzcy,p) = 1. CnenosatenbHo, ducna a, W
b,c3 — byc, He nensites Ha p.

3) = 2). Ilycts marpunia A obpatuMa, TOTAA CYLIECTBYET
marpuua A~! takas, uto AA™! = E. Tak kax |A| - |[A7] = |AA7Y] =
|E| =1+ p"Z, 10 |A™1| — anemenr, obparuslii k |A|.

2) = 3). IycTs BHINONHEHO ycnosue 2) u F + p"Z = |A|™L.
Taxk kak crpaBefIMBa UMILTHKAIMS 2) = 1), TO YHCI0 4, HE ACTUTCS
Ha p W, 3HAYUT, JJIEMEHT aq + p™Z sBiseTcss oOpaTUMBIM B Z,m,
T.e. cylmecTByeT sneMeHT G + p™Z = (a; + p™Z)™!. Ilockonbky
m>mn, To chnpaBe;MBo paseHcTBO G +p"Z = (a, + p"Z)7 L.
Yo6enumcs, uro matpuna B oOpatHa x matpure A. s 3TOro msl
06o03HaunuM 6 = a;b,c3 — a;bzc, + p™ "M 1 pacCMOTPHUM MaTPHILY

D = AB u ee snemenThl d;j:
di1 =a,G(1 —p™ "FM) 4+ p™ "a,F(bsc, — bic3) +

+ p™ "azF (bic, — byey) +p™Z =

=(a; +p™2)(G +p™Z) —p™ "FM(a, +p"Z)(G +p™Z) +
+ (p™ "F(aybscy — aybics + asbic, —asbycy) +pMZ) =
=(a; +p™Z)(a, + p™Z)' —p™ "FM(a, + p™Z)(a, + p™Z)!
+
+ (™ "FM +p™Z) =1+ p™Z;
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di; = a;F(asc, — ayc3) + aF(a;c; —p™aze) +

+ azF(p™"aye, — ai6;) +p"Z
= F(a1C2a3 — a,Aa,C3 + a,a,Ccz3 —

- p™ "ciaya; + p" a0 —ascya3) +p"Z =0+ ptZ;
dy3 = a;F(azb; — azb,) + a,F(p™ "azb; — a,b3) +

+ azF(a;b, —p™ "azby) + p"Z

= F(aya,b; — aybya; + p™ "biaya; —
—aia;b; + a;b,a; —p™ "byayaz) +p"Z =0+ p"Z,;
dyy = b;G(1 —p™ ""FM) + b,F(bscy — byc3) +
+ byF(bic, — bycy) +p™Z = b,G(1 —p™ "FM) +
+ F(cybybs — bybycs + bicybs — ¢ibybs) +p™Z =

=bG(1—p™"FM +p"Z)
+ by F(c;b3 — byc3)(ay +p"2)(G +p"Z) =

=b,G(1 —p™ "FM) + b;GF(ayc,b; —aybyc3) + p"Z =
= b,G — b;GF(a,byc3 — a;c3b3 + p™ ™M) + p"Z =
= (b,G+p"Z)—b,G(F +p"Z)(6 +p"Z) =
= (b,G +p"Z) —b,G(5 +p"Z) (6 +p"Z) =
=bG(1-1)+p"Z=0+p"Z,
dy, = p™ by F(asc, — azcs) + byF(a,c; — p™ Magey) +
+ b;F(p™ "aycy —aqc) +p"Z
=F(@™ "bica; —p" " biayc; +
+ aybycz; —p™ eibyaz + p™Mciayby — agcybs) +p"Z =
24



=(F+p"2)5+p"2) = +p"2) (5 +p"Z) =1+p"Z;
dy3 = p™ ""biF(a;b; — azb,) + b, F(p™ "azb; — a;b3) +

+ b3F(a;b, —p™ "ayby) +p"Z
= F(™ "biazb; — p™ b1 bya; +

+p™ "bib,a; — a;b,bs + aybyb; — p™ "biayby) +p"Z =0 +
P"Z;
d3; =G —p™ "FM) + c,F(bscy — bics) +
+ c3F(bic, — b)) +p"Z = ¢;G(1 —p™ "FM) +
+ F(cyc3b3 — bycycs + bycycz — c1byc3) + p™Z =

=Gl —p™""FM +p"Z)
+ ¢1F(c;b3 — byc3)(a; +p"Z)(G +p"Z) =

=¢,G—c,GF(p™ ™M — a,c,bs + a;byc3) + p"Z =
=(c,G+p"2) —,G(F+p"Z)(§ +p"Z) =
=(c,G+p"Z) — ;G +p"Z) (6 +p"Z) =
=61 -1)+p"Z=0+p"Z;
d3; = p" e F(asc; — ayc3) + pF (agc3 —p™ "azey) +

+ s F(p™ "aye —aic,) +pZ

=F(@™ "cica3 —p™ T Meapcs +
+ a,cc5 —p™cica5 + P a563 — aqCcyc3) +p"Z =0 +
p"Z,
d33 = p™ " F(azb; — azby) + c,F(p™ "azh, — a;bs) +

+ CgF(ale - pm_nazbl) + an = F(a1b2C3 - a1b3C2 +
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+ p™ " (azbsc; — azbycq + azbic; — azbic3)) +pZ =
=F +p"2)(6+p"Z) =1+p"Z.

ITonyuaem, uto D = E. Paccmorpum Matpuny D'= BA u ee

SJIEMEHTHI d;;

di; = a;G(1 —p™™FM) + p™ "bF(asc, — ac3) +
+p" "1 F(azbs — aszby) + p™Z = (ay +p™Z)(G +p™Z) —
—p™ "FM(a, + p™Z)(G +p™Z) +
+ p™ "F(asb,c; — ayb,c3 + aybzc; — asbycy +p™Z) =

= (a1 +p™"Z)(ay +p™Z)™  —p™"FM(ay + p™Z)(ay +p"Z)7!
+

+ (@™ T"FM +p™Z) =1+ p™Z;
d;, = a,G(1 — p™ ""FM) + b,F(asc, — ayc;) +
+ ¢, F(ayb; —azh,) + p"Z = a,G(1 —p™ "FM) +
+ F(asb,c, — aybyc3 + aybsc, — azb,c,) +p™Z =
=a,G(1—p™ ""FM +p"Z) —
— ay,F(byc3 —bscy)(a, +p"2)(G +p"Z) =
= (a,G + p"Z) — a,GF(p™ ™M + a,b,c5 — a,bsc, +p"Z) =
=(a,G+p"Z) — a,G(F +p"Z)(§ +p"Z) =
= (a,G +p"Z) — a,G(§ +p"Z) (6 +p"Z) =
=a,6(1-1)+p"Z=0+p"Z;

di3 =a3G(1 —p™ ""FM) + b3F(azc; — axcs) +
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+ c3F(ayb; —agh,) + p"Z = a;G(1 — p™ "FM) +
+ F(aszbsc, — azbscs + azbscs — azbycs) +p™Z =
=a;G(1 —p™"FM +p"Z) —
— asF(byc3 — bscy)(a, + p"2)(G + p"Z) = (a36G +p"Z) —
— az;GF(p™ ™M + a,byc3 — a;bscy, +p"Z) = (a3G +p"Z) —
—asG(F+p"Z)(6 +p"Z) = (a3G +p"Z) —
—a;6(6 +p"Z) Y (6§ +p"Z) = a3G(1 — 1) + p"Z = 0 + p"Z;
dy, = a;F (bsc; — byc3) + by F(ac3 — p™ Magey) +
+ ¢ F(p™ "azb, — ayb3) + p"Z = F(a,bsc; — a;byc3 + a b3 —
—p™ azbycy + p™ "azbicy — a1bzcy) +p"Z =0+ p"Z;
dy, = p™ "ayF(bscy — bics) + byF(ajcs — p™ Mazey) +
+ c,F(p™ "azb, — ayb3) + p"Z = F(a,b,c3 — a;bsc, +
+ p™ " (aybscy — azbic; — azb,cy + azhcy)) +ptZ =
=(F+p"2)(6+p"Z) =1+ p"Z,
dy3 = p™ "azF(bsc, — bics) + byF(asc; — p™ Masey) +

+ c3sF(p™ "azh, — a1b3) + p"Z
=F(@™ "azbsc; —p™ "azbycs +

+ a1b3C3 - pm_na3b3cl + pm_na3b1C3 - a1b3C3) + an =
0+p"Z,

d3; = ayF(bycy — bycy) + by F(p™ "aye; — azc,) +
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+ ciF(a;b, —p™ "azby) +p"Z

= F(a;byc; — aybycq + p™ "azbicy —
- a1b1C2 + albzcl - pm_nazblcl) + an = 0 + an,
d3; = p"ayF (byc; — bycy) + b, F(p™ "aye; — agcy) +

+ c;F(a;b, —p™"ayby) + p"Z
=F(@™ "azbic; —p™ "azbycy +

+ ™ "aybyc; — agbyc, + aghyc, —p™ T Maghicy) +p"Z =

0+p"Z;
ds33 = p™ "azF(bicy — bycy) + byF(p™ ™ayc; — aqc,) +
+ c3F(a b, —p™ "ayby) + p"Z = F(a,byc3 — a;bsc, +
+ p™ ™(azbic, — azb,ci + ay,bscy — aybic3)) +p"Z =
=F+p"2)(6+p"Z)=1+p"Z.

Takum o0pazom, D'=D =E. CruemoBareiapHo, B — MaTtpuia,

oOpatHast k MaTpurie A.
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