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Abstract
We develop a new model selection method for the adaptive
robust efficient nonparametric signal estimation observed with
impulse noise defined by a general non Gaussian Lévy processes.
On the basis of the developed method we construct the estimation procedures which are analyzed in two settings: in non
asymptotic and asymptotic ones. For the first time for such
models we show non asymptotic sharp oracle inequalities for the
quadratic and for the robust risks, i.e. we show that the constructed procedures are optimal in the sharp oracle inequalities
sense. To this end we develop a new mathematical tool for the
Lévy regression models in continuous time.
Keywords: nonparametric estimation, model selection, nonasymptotic estimation, robust estimation, oracle inequalities,
statistical signal processing techniques and analysis.

In this paper we consider the signal estimation problem on the basis
of the observations defined by the nonparametric regression model in
continuous time with noises of small intensity, i.e.
d 𝑦𝑡 = 𝑆(𝑡)d 𝑡 + 𝜀 d𝜉𝑡 , 0 ≤ 𝑡 ≤ 1 ,
(1)
where 𝑆(·) is an unknown deterministic signal (i.e. [0, 1] → R nonrandom function), (𝜉𝑡 )0≤𝑡≤1 is an unobserved noise and 𝜀 > 0 is the noise
intensity. We assume that the noise process (𝜉𝑡 )0≤𝑡≤1 is defined as
𝜉𝑡 = 𝜚1 𝑤𝑡 + 𝜚2 𝑧𝑡 and 𝑧𝑡 = 𝑥 * (𝜇 − 𝜇)
̃︀ 𝑡 ,
(2)
where, 𝜚1 and 𝜚2 are some unknown constants, (𝑤𝑡 )0≤𝑡≤ 1 is a standard
brownian motion, "*" denotes the stochastic integral with respect to the
compensated jump measure (see, for example in Jacod and Shiryaev [5]
or Cont and Tankov [1] for details), 𝜇(d𝑠 d𝑥) is a jump measure with
* This work was supported by the RSF grant 17-11-01049 (National Research
Tomsk State University).

9

deterministic compensator 𝜇(d𝑠
̃︀
d𝑥) = d𝑠Π(d𝑥), Π(·) is the unknown
Lévy measure, i.e. some positive measure on R* = R ∖ {0}, such that
2
) = 1 and Π(𝑥4 ) < ∞ ,
(3)
∫︀ Π(𝑥 𝑚
𝑚
where Π(|𝑥| ) = R |𝑧| Π(d𝑧). Note that the measure Π(R* ) could
*
be equal to +∞. In the sequel we will denote by 𝑄 the distribution
of the process (𝜉𝑡 )0≤𝑡≤1 . We assume that the parameters 𝜚1 and 𝜚2
satisfy the conditions
0 < 𝜚ˇ𝜀 ≤ 𝜚21 and κ𝑄 = 𝜚21 + 𝜚22 ≤ 𝜍𝜀* ,
(4)
where the bounds 𝜚ˇ𝜀 and 𝜍𝜀* are such that for any b > 0
lim inf 𝜀−b 𝜚ˇ𝜀 > 0 and lim 𝜀b 𝜍𝜀* = 0 .
(5)
𝜀→0

𝜀→0

We denote by 𝒬*𝜀 the family of all distributions 𝑄 of the process (2) in
the Skorokhod space D[0, 1] for which the conditions (4) and (5) hold.
The problem is to estimate the function 𝑆 on the observations
(𝑦𝑡 )0≤𝑡≤1 when 𝜀 → 0. Note that if (𝜉𝑡 )0≤𝑡≤1 is the brownian motion,
then we obtain the "signal+white noise" model which is very popular
in statistical radio-physics and is well studied by many authors: Ibragimov and Khasminskii in [4], Pinsker in [11], Kutoyants in [10], Trifonov,
Kharin, Chernoyarov and Kalashnikov in [12] and etc. The condition
𝜀 → 0 means that the signal/noise ration goes to the infinity. In this
paper we assume that in addition to the intrinsic noise in the radioelectronic system, approximated usually by the gaussian white noise,
the useful signal 𝑆 is distorted by the impulse noise flow defined by the
Lévy process with the jumps introduced in the next section. The cause
of the appearance of a pulse stream in the radio-electronic systems
can be, for example, either external unintended (atmospheric) noises
or intentional impulse noises or the errors in the demodulation and in
the channel decoding for the binary information symbols. Note that,
for the first time the impulse noises for the signal detection problems
have been introduced by Kassam in [6] on the basis of the compound
Poisson processes. Later, Konev and Pergamenshchikov used the compound Poisson processes in [8,9] for the nonparametric signal estimation
problems. However, the compound Poisson process can describe only
the large impulses influence of small frequencies. It should be noted
that in the telecommunication systems the noise impulses are without
limitations on frequencies and, therefore, the compound Poisson models are too restricted for the practical applications. To include the all
possible impulse noises we propose to use a general non-gaussian Lévy
processes in the observation model (1). In this paper we consider the
nonparametric estimation problem in the adaptive setting, i.e. when
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the regularity of the signal 𝑆 is unknown. Moreover, we also assume
that the distribution 𝑄 of the noise process (𝜉𝑡 )0≤𝑡≤1 is unknown. It is
known only that this distribution belongs to the distribution family 𝒬*𝜀
defined in the next section. By these reasons we use the robust estimation approach proposed for nonparametric problems by Galtchouk,
Konev and Pergamenshchikov in [2, 8, 9]. We set the robust risks as
ℛ*𝜀 (𝑆̂︀𝜀 , 𝑆) = sup ℛ𝑄 (𝑆̂︀𝜀 , 𝑆)
(6)
𝑄∈𝒬*
𝜀

where 𝑆̂︀𝜀 is an estimator (i.e. any measurable function of (𝑦𝑡 )0≤𝑡≤1 )
and
∫︁ 1
ℛ𝑄 (𝑆̂︀𝜀 , 𝑆) := E𝑄,𝑆 ‖𝑆̂︀𝜀 − 𝑆‖2 and ‖𝑆‖2 =
𝑆 2 (𝑡)d𝑡 . (7)
0

In this paper we develop a sharp model selection method for the estimating the unknown signal 𝑆. The interest to such statistical procedures can be explained by the fact that they provide adaptive solutions for the nonparametric estimation through the non-asymptotic
oracle inequalities which give the non-asymptotic upper bound for the
quadratic risk including the minimal risk over chosen family of estimators with some coefficient closed to one. Such inequalities were obtained, for example, by Galtchouk and Pergamenshchikov [3] for non
Gaussian regression models in discrete time and by Konev and Pergamenshchikov [7] for general regression semimartingale models in continuous time, i.e. when the observation process is given by the following
stochastic differential equation
d𝑥𝑡 = 𝑆(𝑡)d𝑡 + d𝜂𝑡 , 0 ≤ 𝑡 ≤ 𝑛 , (𝑛 → ∞) ,
(8)
where 𝑆 is an unknown 1 - periodic signal and the unobserved noise
(𝜂𝑡 )𝑡≥0 is square integrated semi-martingale. Note, that for any 0 <
∑︀𝑛
𝑡 < 1, setting 𝑥
ˇ𝑡 = 𝑛−1 𝑗=1 (𝑥𝑡+𝑗 − 𝑥𝑗 ), we can represent this model
as a model with a small parameter of form (1)
dˇ
𝑥𝑡 = 𝑆(𝑡)d𝑡 + 𝜀 dˇ
𝜂 ,
(9)
∑︀𝑛−1 𝑡
where 𝜀 = 𝑛−1/2 and 𝜂ˇ𝑡 = 𝑛−1/2 𝑗=0 (𝜂𝑡+𝑗 − 𝜂𝑗 ). If (𝜂𝑡 )𝑡≥0 is the
Lévy process, then the 𝜂ˇ𝑡 is the Lévy process as well. But the main
difference between the models (1) and (9) is that the jumps in the last
one are small, i.e.
(10)
∆ˇ
𝜂𝑡 = 𝜂ˇ𝑡 − 𝜂ˇ𝑡− = O(𝑛−1/2 ) = O(𝜀) as 𝜀 → 0 .
But there is not such property in the model (1). It should be noted
that the property (10) is crucial in the non asymptotic analysis for the
observations on the large time intervals, i.e. the methods developed for
the model (8) can not be used for the problem (1).
The main goal of this paper is to develop a new model selection
11

method for the adaptive signal estimation problem in the nonparametric regression (1) as 𝜀 → 0.
We estimate the function 𝑆(𝑥) for 𝑥 ∈ [0, 1] by the weighted least
squares estimator
𝑛
∑︁
𝜆(𝑗)𝜃̂︀𝑗,𝜀 𝜑𝑗 (𝑥) ,
(11)
𝑆̂︀𝜆 (𝑥) =
𝑗=1

where 𝑛 = [1/𝜀2 ], the weights 𝜆 = (𝜆(𝑗))1≤𝑗≤𝑛 belong to some finite
set Λ from [0, 1]𝑛 , 𝜃̂︀𝑗,𝜀 are estimators for the Fourier coefficients and 𝜑𝑗
are basis functions. For example, we can take the trigonometric basis
defined as Tr1 ≡ 1 and for⎧𝑗 ≥ 2
√ ⎨ cos(2𝜋[𝑗/2]𝑥) for even 𝑗 ;
(12)
Tr𝑗 (𝑥) = 2
⎩
sin(2𝜋[𝑗/2]𝑥) for odd 𝑗 .
Now we set
𝑛
∑︁
𝜄 = card(Λ) and |Λ|* = max
1{𝜆𝑗 >0} ,
(13)
𝜆∈Λ

𝑗=1

where card(Λ) is the number of the vectors in Λ. In the sequel we
assume that 𝜄 is a function of 𝜀 > 0, i.e. 𝜄 = 𝜄(𝜀), such that for any
b>0
lim 𝜀b 𝜄(𝜀) = 0 .
(14)
𝜀→0

By the same way as in [8] we introduce the cost function
𝑛
𝑛
∑︁
∑︁
2
𝐽𝜀 (𝜆) =
𝜆2 (𝑗)𝜃̂︀𝑗,𝜀
−2
𝜆(𝑗)𝜃̃︀𝑗,𝜀 + 𝛿 𝑃̂︀𝜀 (𝜆) ,
𝑗=1
2
𝜃̂︀𝑗,𝜀
−𝜀2 κ
̂︀ 𝜀 and

(15)

𝑗=1

where 𝜃̃︀𝑗,𝜀 =
κ
̂︀ 𝜀 is an estimator for the Fourier coefficient
variance and the penalty term
𝑛
∑︁
𝑃̂︀𝜀 (𝜆) = 𝜀2 κ
̂︀ 𝜀 |𝜆|2 and |𝜆|2 =
𝜆2𝑗 .
𝑗=1

We define the model selection procedure as
̂︀ = argmin
𝑆̂︀* = 𝑆̂︀𝜆^ and 𝜆
𝐽 (𝜆) .
(16)
𝜆∈Λ 𝜀
ˆ exists. In the case when 𝜆
ˆ is not
We recall that the set Λ is finite so 𝜆
unique we take one of them. To estimate the variance of the Fourier coefficient we use the approach proposed by Konev and Pergamenshchikov
in [8, 9] by making use of the properties of the trigonometric basis (12)
which provide a sharp upper bound for the convergence rate for the
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series of the squares of its Fourier coefficients. We set
𝑛
∑︁
2
κ
̂︀ 𝜀 =
𝜏̂︀𝑗,𝜀
, 𝑛 = [1/𝜀2 ] ,

(17)

𝑗=[1/𝜀]+1

where 𝜏̂︀𝑗,𝜀 are the estimators for the Fourrier coefficients 𝜏𝑗 with respect
to the trigonometric basis (12), i.e.
∫︁ 1
∫︁ 1
𝜏̂︀𝑗,𝜀 =
Tr𝑗 (𝑡)dˇ
𝑦𝑡 and 𝜏𝑗 =
𝑆(𝑡)Tr𝑗 (𝑡)d𝑡 .
(18)
0

0

Now, we specify the weight coefficients (𝜆(𝑗))1≤𝑗≤𝑛 . Consider a numerical grid of the form
𝒜 = {1, . . . , 𝑘 * } × {𝑟1 , . . . , 𝑟m } ,
(19)
where 𝑟𝑖 = 𝑖 𝜛 and m = [1/𝜛2 ]. We assume that both the parameters
𝑘 * ≥ 1 and 0 < 𝜛 < 1 are functions of 𝜀, i.e. 𝑘 * = 𝑘𝜀* and 𝜛 = 𝜛𝜀
such that
)︂
(︂
(︂
)︂
𝑘𝜀*
1
𝜀b
+
=
0
and
lim
𝜛
+
=0
(20)
lim
𝜀
𝑘𝜀*
| ln 𝜀|
𝜛𝜀
𝜀→0
𝜀→0
for any b > 0. One can take, for example, for 0√︀
<𝜀<1
𝜛𝜀 = | ln 𝜀|−1 and 𝑘𝜀* = 𝑘0* + | ln 𝜀| ,
(21)
where 𝑘0* ≥ 0 is some fixed constant. For each 𝛼 = (𝛽, 𝑟) ∈ 𝒜, we
introduce the weights 𝜆𝛼 = (𝜆𝛼 (𝑗))1≤𝑗≤𝑛 from R𝑛 as
(︀
)︀
𝜆𝛼 (𝑗) = 1{1≤𝑗<𝑗* } + 1 − (𝑗/𝜔𝛼 )𝛽 1{𝑗* ≤𝑗≤𝜔𝛼 } ,
(22)
1/(2𝛽+1)
where 𝑗* = 𝑗* (𝛼) = [𝜔𝛼 /| ln 𝜀|], 𝜔𝛼 = d𝛽 (𝑟 𝜐𝜀 )
,
(︂
)︂1/(2𝛽+1)
(𝛽 + 1)(2𝛽 + 1)
1
d𝛽 =
,
𝜐𝜀 = 2 *
(23)
𝜋 2𝛽 𝛽
𝜀 𝜍𝜀
and the threshold 𝜍𝜀* is introduced in (4). Now we define the set Λ as
Λ = {𝜆𝛼 , 𝛼 ∈ 𝒜} .
(24)
Note that in this case 𝜄 = 𝑘 * m and the conditions (20) imply directly
the property (14). Moreover, from (22) we find that for any 𝛼 ∈ 𝒜
𝑛
∑︁
1/3 1/3
𝜆𝛼 (𝑗) ≤ 𝜔𝛼 ≤ 𝑑* 𝑟m
𝜐𝜀
and 𝑑* = sup d𝛽 .
𝛽≥1

𝑗=1

Therefore, the conditions (20) imply that for any b > 0
lim 𝜀2/3+b |Λ|* = 0 .

(25)

𝜀→0

Remark 1. It should be emphasized that the weight coefficients defined
by the set (24) are used by Konev and Pergamenshchikov in [8, 9] for
continuous time regression models to show the asymptotic efficiency.
Theorem 1. Assume that for the model (1) the condition (3) holds
and the unknown function 𝑆(·) is continuously differentiable. Then for
13

any 0 < 𝛿 < 1/6 and for any 𝜀 > 0 for which |Λ|* ≤ 1/𝜀, the robust
risks for the procedure (16) satisfies the following oracle inequality
U* (𝑆)
1 + 3𝛿
min ℛ*𝜀 (𝑆̂︀𝜆 , 𝑆) + 𝜀2 𝜀
,
(26)
ℛ*𝜀 (𝑆̂︀* , 𝑆) ≤
1 − 3𝛿 𝜆∈Λ
𝛿
*
where the term U𝜀 (𝑆) > 0 is such that for any 𝑟 > 0 and b > 0
lim 𝜀b sup U*𝜀 (𝑆) = 0 .
(27)
𝜀→0

˙
‖𝑆‖≤𝑟

Now taking into account the property (25) we can deduce the following
theorem for the procedure (16) with the weight coefficients (24).
Theorem 2. Assume that for the model (1) the condition (3) holds.
Then the model selection procedure (16) constructed through the weight
coefficients (24) with the conditions (20) satisfies the oracle inequality
(26) with the property (27).
Remark 2. Note that the similar sharp oracle inequalities were obtained in the papers [3] and [8] for the model selection procedures based
on the trigonometric basis functions. In this paper we obtain these
inequalities for the model selection procedures based on any arbitrary
orthogonal basic function in L2 [0, 1]. We use the trigonometric functions only for the estimator (17).
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