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Particle scattering and vacuum instability by exponential steps
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Particle scattering and vacuum instability in a constant inhomogeneous electric field of particular peak
configuration that consists of two (exponentially increasing and exponentially decreasing) independent
parts are studied. It presents a new kind of external field where exact solutions of the Dirac and Klein-
Gordon equations can be found. We obtain and analyze in- and out-solutions of the Dirac and Klein-
Gordon equations in this configuration. By their help we calculate probabilities of particle scattering and
characteristics of the vacuum instability. In particular, we consider in details three configurations: a smooth
peak, a sharp peak, and a strongly asymmetric peak configuration. We find asymptotic expressions for total
mean numbers of created particles and for vacuum-to-vacuum transition probability. We discuss a new
regularization of the Klein step by the sharp peak and compare this regularization with another one given

by the Sauter potential.
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I. INTRODUCTION

Particle creation from a vacuum by strong electromagnetic
and gravitational fields is a well-known quantum effect [1],
which has a number of important applications in laser
physics, heavy ion collisions, astrophysics, and condensed
matter processes (see Refs. [2—4] forareview). Depending on
the strong field structure different approaches have been
proposed for nonperturbative calculating of the effect. In
these approaches the strong fields are considered as external
ones (external classical backgrounds). Initially, the effect of
particle creation was studied for time-dependent external
electric fields that are switched on and off at the initial and
final time instants, respectively. We call such external fields
t-electric potential steps. Initially, scattering, particle crea-
tion, and particle annihilation by z-electric potential steps
have been considered in the framework of the relativistic
quantum mechanics, see for example Refs. [5,6]. At present
it is well understood that only an adequate quantum field
theory (QFT) with a corresponding external background may
consistently describe this effect and possible accompanying
processes. In the framework of such a theory, particle
creation is related to a violation with time of a vacuum
stability. In quantum electrodynamics (QED), backgrounds
that may violate the vacuum stability are electriclike electro-
magnetic fields. A general nonperturbative formulation
of QED with t-electric potential steps was developed in
Refs. [7-9]. The corresponding technique uses essentially
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special sets of exact solutions of the Dirac equation with the
corresponding external backgrounds. The cases when such
solutions can be found explicitly (analytically) are called
exactly solvable cases. At the current moment, all known
exactly solvable cases for r-electric potential steps are studied
in detail, see Ref. [10] for a review.

However, there exist many physically interesting situa-
tions where external backgrounds are formally presented
by time independent fields (which is obviously some kind
of idealization). For example, one can mention time-
independent nonuniform electric fields that are concen-
trated in restricted spatial areas. Such fields represent a kind
of spatial or, as we call them, conditionally, x-electric
potential steps for charged particles. The x-electric poten-
tial steps can also create particles from the vacuum; the
Klein paradox is closely related to this process [11-13].
Approaches for treating quantum effects in the #-electric
potential steps are not applicable to x-electric potential
steps. Some heuristic calculations of particle creation by
x-electric potential steps in the framework of the relativistic
quantum mechanics with a qualitative discussion from the
point of view of QFT were first presented by Nikishov in
Refs. [6,14]. In the recent article [15], quantizing the Dirac
and the Klein-Gordon (scalar) fields in the presence of
x-electric potential steps, Gavrilov and Gitman presented
a consistent nonperturbative formulation of QED with
x-electric potential steps. Similar to ¢-electric potential step
case, special sets of exact solutions of the Dirac equation
with the corresponding external field are used to form a
base of this formulation. By the help of this approach
particle creation in the Sauter field E(x) = Ecosh™2(x/Lg)
and in the so-called L-constant electric field (a constant
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electric field between two capacitor plates) were studied
in Refs. [15,16], respectively. These two cases are exactly
solvable for x-electric potential steps. In the present article,
we consider another new exactly solvable case of this
kind, which is a constant electric field of particular peak
configuration. The corresponding field is a combination
of two exponential parts, one exponentially increasing and
the other one exponentially decreasing. Different choice of
these two parts allows one to imitate different realistic and
physically interesting spatial configuration of electric
fields. Besides of this, a very sharp peak can be considered
as a field of a regularized Klein step. We compare
this regularization with one given by the Sauter potential
in Ref. [15].

The article is organized as follows. In Sec. II, a general
form of the constant electric field of a peak configuration
that consist of two (exponentially increasing and exponen-
tially decreasing) independent parts is introduced. We
obtain and analyze corresponding in- and out-solutions
of the Dirac and Klein-Gordon equations. By their help we
introduce initial and final sets of creation and annihilation
operators of electrons and positrons and define initial and
final vacua. In Sec. III we discuss scattering and reflection
of particles outside of the Klein zone while possible
processes in the Klein zone are studied in Sec. [11].
Characteristics of the vacuum instability in the Klein zone
are calculated by the help of in- and out-solutions using
results of a general theory [15]. Here a particular case of a
small-gradient field is discussed as well. In Sec. V we study
a strongly asymmetric peak configuration. In Sec. VI we
consider a very sharp peak. Mathematical details of study in
the Klein zone are placed in Appendix A. In Appendix B
some necessary asymptotic expansions of the confluent
hypergeometric function are given.

Throughout the article, the Greek indices span the
Minkowski space-time, 4 = 0, 1, ..., D. We use the system
of units where 2= c =1 in which the fine structure
constant is a = e?/ch = e>.

II. IN- AND OUT-SOLUTIONS IN
EXPONENTIAL STEPS

A. Dirac equation

We consider an external electromagnetic field, placed in
(d = D + 1)-dimensional Minkowski space, parametrized
by the coordinates X = (X*,u=0,1,...,D) = (t,r),
X0=t, r=(x,r.), r. = (X%...,XP). The potentials
of an external electromagnetic field are chosen as
A(X) = 8HA,(x),

A(X)=(A"=Ay(x), Ak=0, k=1,...D), (2.1)

which corresponds to the zero magnetic field and the
electric field of the form
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E(X) = E(x) = (E«(x),0,...,0),

Ex(x) = _axAO(x) = E<x) (22)
The electric field (2.2) is directed along the x-axis,
inhomogeneous and constant in time in general case.
The backgrounds of this kind represent a kind of spatial
x-electric potential steps for charged particles. The main
properties common to any x-electric potential steps are

x| =00

E(x) — 0,

x—+oo

Ao(x> — Ao(j:00>, (23)
where Ag(+oo) are some constant quantities, and the
derivative of the potential 0,Aq(x) does not change its
sign for any x € R. For definiteness, we suppose that

A E(x) =-0,A0(x) 20
aO(x)§0:>{ (x) o(x) . (24)
O Ag(=o0) > Ag(+0)

The basic Dirac particle is an electron, and the positron is
its antiparticle. The electric charge of the electron ¢ = —e,
e > 0. The potential energy of the electron in this field is
U(x) = —eAy(x) (see Fig. 1) and the magnitude of the
corresponding x-potential step is
U= UR — UL > 0,

UR:—€A0(+OO), UL:—EA()(—OO).

(2.5)

One can distinguish two types of electric steps: noncritical
and critical,

{ U < U, = 2m, noncritical steps (2.6)
lus u., critical steps ' '
In the case of noncritical steps, the vacuum is stable, see
Ref. [15]. We are interested in the critical steps, where there
is electron-positron pair production from vacuum.
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FIG. 1. Potential energy of electron U(x) in peak electric field.

For this picture k; > k, was chosen.
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System under consideration consists of a Dirac field
w(X) interacting with the electric field of particular
exponential configuration. This electric field is composed
of independent parts, wherein for each one the Dirac
equation is exactly solvable. The field in consideration
grows exponentially from the minus infinity x = —oo,
reaches its maximal amplitude E at x = 0 and decreases
exponentially to the infinity x = +o0. Its maximum £ > 0
occurs at a very sharp point, say at x = 0, such that the limit

OE(x)

lim OE(x) 2

x=-0 Ox

#* lim

x—+0

(2.7)

is not defined. The latter property implies that a peak at
x =0 is present. We label the exponentially increasing
interval by I = (—o0,0] and the exponentially decreasing
interval by Il = (0, +-00). The field and its corresponding
x-electric potential step are

E(x) E{ek"‘, xel
X) = s
ek xell
krl(efs —1), xel
Ux) = eE{ R ) . (23)
kKl (=e ™ +1), xell

where E > 0, and k;, k, > 0; see Fig. 2. The potential
energies of electron at x = —oco and x = 4oo0 for this
particular configuration are

eE _ eE

Ur =% (2.9)

It should be noted that, for example, the strongly
asymmetric peak configuration, given by the potential

0, xel

. (210
Kl(e™er —1), xell (2.10)

AB(x) = E{

E(x)

)

FIG. 2. Strongly asymmetric peak field configuration.
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can be considered as a particular case of the step, that is, k;
is sufficiently large for this case, k; — 0.

The Dirac equation for the system under consideration
has the following form:

idw (X) = Hy(X),
j=1,..D,

H=y"(=iy/0; + m) + U(x),
(2.11)

where the Dirac field y(X) is a 2[%/?-component spinor

(where [d/2] is integer part of d/2) in d dimensions, H is

the one-particle Hamiltonian, y* are 2142 x 2[4/2 gamma-

matrices in d dimensions (see, for example, Ref. [17]):

. r'],. = 20", " = diag(1,-1,...,—1),
d

u,v=0,1,...,D. (2.12)
Due to the configuration of the field (2.8), the structure
of Dirac spinor y(X) in directions X° and X2,...X? is a
simple plane wave, so we consider stationary solutions of
the Dirac equation (2.11) having the following form

W, (X) =exp [—ipot +ip,r ]y, (x), n=(pp.p..0),
wa(x) = {7°lpo — UW)] + iy' 0, — yp. + m}eh,(x),
pL=(%....0P), =0, (2.13)

where y,,(x) and ¢,,(x) are spinors that depend on x alone.
These spinors are stationary states with the given total
energy po and transversal momentum p; (the index L
stands for the spatial components perpendicular to the
electric field). Spin variables are separated by substitution

ba(x) = () = (0,0 (214)
where v, ; is the set of constant orthonormalized spinors
with y = +1, 6 = (61, ...,0)4/2-1), 0, = %1, satisfying
the following relations

0

Y7 0 = X040 (2.15)

1};;,(;1)/‘0.! = 5)(%/55’0./.
The quantum numbers y and ¢ describe a spin polarization
and provide parametrization of the solutions. In d dimen-
sions there are exist only J, = 24/2-! different spin
states. This is a well-known property related to the specific
structure of the projection operator in the brackets {...} in
Eq. (2.13) that sets of solutions of the Dirac equation,
which only differ by values of y are linearly dependent.
That is why it is sufficient to work only with solutions
corresponding to one of the values of y; e.g., see Ref. [16]
for details.

The scalar functions ¢,,(x) have to obey the second order
differential equation
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(% = ix0,U(x) = [po = Ux)]* + 71 ), (x) = 0,

b, = —id,, (2.16)

2 _ 2 2
where 77 = p7 + m”.

B. Solutions with special left and right asymptotics

In each interval we introduce new variables 7, j = 1 for
xel,j=2forx el

k]x

m =ihe ny, = ihye ™,

and represent the scalar functions ¢, (x) as

Ph(x) =72 pj (x),

|p"|

Vlzlk—l’ P~ =1/ [mo(L)]* =71, 7o(L)=po+-—

ki’

-|PR| eE
v=i——, [pX=1/[mR) -1, m(R)=po———
ko ko
(2.18)

Here 7y(L) and 7y(R) are the sum of its asymptotic kinetic
and rest energies at x = —oo and x = + o0, respectively. We
call the quantity x| the transversal energy. The functions
pj(x) satisfy the confluent hypergeometric equation [18]

d? d )
(1 e+ o=l =)o)
(-2 imo(L)
Cj :21/J+ 1, a; = > 1 kl ,
1 - R
gy =02, | im(R) (2.19)
2 k

A fundamental set of solutions for the equation is com-
posed by two linearly independent confluent hypergeo-
metric functions:

CD(aj,cj;r/j) and njl_cje"@(l—aj,2—cj;—r]j),

where

®(a, c;n) —1+—£+4( atln

1l e(c+1)2! (220)

The general solution of Eq. (2.16) in the intervals I and II
can be expressed as the following linear superposition:
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on(x) = Ay () + ALy (),
= eV e
vh = ey J(I)(l —aj,2 = cj; 1)

= e‘”1/2 J(I)(a -+ 1.2—cpmy),  (221)
with constants Aj1 and Aj2 being fixed by boundary
conditions.

The complete set of solutions for Klein-Gordon equation
can be formally obtained by setting y equal to zero in all

formulas,

¢h(x) = exp [~ipot + ipor ]gh(x).  (2.22)
In this case n = p. _
The Wronskian of the ¥} ,(;) functions is
d . .d . l-c
W=y —y-y— = 1. 2.23
1 dl’]_] 2 2 d?’]_] | 7]] ( )

In what follows, we use solutions of the Dirac equation
denoted as .y (X) and “y,(X), { = =, with special left and
right asymptotics at x - —oo and x — +o0, respectively,
where there is no electric field. Nontrivial solutions 4y, (X)
exist only for quantum numbers n that obey the relation

7o(R) >, (2.24)

m(RF > {70

whereas nontrivial solutions .y (X) exist only for quantum
numbers 7 that obey the relation

mo(L) > 7,

[mo(L)]2 > ﬂiﬁ{ (2.25)

mo(L) < -7y

Such solutions have the form (2.13) with the functions
@, (x) denoted as ¢ (x) or “p,(x), respectively. The latter

functions satisfy Eq. (2.16) and the following asymptotic
conditions:

gj\/'e’f‘”L"‘
NS il |x

(@, (x) = if x > —o0,

Spu(x) = if x - +o0, ==+ (2.26)

The solutions .y (X) and %y, (X) asymptotically describe
particles with given momenta {|p
ingly, along the axis x.

We consider our theory in a large spacetime box that
has a spatial volume V| = Hf:z K; and the time dimen-
sion T, where all K; and T are macroscopically large. The
integration over the transverse coordinates is fulfilled from
—K;/2to +K;/2, and over the time ¢ from —7/2 to +T/2.
The limits K; - co and 7 — oo are assumed in final
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expressions. In this case the electric current of the Dirac
field through the hypersurface x = const,

W)= [P Y .. (227)

is x-independent. Using Eq. (2.27) we subject the solutions
v, (X) and %, (X) to the orthonormality conditions and

calculate the normalization constants gJ\/ and °\V in (2.26)
as (see Ref. [15] for details)

N=,Cv, N=fcy, Y=(V.I)
= [2[p"||mo(L) = &1 pMI[17Y2,

°C = [20p"|lmo (R) = x&[pR([172. (2.28)

By virtue of these properties, electron (positron) states
can be selected as follows:

19, (x) = (N exp (—imv1/2)y],
_pn(x) = _Nexp (imv/2)y), x €l
@ (x) = TN exp (inv2/2)y3,
9, (x) = "Nexp (—inv,/2)y}, x €Il (2.29)

The solutions {y,(X) and .y (X) are connected by the
decomposition

My, (X) = yw, (X)g(L %) = _wa(X)g(_[%).
MREW(X) = Ty, (X)g("|) = wa(X)g(7le)

if the conditions (2.24) and (2.25) are simultaneously
fulfilled, where #; /g = sgnzy(L/R), and the coefficients
g are defined by the corresponding inner product,

() = 9( )" = glo)-

These coefficients satisfy the following unitary relations

(2.30)

(v, Cwa) (2.31)

P =10 PR 9GP = 9P
9610 _9CL) e e R = -
o) gy T T
(2.32)

Taking into account the complete set of exact solutions
(2.21) and mutual decompositions (2.30), for example, one
can present the functions_g,(x) and*¢,(x) in the form

+ (x) o {nL[+§0n(x)g(+‘+) - —(Pn(x)g(_ﬁ)}, xel
PR TN exp (ima/2)03 xell’
(2.33)
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(x) = {_Nexp(invl/z)yé, xel
e R0 (X)g(*12) = @ (x)g(7|_)], xeIl’
(2.34)

for the whole axis x.

C. In- and out-sets

According to the general theory, in the case of x-electric
potential steps, the manifold of all the quantum numbers n
denoted by Q can be divided into five ranges of quantum
numbers Q;,i =1,...,5, where the corresponding solu-
tions of the Dirac equation have similar forms, so that
Q= QU---UQ;s; see Fig. 1. Note that the range Q5 exists
if 2z, < U. We denote the quantum numbers in corre-
sponding zone ; by n;. The conditions (2.24) and (2.25)
are simultaneously fulfilled for Q;, i = 1, 3, 5, as follows

7o(L) > mo(R) > 7
m(R) < m(L) <

ﬂo(L) >,

if n e Q,

-, if n € Qs,

ﬂo(R) < —-I if ne 93. (235)

For the detailed description of the ranges ; and their
properties see Ref. [15].

The exact expressions for ¢’s can be obtained from
Eqgs. (2.33) and (2.34) as follows. The functions_g,, (x) and
*,(x) given by Egs. (2.33) and (2.34) and their derivatives
satisfy the following gluing conditions:

jg”n (x)|x:—0 = f(pn (x) |x:+0’
8xj(pn (x)|x:—0 = axirqon (x) |x:+0‘ (236)
Using Eq. (2.36) and the Wronskian (2.23), one can find
each coefficient g(,|*") and g(|-) in Eqgs. (2.33) and (2.34).

For example, applying these conditions to the set (2.33),
one can find the coefficient g(_

A 77L |7o(L) +x|pL|I
g(_[") = L|| R R
Ip PRl (R) = x (PN
X eXp [2 (vy —1/1
A= [klhly%iy} + kohayyi iy%] (2.37)
dm, dny”™ | |—o
The same can be done to Eq. (2.34) to obtain
~1IR |7o(R) = x|P"|

o) =cn, =

2\ pYIpMllzo (L) + 2P|
174
X exp {5 (V1 - V2>],

(2.38)

d d
A = |kihy?— ) + kyhyyl — 2
{ iy dn, Y2tk 2y2d112y1] Y
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One can easily verify that the symmetry under a simulta-
neous change k; Sk, and 7y(L)S — 7y(R) holds,

9("12)s = mrg(["). (2.39)

A formal transition to the Klein-Gordon case can be done
by setting y = 0 and 5, = g = 1 in Egs. (2.37) and (2.38).
In this case, normalization factors {C and {C are
Li-172, ¢C = [2pR|12.

Cc=2p (2.40)

The coefficient g(_|*) for scalar particles is

1 in
)= Cell, g Coo= | oxp | = (v —
g(—| ) sc |)(—0 4|pL||pR|eXp|:2(y2 Ul):|

(2.41)

with A given by Eq. (2.37). The symmetry under the
simultaneous change k| Sk, and 75(L)S — 7y(R) holds as

9("1-)s9( ).

As follows from Egs. (2.37), (2.38), and (2.41), if either
|pR| or |p"| tends to zero, one of the following limits holds
true:

(2.42)

~|pt| =0, V0.
(2.43)

~[p =0 [g(*)I7

g1

These properties are essential for the justification of in- and
out-particle interpretation in the general construction [15].

However, it should be noted that quantum field theory
deals with physical quantities that are presented by volume
integrals on f-constant hyperplane. The time-independent
inner product for any pair of solutions of the Dirac
equation, y,(X) and y/,(X), is defined on the ¢ = const
hyperplane as follows:

(W v / dry / wh(X
Vi

where the improper integral over x in the right-hand side
of Eq. (2.44) is reduced to its special principal value to
provide a certain additional property important for us and
the limits K/R) — oo are assumed in final expressions. As
a result, we can see that all the wave functions having
different quantum numbers n are orthogonal with respect of
the inner product (2.44). We can find the linear independent
pairs of y,(X) and y/,(X) for each n and identify initial
and final states on the t = const hyperplane as follows (see
Ref. [15] for details):

L(X)dx,  (2.44)

PHYSICAL REVIEW D 96, 096020 (2017)

in-solutions: +¥n,» l/’n, ~Whns» l//n5’ ~Wnys l//ny

out-solutions: _y, , y/nl;Jrl;/”S, Wags 4 Wy .

(2.45)
In the ranges Q, (-7, < 73(R) < 7| and 7y(L) > 7 ) any
solution has zero right asymptotic, which means that
we deal with electron standing waves v, (X). It means
that we deal with a total reflection. Similarly, we can treat
positron standing waves w,, (X) in the range Q4
(-7, <my(L) <z, and 7y(R) < —z,) and see a total
reflection of positrons. It has to be noted that the complete
set of in- and out-solution must include solution yr,, (X)
and y,, (X).

Using the identification (2.45) we decompose the
Heisenberg field operator ‘P( ) in two sets of solutions
of the Dirac Eq. (2.11) complete on the ¢ = const hyper-
plane. Operator-valued coefficients in such decompositions
are creation and annihilation operators of electrons and
positrons which do not depend on coordinates. Following
this way we complete initial and final sets of creation and
annihilation operators as

in-set: L a, (in), a,, (in);
_b,,(in),a,,(in),
_a, (out), "a

_b,, (in), *bn5 (in);

out-set: a, (OUut); +b, (out), b, (out);

(2.46)

s

b, (out), *a,, (out).
We interpret all a and b as annihilation and all a™ and 5 as
creation operators. All a and a' are interpreted as describ-
ing electrons and all » and b" as describing positrons. All
the operators labeled by the argument in are interpreted as
in-operators, whereas all the operators labeled by the
argument out as out-operators. This identification is con-
firmed by a detailed mathematical and physical analysis
of solutions of the Dirac equation with subsequent QFT
analysis of correctness of such an identification in Ref. [15].
We define two vacuum vectors |0,in) and |0, out), one of
which is the zero-vector for all in-annihilation operators and
the other is zero-vector for all out-annihilation operators.
Besides, both vacua are zero-vectors for the annihilation
operators a,, and b,,,. We know that in the ranges Q,, i = 1,

2,4,5 the partlal vacua, |0, in)(?) y(), are stable.

The vacuum-to-vacuum transmon amphtude ¢, coincides
3)

with the vacuum-to-vacuum transition amplitude ¢, in the
Klein zone €3,
¢, = (0,0ut]0,in) = ¢\ = 3)(0, out/0,in)®.  (2.47)

III. SCATTERING AND REFLECTION OF
PARTICLES OUTSIDE OF THE KLEIN ZONE

To extract results of the one-particle scattering theory,
all the constituent quantities, such as reflection and
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transmission coefficients etc., have to be represented with
the help of the mutual decomposition coefficients g.

As an example, in the range €;, one can calculate
absolute R and relative R amplitudes of an electron
reflection, and absolute 7 and relative T amplitudes of
an electron transmission, which can be presented as the
following matrix elements

in),
out)_a’(in)|0,in),
~ay(in)|0, in),
~a}(in)|0, in),
(3.1)

R,,=R,,c;' R,,=1(0,out|_a,(out), al(in)|0,
{

n(
T,,= T+_nc;1 7~"+.n 0, out|"a,(

R_,=R_,c; R_, = (0,out|*a, (out
T (

(out)
T_, = (0,out|_a,(out)

It follows from the Eq. (3.1) that the relative reflection
|R;,|* and transition |T,,|* probabilities are

|TC.n|2:1_|R§,n|27 ‘RCn‘z

[L+lgC P (==

(3.2)

Similar expressions can be derived for positron ampli-
tudes in the range €25. In particular, relation (3.2) holds true
literally for the positrons in the range Qs. It is clear that
|R;.,|* < 1. This result may be interpreted as QFT justi-
fication of the rules of time-independent potential scatter-
ing theory in the ranges ; and Qs.

Amplitudes of Klein-Gordon particle reflection and
transmission in the ranges Q;, i = 1, 2, 4, 5 have the same
form as in the Dirac particle case with coefficients g
given by the corresponding inner product. Substituting
the corresponding coefficients ¢ into relations (3.2), one
can find explicitly reflection and transmission probabilities
in the field under consideration.

It is clear that |g(_|")|~? and then |R; ,|* and |T ,|* are
functions of modulus squared of transversal momentum
p3 . It follows from Eq. (2.39) and Eq. (2.42), respectively,
that |R;,|* and |T; ,|* are invariant under the simultaneous
change k, Sk, and 7y(L)s — 7y(R) for both fermions and
bosons. Then if k; = ky, |R;,|* and |T,,|* appear to be an
even function of py. The limits (2.43) imply that

@A) |g(_")|7> = 0 in the range Q, if n tends to the

boundary with the range Q, (|p®| — 0);
(i) |g(_|")|™ = 0 in the range Qs if n tends to the
boundary with the range Q, (|p"| = 0).

Thus, in these two cases the relative probabilities of
reflection |R;,|* tend to unity; i.e., they are continuous
functions of the quantum numbers n on the boundaries. It
can be also seen that |R,:’,l|2 — 0 as py = 0.

PHYSICAL REVIEW D 96, 096020 (2017)
IV. PROCESSES IN THE KLEIN ZONE
A. General

Here we consider possible processes in the Klein zone,
Q;, following the general consideration [15]. It is of special
interest due to the vacuum instability. Due to specific
choice of quantum numbers, processes for different modes
n are independent. One sees that physical quantities are
factorized with respect to quantum modes n and calcu-
lations in each mode can be performed separately. In
particular, one can represent the introduced vacua, |0, in)
), as tensor products of all the corresponding
partial vacua in each mode n, respectively, and see that
the probability for a vacuum to remain a vacuum can be
expressed as product of the probabilities p? for a partial
vacuum to remain a vacuum in each mode n,

= [~

ned;

P, = e, = e’ (4.1)

where it is taken into account that in the ranges Q;, i = 1, 2,
4, 5 the partial vacua are stable.

The differential mean numbers of electrons and positrons
from electron-positron pairs created are equal:

Nii(out) = (0. in|*a} (out) *a, (out)|0, in) = [g(_| "),
Nj(out) = (0.inl, b} (out) . b, (out)|0.in) = [g(_|)[7?
NS = N’(out) = N%(out), neQ;, (4.2)

and they present the number of pairs created, N It follows
from the Eqgs. (2.37) and (2.41) that

cr o
Nn -

N§T = |CyAl,_y|™  for bosons.

|CA|=2  for fermions,
(4.3)

It is clear that NS is a function of modulus squared
of transversal momentum p? . It follows from Eq. (2.39)
and Eq. (2.42), respectively, that Ny’ is invariant under the
simultaneous change k, Sk, and 74(L)s — 7o(R) for both
fermions and bosons. Then if k| = k,, N{' appears to be an
even function of p,.

From properties (2.43), one finds that N§* — 0 if n tends
to the boundary with either the range Q, (|p®| — 0) or the
range Q (|p] - 0),

o~ |pR| = 0, NS ~|pt =0, V1#0; (4.4)
in the latter ranges, the vacuum is stable.

Absolute values of the asymptotic momenta |p"| and
|pR| are determined by the quantum numbers p, and
p., see Eq. (2.18). This fact imposes certain relation
between both quantities. In particular, one can see that
d|p"|/d|pR| < 0, and at any given p, these quantities are
restricted inside the range 3,
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0<[pRY <pm,  pm = \/UU-2z,). (4.5)

It implies that
0 < [[p" = |pR|l < p™. (4.6)
We have [pM=kvil, [pR[=klv,l, and U=

eE(ki' + k3') for the case under consideration. Then
for any py and p; the numbers N are negligible if the
Klein zone is tiny,

oo pRpt| > 0 if p™ — 0. (4.7)

The total number of pairs N created by the field under
consideration can be calculated by summation over all
possible quantum numbers in the Klein zone. Calculating
this number in the fermionic case, one has to sum the
corresponding differential mean numbers N¢ over the
spin projections and over the transversal momenta p
and energy p,. Since the Ny do not depend on the spin
|

pa(+[+) = {0, out|*a, (out

ph= (1= kNS~

where P, is defined by Eq. (4.1). The partial absolute
probabilities of an electron reflection and a pair creation in
a mode n are

Py (+[+) 0)p5.

(4.10)

=pu(+HH)ps. Pu(+=10)=p,(+-

respectively. The relative probabilities for a positron
reflection p,(—|—) and a pair annihilation p,(0| —+)
coincide with the probabilities p,(+|+) and p,(+ —|0),
respectively.

We recall, as it follows from the general consideration
[15], that if there exists an in-particle in the Klein zone, it
will be subjected to the total reflection. For example, it can
be illustrated by a result following from Egs. (4.9) and
(4.10), the probability of reflection of a Dirac particle with
given quantum numbers 7, under the condition that all other
partial vacua remain vacua, is P,(+|+) = 1. In the Dirac
case, the presence of an in-particle with a given n € Q3
disallows the pair creation from the vacuum in this state
due to the Pauli principle. By the same reason, if an initial
state is vacuum, there are only two possibilities in a cell
of the space with given quantum number n, namely, this
partial vacuum remains a vacuum, or with the probability
P,(+—10) a pair with the quantum number n will be
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polarization parameters o, the sum over the spin projections
produces only the factor J 4 = 2/¥/%~1. The sum over the

momenta and the energy transforms into an integral in the
following way:

NCr — ZN;I‘ — Z ZNEI‘

neld; PL.PoER; ©

/ dpodp | Ny,
(4.8)

where V| is the spatial volume of the (d — 1) dimensional
hypersurface orthogonal to the electric field direction, x,
and T is the time duration of the electric field. The total
number of bosonic pairs created in all possible states
follows from Eq. (4.8) at J4 = 1.

Both for fermions and bosons, the relative probabilities
of an electron reflection, a pair creation, and the probability
for a partial vacuum to remain a vacuum in a mode n can
be expressed via differential mean numbers of created
pairs Ny,

)=a}(in)|0,in)|2P;! = (1 — kN¢T)~!
pa(+—0) = (0. out|*a, (out) b, (out)|0, in)[*P;"

|

= N¥(1 —kN&)!
+1 for fermions

(4.9)
—1 for bosons

created. It is in agreement with the probability conservation
law p? + P,(+—10) =1 that follows from Egs. (4.9)
and (4.10).

Of course, pairs of bosons can be created from the
vacuum in any already-occupied states. For example, the
conditional probability of a pair creation with a given
quantum numbers 7, under the condition that all other
partial vacua with the quantum numbers m # n remain the
vacua is the sum of probabilities of creation from vacuum
for any number [ of pairs

P, (pairs|0) =

pLan 0)".

In this case the probability conservation law has the form of
a sum of probabilities of all possible events in a cell of the
space of quantum numbers n:

(4.11)

P(pairs|0),, + p} = 1. (4.12)

B. Small-gradient field

The inverse parameters kT, k5 1 represent scales of
growth and decay of the electric field in the intervals I
and II, respectively. In particular, we have a small-gradient
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field at small values of both k;, k, — 0, obeying the
conditions

min (hy, hy) > max (1, m?/eE). (4.13)
This case can be considered as a two-parameter regulari-
zation for an uniform electric field. That is a reason the
Klein zone, Q3, is of interest under the condition (4.13).

Let us analyze how the numbers N{' depend on the
parameters p, and 7 | . By virtue of the symmetry properties
of N¢ discussed above, one can only consider p either
positive or negative.

Let us, for example, consider the interval of negative
energies po < 0. In this case, taking into account that both
7y(L) and 7y (R) satisfy the inequalities given by Eq. (2.35)
in the range 3, we see that zy(L) varies greatly while
7y(R) is negative and very large,

eE eE eE eE
Ty S ﬂo(L) S k_’ <
1

It can be seen from the asymptotic behavior of a confluent
hypergeometric function that Ng is exponentially small,
N < exp [=24/ha|mo(R)|/ ko), if | pR| < |mo(R)] for large
|7o(R)|. In this case, 7, ~ ¢Ek5'. Then the range of fixed
7, 1is of interest, and in the following we assume that
condition

2
A=ZL

el
holds true, where any given number K satisfies the
inequality

Vi<K,, (4.15)

min (hy, hy) > K3 > max (1, m?/eE). (4.16)

Using the asymptotic expressions of the confluent hyper-
geometric functions we find that the differential mean
numbers of created pairs Nj, given by Eq. (4.3), can be
|

J(a)
(2”)01—1

(1) 0 cr eE/k
Ipl = deNn ~
—eE/k\+m, Kk,

2) eE/ky—m| ¢E/k,
Iy = dpoNy =~
0 Kky

NCI‘ — VJ_TnCI" ncr —

dly(R)] exp {—%[|no<R>| - |pRn}.
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approximated by the forms (A6); see details in Appendix A.
These forms are exponentially small if zy(L) ~ 7. Then
substantial value of Ny are formed in the range

h] Z 27T0(L)/k1 > K> Kl, (417)

where K is any given number and K | satisfies the inequal-
ities (4.15) and (4.16). In this range we approximate the
distributions (A6) by the formula

My mep{-Zlnw) - M| (@19

both for bosons and fermions.

Considering positive p, > 0, we find that N§ can be
approximated by forms (A8); see details in Appendix A.
In this case, the substantial value of N are formed in the
range

and has a form

2w

v e { = @) =R {20

Consequently, the quantity N¢ is almost constant over
the wide range of energies p, for any given A satisfying
Eq. (4.15). When h;, h, — o0, one obtains the result in a
constant uniform electric field [6,14].

The analysis presented above reveals that the dominant
contributions for particle creation by a slowly varying field
occurs in the ranges of large kinetic energies, whose
differential quantities have the asymptotic forms (4.18)
for py <0 and (4.20) for py > 0. Therefore, one may
represent the total number (4.8) as

1 2
/ dp 1y, . Iy, :IE)L) +I§n)’
\//'I<KJ_

amLyexo { -2 lam(1) - 1}

(4.21)

Here n“" presents the total number density of pairs created per unit time and unit surface orthogonal to the electric field

direction.
As it is shown in Appendix A, the leading term reads

e L Dg(d
n- =r 7 e AT S
k) \2"eE

J(a)(eE)? 2
rcr g Mexp {_ﬂm}’ (4.22)

(2m)4- eE
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where function G is given by Eq. (A11). The density r*" is
known in the theory of constant uniform electric field as
the pair-production rate (see the d dimensional case in
Refs. [16,19]). The density given by Eq. (4.22) coincides
with the number density of pairs created per unit space
volume, N/V ;_yy, due to the uniform peak electric field
given by a time-dependent potential A (7); see Ref. [20].

We see that the dominant contributions to the number
density n“", given by Eq. (4.22), is proportional to the total
energy of a pair created and then the magnitude of the
potential step, z(L) + |7o(R)| = U. This magnitude is
equal to a work done on a charged particle by the electric
field under consideration. The same behavior we see for
the number density n®" of pairs created due to the small-
gradient potential steps of the other known exactly solvable
cases: the Sauter field [15] and the L-constant electric field
[16] with the step magnitudes Ug = 2eELg and Uy, = eEL,
respectively. In these cases we have

n = Lgor”

ncr — L’,.Cl‘

for Sauter field,

for L-constant field, (4.23)

where L is the length of the applied constant field,
6= ﬁ‘P(%,%;ﬂ’e"—;), and W(a,b;x) is the confluent
hypergeometric function [18]. All three cases can be
considered as regularizations for an uniform electric field.
This fact allows one to compare pair creation effects in such
fields. Thus, for a given magnitude of the electric field £
one can compare, for example, the pair creation effects in
fields with equal step magnitude, or one can determine such
step magnitudes for which particle creation effects are the
same. In the latter case, equating the densities n®" for
the Sauter field and for the peak field to the density n® for
the L-constant field, we find an effective length of the fields
in both cases,

L.y = Lgo for Sauter field,

d 2
Lo = (k' + k;l)G<5 . ﬂm—E) for peak field. (4.24)
e
By the definition L.y = L for the L-constant field. One can
say that the Sauter and the peak electric fields with the same
L. are equivalent to the L-constant field in pair production.
|

‘Alz ~ |Aap|2 =7

and finally obtain

RN L
N |CscAap |)(:()|_2

for fermions

(5.3)
for bosons

for the ranges €, Q3, and Qs.

|:_)(AU1 + |p"| = PR + kahy <§+
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Using the above considerations and Eq. (4.9) we perform
the summation (integration) in Eq. (4.1) and obtain the

vacuum-to-vacuum probability,
ex l m
—lr— |,
P eE

(4.25)

P, =exp (_ﬂNcr)’

d m? d zm>\ ™!
a=o(zig) lo(35E) ]
where N =V Tn“ and n“ is given by Eq. (4.22).
Previously, similar results were obtained for the Sauter
field [15] and the L-constant fields [16] with the corre-
sponding n, given by Eq. (4.23), and

€, = €y = 1 for L-constant field,

1 2-d 2
e =e =5 \/7_r‘P< ;lzzm—) for Sauter field.

27 2 eE
(4.26)

V. VERY ASYMMETRIC PEAK

In the examples considered before [15,16] and above,
increasing and decreasing parts of the electric field are near
symmetric. Here we consider an essentially asymmetric
configuration of the step. We suppose that the field grow
from zero to its maximum value at the origin x = 0 very
rapidly (that is, k, is sufficiently large), while the value of
parameter k, > O remains arbitrary and includes the case of
a smooth decay. We assume that the corresponding asymp-
totic potential energy, Uy, given by Eq. (2.9), define finite
magnitude of the potential step AU; = —Uy for increasing
part of the field. Note that due to the invariance of the mean
numbers N§ under the simultaneous change k;<k, and
7o(L)S — my(R), one can easily transform this situation to
the case with a large k, and arbitrary k; > 0. Let us assume
that a sufficiently large k; satisfies the following inequal-
ities at given AU, and (L) = py + AU;:

|7o(L)]/ Kk < 1. (5.1)
Making use of condition Eq. (5.1), we can approximately
present |A|?, given by Eq. (2.37), as

L o —ap2— ey —m)| (5.2)
dn, a, C2s =M .

x=0

|

In an asymmetric case with k; > k,, we have eE =
kAU, at given AU, that implies ¢E/k, > AU,. Then
one can disregard the term AU, in the leading-term-
approximation of |g(_|*)|= given by Eq. (5.3) for the
ranges ; and Qs, that is, outside of the Klein zone. Such
an approximation does not depend on the details of the field
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growth at x < 0. We see that the relative reflection |R;, |*
and transition |T;,|> probabilities in the leading-term-
approximation are the same with ones produced due to
the exponentially decaying electric field, given by the
potential (2.10).

Let us consider the most asymmetric case when Eq. (5.3)

hold and the parameter k, is sufficiently small,

hy > max (1, m?/eE). (5.4)
In this case the exponentially decaying field (2.10) is a
small-gradient field and we are interesting in the Klein
zone, Q3, where NS = |g(_|*)| 2.

Taking into account that both z5(L) and 7y(R) satisty
the inequalities given by Eq. (2.35) in the range €2, we see
that 7((R) varies greatly,

HJ_S—JZ()(R) SeE/kz—‘rAUl—ﬂ'J_. (55)
Note that in this range 27| < eE/k, + AU, . It can be seen
from the asymptotic behavior of a confluent hypergeomet-
ric function that N¢ is exponentially small if both |7y (R)|
and 7, are large ~eE/k, with 7| /|zy(R)| ~ 1 such that
|pR| < |7o(R)|. Then the range of fixed z, is of interest in
the range (5.5) and we assume that the inequality (4.15)
holds, in which K| is any given number satisfying the
condition
hy > K3 > max (1,m?*/¢E). (5.6)

Using asymptotic expressions of the confluent hyper-
geometric functions, we find that the differential mean
numbers of created pairs N¢', given by Eq. (5.3), can be
approximated by distributions that vary from Eq. (A14) to
Eq. (A17); see details in Appendix A. The only distribution
(A14) depends on AU,. However, the range of transverse
momenta is quite tiny for this distribution. It implies that in
the leading term approximation the total number N of
pairs created does not depend on AU, and therefore does
not feel peculiarities of the field growth at x < 0 in this
approximation.

We see that N§ given by Eq. (A17) are exponentially
small if |zy(R)| ~ 7, . Then the substantial value of N§ are
formed in the range

KL < K < —27[0(R)/k2 < (1 — 8)/’12, (57)
where K is any given number and K, satisfies the
inequalities (4.15) and (5.6). In this range |zo(R)| > 7
and the distributions (A17) is approximated by Eq. (A15)
both for bosons and fermions. Thus, Eq. (A15) gives us the
leading-term approximation for the substantial value of N¢
over all the range (5.7). Note that the same distribution
takes place in a small-gradient field for p, > 0, see
Eq. (4.20). Approximation (A15) does not depend on
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the details of the field growth at x < 0, therefore, it is
the same as in the case of the exponentially decaying
electric field, given by the potential (2.10).

Using the above considerations, we can estimate dom-
inant contributions to the number density n® of pairs
created by the very asymmetric peak as

wr =G4 ),
k2 2 ek

where 7" is given by Eq. (4.22); see details in Appendix A.
Thus, n¢" given by Eq. (5.8), is k,-dependent part of the
mean number density of pairs created in the small-gradient
field, given by Eq. (4.22).

Finally, we can see that the vacuum-to-vacuum proba-
bility is

(5.8)

P, = exp (—uN<), (5.9)
where N = V| Tn® and n*" is given by Eq. (5.8) and u is
given by Eq. (4.25).

As it was mentioned above, the form of NS does not
depend on the details of the field growth at x < 0 in the
range of dominant contribution. Therefore, calculations
of total quantities in an exponentially decaying field are
quite representative for a large class of the exponentially
decaying electric fields switching on abruptly.

VI. SHARP PEAK

The choosing certain parameters of the peak field, one
can obtain sharp gradient fields that exist only in a small
area in a vicinity of the origin x = 0. The latter fields grows
and/or decays rapidly near the point x = 0.

Let us consider large parameters k;, k, — oo with a fixed
ratio k;/k,. We assume that the corresponding asymptotic
potential energies, Ui and U}, given by Eq. (2.9), define
finite magnitudes of the potential steps AU; and AU, for
increasing and decreasing parts,

—UL:AU], UR:AUz, (61)
respectively, and satisfy the following inequalities:
AU, [k < 1, AU,/ k, < 1. (6.2)

In the ranges Q; and Qs the energy |po| is not restricted
from the above, that is why in what follows we consider
only the subranges, where

max (|zo(L)]/ ki

7o(R)|/ky) < 1. (6.3)

In the range Q; for any given 7| the absolute values of |pX|
and |p"| are restricted from above, see (4.6). Therefore,
condition (6.2) implies Eq. (6.3). This case corresponds to a
very sharp peak of the electric field with a given step
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magnitude U = AU; + AU,. At the same time this con-
figuration imitates a sufficiently high rectangular potential
step (the Klein step; see Ref. [15] for details and the
resolution of the Klein paradox) and coincides with it as &,
ky — oo0. Thus, this potential step can be considered as a
regularization of the Klein step. We have to compare this
regularization with another one presented by the Sauter
potential in Ref. [15]. In the case under consideration the
confluent hypergeometric function can be approximated by
the first two terms in Eq. (2.20), which are ®(a, ¢;7) with
c~1 and a~ (1 —y)/2. Then in the ranges Q;, s,
and Qs, the coefficient |g(_|*)|™2, given by Eq. (2.37)
for fermions, can be presented in the leading-term approxi-
mation as

4|pH PR [lmo(R) — [pM|
U+ 1P| = [PH)?|mo (L) + |l

gD~

(6.4)

This leading-term does not depend on k; and k,. Note
that in the ranges Q; and Qs, the coefficient |g(_|")|™>
determinate the relative reflection |R;,[* and transition
T ,|* probabilities in the form (3.2) while in the range Q3
it gives the differential mean number of pairs created,
NS = |g(_|")|2. Of course, N& < 1, while |g(_|")|7? is
unbounded in the ranges ; and Q5. For example,
lg(_| )| 72 ~ 73 /U if mp(R) > 7% .

For bosons in the ranges Q, Q3, and Qs, the leading-
term approximation of |g(_|*)|™2, given by Eq. (2.41), is

o)~ e 1]
) (1M =1pR)? + 8°
24U, AU,
b= L) -2
ki [”0() 4]
2AU AU
el ISR HCD

Taking into account that || p*| — | p®|| > U in the ranges Q,

and Qs, we obtain that
4|p"[| p*|

-2 o
|g(—| )l N(|pL|_|pR|)2'

(6.6)

In the range Q; the difference ||pt| — |pR|| are restricted
from above by Eq. (4.6) and can tend to zero. That is
why the differential mean number of boson pairs created,
N& = |g(_|")|72 given by Eq. (6.5), can be large. It has a
maximum, NS = 4|p"||pR|/b> - oo at |p"| —|pR| = 0.
This is an indication of a big backreaction effect at
|pY| = |p®| = 0. In contrast with the Fermi case the k|,
k, -dependent term b? in Eq. (6.5) can be neglected only in
the range where

b* < (|pH| = [p)% (6.7)
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Under the latter condition, one obtain
yer o APHIPY
Ty
(I~ = 1pR))?

Thus, we see that the concept of a sharp peak in the scalar
QED is limited by the condition min (AU, /k;,AU,/k,) = 1
for the fields under consideration. We do not see similar
problem in the spinor QED.

If k; =k, (in this case AU, = AU, = U/2), we can
compare the above results with the regularization of the
Klein step by the Sauter potential; see Ref. [15]. We see
that both regularizations are in agreement for bosons under
condition (6.7). Both regularizations are in agreement for
fermions in the range Q5 if || p*| — | pR|| < U. For fermions
in the ranges Q, if |p*| < 7, and Qs if | pR| < 7, we have
||pY| = |pR|| > U and obtain from Eq. (6.4) that

(6.8)

4|p"[| PRIz (R))]
(1% = p" ) (L)

In the nonrelativistic subrange, |74(R/L)| > U, the leading-
term in Eq. (6.9) has a form given by Eq. (6.6), that is, it is the
same for fermions and bosons and both regularizations are in
agreement. To compare our exact results with results of the
nonrelativistic consideration for a noncritical rectangular
step, U < 2m, (in this case the range ; does not exist)
obtained in any textbook for one dimensional quantum
motion (e.g., see [21]), one set p, =0, then 7, = m,
7o(L)=po=m+E, and 7y(R)=py—U=m+E-U.

gD~

(6.9)

VII. CONCLUDING REMARKS

We have presented new exactly solvable cases available
in the nonperurbative QED with x-electric potential steps
that were formulated recently in Ref. [15]. In particular,
we have considered in details three new configurations of
x-electric potential steps: a smooth peak, a strongly
asymmetric peak, and a sharp peak. Thus, together, with
two recently presented exactly solvable cases available in
the QED with the steps (QED with the Sauter field [15] and
with a constant electric field between two capacitor plates
[16]), the most important physically exactly solvable cases
in such QED are described explicitly at present. We note that
varying parameters defining these steps it is possible to
imitate, at least qualitatively, a wide class of physically actual
configurations of x-electric potential steps (constant electro-
magnetic inhomogeneous fields) and calculate nonperturba-
tively various quantum vacuum effects in such fields.
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APPENDIX A: MATHEMATICAL DETAILS OF
STUDY IN THE KLEIN ZONE

1. Small-gradient field

Considering negative energies p, < 0, the total range for
7y(L) given by Eq. (4.14) can be divided in four subranges

(a) by 2 2m(L) /by > i [1 = (VIigo) ™),

(b) h[1 = (v/higa)™'] 2 2m0(L) /ky > hy(1 —e),

(c) hy(1 —€) > 2mo(L )/kl > hyi/g1.

(d) hi/g1 = 270(L)/ky = 27y [ky, (A1)

where g;, g,, and € are any given numbers satisfying the
conditions g; > 1, g, > 1, and (v/h,9,)”' < & < 1. Note
that 7, = ih,/c, ~ hik,/2|my(L)]| in the subranges (a), (b),
and (c), and 7, = —ihy/(2 — ¢3) ® hoky/2|mo(R)| in the
whole range (4.14).

In these subranges we have for 75! that

(@) 1 <3! < 1+ (Vhog) ™
(b) [ \/792) <7 <1+eky/ky,
(©) 1 +eky/ky <7 < 1+ (1=1/g1)ky/ky,
(d) 1+

d) 14+ (1 =1/g)ka/ky < 73" S 1+ ko /ky. (A2)
We see that 7, —1 — 0 and 7, — 1 — O in the range (a),
while |z; — 1| is some finite number in the range (c), and
|z, — 1] some finite number in the ranges (c) and (d). In the
range (b) these quantities vary from their values in the
ranges (a) and (c).

We choose y = 1 for convenience in the Fermi case. In
the range (a) we can use the asymptotic expression of the
confluent hypergeometric function given by Eq. (B1) in
the Appendix B. Using Egs. (B6) and (B7), we finally find
the leading term as

N5t = e ™[I+ O(|Z1])], (A3)
for fermions and bosons, where max|Z;| < g;'. This
expression in the leading order coincide with the one for
the case of uniform constant field [6,14],

N = =74, (A4)
In the range (c), the confluent hypergeometric function
®(1 - a,,2 — ¢y;—ih,) is approximated by Eq. (B8) and
the function ®(ay, cy;ih;) is approximated by Eq. (B9)
given in the Appendix B. Then we find that
NS = e[+ 0(12))7 + 02,7, (AS)
where max |Z,|™! < /g/h; and max | Z,|7" < ¢g5'. Using
the asymptotic expression Eq. (B1) and taking into account
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Eq. (A3) and (A5), we can estimate that N& ~ ¢~ in the
range (b).

In the range (d), the confluent hypergeometric function
®(1 —a,,2 — cy;—ih,) is approximated by Eq. (B8) and
the function ®(ay, ¢y;ih,) is approximated by Eq. (B10)
given in the Appendix B. In this range the differential mean
numbers in the leading-order approximation are

. T
N¢ ~ sinh (27| p“|/k,) exp {_k_l [7o(L) = |PL|]}

y { sinh {z[zo(L) + |p"|]/k; }~"
cosh {z[ro(L) + |p|]/ki } 7!

for fermions
for bosons
(A6)

It is clear that N given by Eq. (A6) tends to Eq. (AS),
N¢ — e~ when 7y(L) > 7. Consequently, the forms
(A6) are valid in the whole range (A1l).

Considering positive p, > 0 and using the inequalities
(2.35) in the range s, we see that negative x,(R) varies
greatly while zy(L) is positive and very large,

eE ekl el eE

7y <-mp(R) < % %

Taking into account that exact Njf and its range of
formation is invariant under the simultaneous exchange
ki Sk, and 7y(L)S — 7y(R), we find for py > 0 that the
differential mean numbers in the leading-order approxi-
mation are

. T
N¢ ~ sinh (27| pR|/k,) exp {k_z [70(R) + |PR|]}

y { sinh {z[|p®| — 75 (R)]/k, } !
cosh {z[|p®| — zy(R)]/ ko } ™"

for fermions
for bosons
(A8)

Let us find the dominant contributions to the number
density n" given by Eq. (4.21). Using the variable changes,

2 2
s=—[ro(L) = |p-]}inty), s=-—=

2)
R)|— 1t
k1/1 kzﬂHﬂO( )| |p H n | L

we respectively represent the quantities I;,lj and Il(,zl) as

1 mdx d s 5 ‘ 2 Siznax d S _ )
Iéfzk/ﬂ Biptes, 1D [T D R,
1 N 1 N
(A9)

where
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mx _ ¢E o, € L
S] kav,] 9~y |p sk1/2 4 1/2 S.

L/R| —

Assuming min [(m/k,)?, (m/k;)?] > K we see that the
leading term in [, (4.21) takes the following final form:

el eE o (s 1 1
I, ~|—+— e =eFE | —+— e ™G(1,7A),
PL <k1+k2>[ 52¢ ¢ <k1+k2)e (1.72)
(A10)

where

o s
G(a, x) :[ T

A

—x(s—=1) — exx(ll"(_a’ .X),

(Al1)

and I'(-a,x) is the incomplete gamma function.
Neglecting an exponentially small contribution, one can
extend the integration limit over p; in Eq. (4.21) from

ﬂ <K, to ﬂ < oo0. Then calculating the Gaussian
integral, we finally obtain the expression (4.22).

2. Very asymmetric peak

The total range (5.5) can be divided into following
subranges:

(a) (14¢e)hy < -21(R)/ky <hy

(b) hy[1+ \/’gz ] <—275(R) /ky < (1 +¢)hy,

(0) hao[1 = (V/hags) ™' < =270 (R) /ey < o[ + \/_292)_1],
(d) (1—€)hy < —2m9(R)/ky < hy[1—( \/>92 ],

(€) ha/ g1 < —2mo(R)/ky < (1 —¢)hs,

() 27 [ky <=270(R)/ ky < h2/ 1.

1+

2(AU1 _ﬂi)
kohy ’

(&

f (Al12)

where ¢,, g;, and € are any given numbers satisfying the
conditions g, > 1, g; > 1, and € < 1. We assume that
e\/hyg, > 1. There exists the range (a) if VV2(AU, — 7, ) >
VeE/g, and then we assume that ¢ < 2(AU, — x| )/koh,
while the range (b) exists if V2(AU, —z,) > VeE/g».
If V2(AU, —7,) < VeE/g, then there exists only the
subrange of the range (c) defined by an inequality
—9(R) < eE/ky + AU, — ;. Note that 7, = —ih,/
(2 = ¢y) = hyky /2|7 (R)| in subranges from (a) to (e) and
7, varies from 1 — O(h;!) to g;.

In the range (a) if it exists, the confluent hypergeometric
function ®(1 —a,,2—cy;—1n,) is approximated by
Eq. (B8) given in Appendix B. In this range the differential
mean numbers in the leading-order approximation are
very small,
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Ip"| f :
2 —iioon  for fermions
N§ &5 [T+ 0( 25 ] x § 0 ,
(h2) % for bosons
(A13)
where max | Z,|™! ~ (ey/hy) 7!

In the range (c), 7, — 1 — 0 and, using Egs. (B2), (B3),
and (B4) from Appendix B we find that

: A -
v ot exp || 1+ 0012317

2 .
TP T (D) cosh (a74) for fermions

LG+
VeErn

(A14)
for bosons

Note that N given by Eq. (A14) are finite and restricted,
N¢' < 1 for fermions and NS < 1/g, for bosons. This form
depends on AU,. The range of transverse momenta is quite
tiny here. In the range (b) if it exists the distributions N¢
vary between their values in the ranges (a) and (c).

In the range (e) parameters #, and c, are large with a,
fixed and 7, > 1 with arg (2 — ¢;) < 0. In this case, using
the asymptotic expression of the confluent hypergeometric
function given by Eq. (B9) in Appendix B, we find that

NS = exp {i—fnpﬂ +nO<R>1}[1 Lo(z ). (AIS)

both for fermions and bosons, where Z, is given by Eq. (B2).
We note that modulus | Z,|~! varies from | Z,| ™! ~ (ey/h,)~!
to |27 ~ [(g; = 1)v/hy]~". Approximately, expression
(A15) can be written as

2

2o
L) (A16
i) )
Note that eE/g; < ky|mg(R)| < (1 — €)eE in the range (e).

It is clear that the distribution N{' given by Eq. (A16) has
the following limiting form:

NS =~ exp (—

NS = e™™  as ky|my(R)| = (1 — &)eE.

Thus, we see that the result in a constant uniform electric
field, given by Eq. (A4) is reproduced in the wide range
of high energies, |7o(R)| ~eE/k,. In the range (d), the
distributions N¢' vary from their values in the ranges (c) and
(e) for fermions and bosons.

In the range (f), we can use the asymptotic expression
of the confluent hypergeometric function for large s, with
fixed a, and ¢, given by Eq. (B10) in Appendix B to show
that the number of particles created is
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sinh {z[|p®| — 7y(R)]/k,}~!  for fermions

cosh {z[|pR| — 7y(R)]/k,}~!  for bosons (A17)

N¢ ~ sinh (27| pR|/k,) exp {k% [7o(R) + [pR]] }{

The same distribution takes place in a small-gradient field for p, > 0, see Eq. (AS8).

Let us find the dominant contributions to the total number N of pairs created. To this end, we represent the leading
terms of integral (4.8) as a sum of two contributions, one due to the ranges (e) and (f) and another one due to the ranges
(@), (b), (¢), and (d):

T T T VJ_TJd 1 2
N =V (gqyn, nt = (2ﬂ.>d£1) /\/Z < dp 1y, . Iy, = IE,B +I£u)’
<KL

[ _

- a®N. = [ dm®Ny (AL8)
7o(R)E(e)U(

Lo(R)G(a)U(b)U(C)U(d) f)

The main contribution to the integral (A18) is due to the wide range (e)U(f) of a large kinetic energy |zy(R)| with a

relatively small transverse momentum |p | |. The contribution to this quantity from the relatively narrow momentum ranges

(a), (b), (c), and (d) is finite and the corresponding integral / E,ll) is of the order v/¢E/ g,. The integral I;,ZB can be taken from

Eq. (4.21) and approximated by the form from Eq. (A9). Thus, the dominant contribution is given by integral (A10) at
ky — oo. Then calculating the Gaussian integral, we find the form (5.8).

APPENDIX B: SOME ASYMPTOTIC EXPANSIONS

The asymptotic expression of the confluent hypergeometric function for large # and ¢ with fixed a and 7 =#5/c ~ 1 is
given by Eq. (13.8.4) in [22] as

®(a,c;n) = c2eZ*F(a,c;7), Z=—(t=1)W(1)Vc,
F(a,c;7) = W' “D_,(Z) + RD,_,(2),
(Wa —ow'i=a)/ Z, W(r) =[2(r—1-In7)/(z - 1)%]'/? (B1)

R

where D_,(Z) is the Weber parabolic cylinder function (WPCF) [18]. Using Eq. (B1) we present the functions y%, y% and
their derivatives at x = 0 as
Vg = e M2 (ih) c‘f'/zez%/“F(a],cl;rl),
Zy=—(1 - I)W(Tl)\/F7 7 =ih/cy,

dyj e e )2 2 1190
d_r]ix:oze h1/2(lh]) 1C1/eZI/4 _ﬁ_‘_c_]a_ﬁ F(al’cl;Tl);

V3limo = €"2/2(ihy) ™2 (2 - Cz)(l_aZ)/zeZ%MF(l —a3,2 - c;12),

2y =—(np = YOW(n2)V2 = ¢, 7y = —ihy/(2 = c3),

= ¢/ (ihy) (2 — ¢;)172)/2e 54 [—.— - ——} F(l =ay,2=c313). (B2)

dy?
dn,

x=0

Assuming 7 — 1 — 0, one has

a-—1 2(a+1)

1=a — N————— ~—(1—
W1+ (r—1), R NG Zrx—(r—1)/c,
OF(a,c;t) 2+a 0D_,(2) 0D_,(2)
o 3 Du(2) + or R or

Expanding WPCFs near Z = 0, in the leading approximation at Z — 0 one obtains that
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OPLCE) o JiDL,(0) + O,
F(a,c;7) = D_,(0) + O(c™'/?), (B3)
and
—a/2 T (1-a)/2 T
D0 = D0 =T (B4)

where I'(z) is the Euler gamma function. We find under condition (4.13) that

|PL/R|%|”0(L/R)|(1—/I/hl/z), ayra,~(1-y)/2-il/2,
27, (L 2|7(R
clzl—i—i(—ﬂz( )—,1>, 2—c2z1—i(—|”z( >|—/1),

1 2

1 2 1 2
q-lme—(—icat+2P0) s (igag 2P0, (B5)
h, ko

Using Egs. (B2), (B3), and (BS5) we represent Eq. (4.3) in the form

N5t = 21592 + O (%) + O(hy 7)),
8y = €/*D_,,(0)D),,,(0) = e™/*D’, (0)D,, - (0). (B6)

Assuming y = 1 for fermions and y = O for bosons, and using the relations of the Euler gamma function we find that
S0 = exp (28— i) et (B7)
0 4 2 '

Assuming |z — 1| ~ 1, one can use the asymptotic expansions of WPCFs in Eq. (B1), e.g., see [18,22]. Note that
arg(Z) ~larg(c) if 1 —7 > 0. Then one finds that

®(a,c;n)=(1-7)"[1+0(|Z|™")] if 1-7>0. (B8)
In the case of 1 — 7 < 0, one has

arg(c) + = if arg(c) <0

arg(2) ~ {

(ST ST

arg(c) —z if arg(c) >0’
Then one obtains finally that

(r—1)4e=m[1 + O(|2Z]™))]  if arg(c) <0

(r—1)"%m[1+0(2]"")]  if arg(c)>0 (B9)

®(a,c;n) = {

The asymptotic expression of the confluent hypergeometric function ®(a, c¢; +ih) for large real h with fixed a and c is
given by Eq. (6.13.1(2)) in [18] as

r ) I . )
<I)(a, c: :Elh) — I_‘Leima/Zh—a +ﬁeilh(6im/2h)a—c + 0(|h|—a—l) + 0(|h|a—c—l)' (B]O)

(c—a) [(a)
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