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For each natural n we prove that there exists an unbounded n#-summable abelian p-
group which is essentially indecomposable. This example parallels a well-known
result of this kind established for separable abelian p-groups.
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0. Introduction and Fundamentals

Without any exceptions, the term “group” will mean an abelian p-group, where p is
a prime fixed for the duration of the paper. Our terminology and notation will be based
upon [1]. In particular, if G is a group and o is an arbitrary ordinal, then

p*G={xeG: ht;(x) >0}, and we shall say G is separable if p”G ={0}. Likewise,
for every positive integer n, the symbol G[p"]={geG: p"g =0} denotes the p"-
socle of G which can be viewed as a valuated group by consulting with [2]. About the
notions of valuated p" -socles, valuated groups and their closely related specifications,

we refer the interested reader to [2] and [3].
The other specific concepts will be defined below explicitly as follows:

e Mimicking [2], a group G is said to be n-summable if G[p"] decomposes as (is
isometric to) the valuated direct sum of a collection of countable valuated groups (each
of which will also be a valuated p" -socle).

Naturally, a group G is n-summable if G[p"] is n-summable as a valuated p"-
socle. Note that an n-summable group has to be summable (since a countable valuated
vector space is necessarily free), and so p® G = {0} (see, e.g., Theorem 84.3 of [1]). In
[3] was constructed for any natural n an n-summable group G which need not be n+1-
summable such that G/ p“G is a direct sum of countable groups for all o < @, ; thus

this G is not a direct sum of countable groups.
o (Folklore) A group Z is said to be essentially indecomposable if whenever
Z = X @Y for some groups X and 7Y, then either X or Y is bounded.

o Imitating [3], the function f:®, = C is called n-realizable, provided f= f, for

some n-summable valuated p"-socle V, where f,, designates the Ulm function of V. In

particular, considering groups, f=f, for some n-summable group G, where
V=G[p"].
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o Imitating [3], the function f:w, - C 1is called n-admissible, provided it

is n-closed and either uncountably unbounded or n-small and, in addition, for
every pair of countable ordinals <y with limit vy, the inequality

N,
Syt <(Xg,,f) " holds.

It can be proved that a function f:w; — C is n-admissible if, and only if, it is n-

realizable (cf. [3]).
The motivation for writing this short article is to promote some new ideas concern-
ing certain indecomposable properties of n-summable groups related to valuated groups

and valuated p" -socles (see, for more account, [4] and [5] too).

1. Examples and Assertions

If 4 is any separable group, B is a basic subgroup of 4 and G = 4/ B[p"], then the
purity of B in 4 implies that there is an isomorphism

Glp"1=(Alp"1/ Blp"1)®(Blp™1/ Blp"]).
Because B is w-dense in 4, it follows that the first term in this sum is p®G . Consid-

ering multiplication by p" : B — p"B, it follows that the second term is isometric to

p"B[p"] using the regular height function. It follows that G[p"] is n-summable and
hence G is n-summable appealing to [2]. Note also that the isomorphism
G/ p®G = p" A holds.

An example of an essentially indecomposable separable group Z can be constructed
using Corollary 76.4 of [1]. So, we come to the following:

Example 1.1 There is an n-summable group G that is essentially indecomposable.
Proof: If Z is a separable essentially indecomposable group and 4 is a separable

group such that p" 4= Z , then let B be a basic subgroup of 4 and let G=4/B[p"], so
that G[p"]is n-summable. If G= X @Y, then
Z=p"A=G/p°G=(X/p°X)®(Y/p°Y).
Therefore, either (X / p®°X ) or else (Y / p®Y ) is bounded, so that either X or Y is
bounded, which implies that G is also essentially indecomposable. m
In other words, a group can have only inessential decompositions and still have a

p" -socle which splits into an infinite number of countable valuated summands.

In spite of the parallel between direct sums of countable groups and o, -bounded »-

summable valuated p”-socles, there are many n-summable groups that are not direct

sums of countable groups. In fact, we have the following construction:

Example 1.2. Any n-summable group G is a summand of a group with an admissible
Ulm function that is not a direct sum of countable groups.

Proof: We can construct a direct sum of countable groups H which is large enough
so that the Ulm function of 7 =G ® H is admissible. This means that there is a direct
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sum of countable groups 7' such that 7 and T’ have the same Ulm functions. Since
both T[p"] and T'[p"] are n-summable, they are isometric. On the other hand, T is
not a direct sum of countable groups since this would imply that so is G — a contradic-
tion. m

Again, this shows that an n-summable group with the same p” -socle as a direct sum
of countable groups need not be a direct sum of countable groups. The next result char-
acterizes the Ulm functions for which such a phenomenon can occur.

The following statement can also be deduced directly from results presented in [3],
but we here give a more transparent proof, however.

Theorem 1.3. Suppose f:w, — C is n-realizable. Then every n-summable group

G with fc = fis a direct sum of countable groups if, and only if, z[w+)z Lo )f is
-1, 0

countable.

Proof: Suppose first that Z[ f is countable, and let H be p®*"~!-high in

o+n-1,0)

G. Since G is n-summable, by Theorem 3.5 of [2], H must be a direct sum of countable

groups. Since r(G/H)= Z[mn Lo )f <N, it follows from Wallace's theorem (see,
— LW

for instance, Proposition 1.1 of [6]) that G is a direct sum of countable groups.
Conversely, suppose z[w+n—l,ml) f is uncountable; our aim is then to produce an
n-summable group G with f; = f'which fails to be a direct sum of countable groups. If /'
is not admissible, then any n-summable group G with f; = f will fail to be a direct sum
of countable groups, so we may assume that fis admissible. In particular, we can con-
clude that Z[m% 1,m-2)f is uncountable, so there is an integer m >n—1 such that

f(o+m) is uncountable. In addition, the admissibility of f implies that for every

f<ow, Z ®.0) f is uncountable, so there is an unbounded subset S < ®such that for

all Be S, f(B)is infinite.
We define
I, ifpBes;
hP)=%,, if f=o+m;
0, otherwise.
Since supp(h) = SU{o+m} < I,, it is clear that / is n-admissible, so there is an n-

summable group H with f;; = f. Note that 4 is not admissible, so that H is not a direct
sum of countable groups.

Since f is n-realizable, there is an n-summable group G’ with fo =f. If
G=G'®H, then G is n-summable, and since it is easy to check that f'=f+ A, it fol-
lows that f; = f; + fy = f +h = f . On the other hand, since H fails to be a direct sum

of countable groups, G is not a direct sum of countable groups, either. m
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