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The potential scattering of electrons carrying non—zero quanta of the orbital angular momentum
(OAM) is studied in a framework of the generalized Born approximation, developed in our recent
paper by Karlovets et al., Phys. Rev. A. 92, 052703 (2015). We treat these so—called twisted
electrons as spatially localized wave—packets. The simple and convenient expressions are derived for
a number of scattering events in collision of such a vortex electron with a single potential, located
at a given impact parameter with respect to the wave-packet’s axis. The more realistic scenarios
are also considered with either localized (mesoscopic) targets or infinitely wide (macroscopic) ones
that consist of the randomly distributed atoms. Dependence of the electron scattering pattern on a
size and on a relative position of the target is studied in detail for all three scenarios of the single—
potential—, mesoscopic— and the macroscopic targets made of hydrogen in the ground 1s state. The
results demonstrate that the angular distribution of the outgoing electrons can be very sensitive
to the OAM and to kinematic parameters of the focused twisted beams, as well as to composition
of the target. Scattering of vortex electrons by atoms can, therefore, serve as a valuable tool for

diagnostic of such beams.

PACS numbers: 34.10.+x, 34.80.-i, 42.50.Tx

I. INTRODUCTION

Beams of electrons carrying non—zero projection of the
orbital angular momentum (OAM) upon their propaga-
tion direction currently attract much interest, both in
theory and in experiment [1-3]. A wave front of these
electrons has a helical spatial structure which twists
around the beam axis. Such twisted beams are produced
today at scanning electron microscopes with energies up
to a few hundreds of keV and with the OAM projec-
tion as high as hm = 10007 B—B] Owing to the non-
vanishing m, the twisted electrons possess a magnetic
moment 4 x mup with pp being the Bohr magneton.
This — additional (and big when m > 1)— magnetic mo-
ment makes the OAM beams particularly suitable for
probing magnetic properties of materials at the nano—
and even atomic-scale B, 7, ] as well as for studying
unusual properties of the electromagnetic radiation gen-
erated by such electrons E]

A number of material studies are planned with the
twisted beams that are based on the (analysis of) elec-
tron scattering by targets. In order to achieve high spa-
tial resolution in these scattering experiments one would
need to focus electron beams to a sub-nanometer scale
ﬂé] Such tight focusing implies that the relative size and
position of the beam and a target can be of paramount
importance. Detailed theoretical analysis of the beam—
size (and position) effects is demanded, therefore, for the
guidance and analysis of the twisted—electron scattering
experiments. First steps towards such an analysis were
carried out by one of us HE] as well as by Van Boxem
and co—workers ﬂﬂ, @] Those previous works, however,

mainly dealt with the scattering amplitudes and angu-
lar distributions of the outgoing electrons. Much less
attention has been paid so far to the quantitative study
of the scattering process which requires evaluation of (i)
the number of events and, if possible, (ii) the cross sec-
tions. The analysis of these (quantitative) observables
is a rather complicated task which requires accurate ac-
count of the beam’s (and the target’s) sizes, as well as of
the position effects.

In this contribution we derive and study the number
of events and the generalized cross sections for potential
scattering of the focused twisted electron beams. Such
beams are treated as spatially localized wave-packets
that collide with targets consisting of short-range po-
tentials. The theoretical analysis of these collisions is
based on the generalized Born approximation which was
recently elaborated by us in Ref. [15] and was successfully
used for describing scattering of “the ordinary” Gaussian
packets.

In order to apply the (generalized) Born theory for
twisted electrons, we first construct their wave—packets
in Section [[TAl The scattering amplitude for a single po-
tential placed at a particular impact parameter is de-
rived then in Section [ITBl With the help of this ampli-
tude and by making use of the theory from Ref. ﬂﬁ],
we obtain the number of events and the averaged angle-
differential cross sections for different “experimental set—
ups”. For example, in Section [[IC|lwe consider collisions
of a twisted electron with a single scatterer as well as
with the localized- (mesoscopic-) and the infinitely wide
(macroscopic) targets, the latter are described as incoher-
ent ensembles of potential centers. The derived expres-


http://arxiv.org/abs/1612.08252v1

sions for the number of events and the averaged cross
sections can be applied for a target consisting of central
short-range potentials of any form. In Section [Tl how-
ever, we discuss the particular cases of Yukawa and hy-
drogenic potentials. In collision theory, these potentials
are often used to approximate realistic electron—atom in-
teractions, see for example Refs. , ] Detailed calcu-
lations for the Yukawa— and hydrogenic targets and for
fast but still non-relativistic electrons are presented in
Section [Vl Throughout these calculations, emphasis is
placed, in particular, on the questions of (i) whether the
number of scattering events in collision of twisted elec-
trons is comparable to the one in the “standard” plane—
wave case, (ii) how the averaged cross section depends
on a size of the initial wave packet, and (iii) how the an-
gular distributions of outgoing electrons depend on the
impact parameters b between the potential centre and the
packet’s axis. The summary of these results and outlook
will be given in Section [Vl

Similar to the previous work ﬂﬂ], we use units with
the Planck’s constant set to unity, 7 = 1.

II. THEORETICAL BACKGROUND
A. Twisted electron states

Before we start with the analysis of the potential scat-
tering of twisted electrons, let us briefly remind how these
electrons are described within the non—relativistic frame-
work. First we will discuss the monochromatic Bessel so-
lutions, and will show later how to construct the (twisted)
wave—packets.

1. Monochromatic Bessel states

Not much has to be said about the stationary elec-
tron states with the well-defined energy ¢, longitudinal
momentum k&, and projection m of the orbital angular
momentum onto the quantization (z—) axis. In the cylin-
drical coordinates » = (r, ¢, z), these Bessel solutions
of the field—free Schrédinger equation are described by

the wavefunction [1d, 16, [17):
(7| ks em) = e =2 WEm (r ) (1)

with the transverse component

elmer

V2T

where Jy, (¢ ) is the Bessel function and the absolute
value of the transverse momentum is fixed to |k | = » =
V2mee — k2.

For practical calculations, it is often more convenient
to write the function (r | k. sm) in the momentum rep-

UEm(ry) = Vot I (371 ), (2)

resentation:
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Here, the Fourier coefficient ®7™ (k) is the transverse
part of the momentum-space wave-function and is given

by:
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As can be seen from these two expressions, the Bessel
electron state can be understood as a coherent superposi-
tion of the plane waves, whose wave—vectors k = (k. , k)
lay on the surface of a cone with the opening angle
tan @y = »/k,.

R (k1) = (=)™

(4)

2. Wave—packets of Bessel states

The monochromatic Bessel state, (I)—(2) and @),
is a non-square-integrable solution for the Schrédinger
equation that is spread over the entire coordinate space,
i.e., its dispersions are Az = Ar;, = oo. Such
a monochromatic solution is not sufficient to describe
nowadays experiments in which electron beams can be
focused to a sub-nanometer scale. Therefore, we have
to employ (7| k, 3¢ m) in order to construct a spatially—
localized wave—packet:

Usrgmp, (1) = WM ()
X / eth=2 9piok, (k) dk., (5)
0

where the convolution of the transverse component (2)
reads as:
o0

V() = [ WE(rL) Gy, (5) doe
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with g0, (k.) and g..,0,, () being the weight functions,
and

RO (rp)= /000 Vot I (3671 Gougor,. (5¢) die. (7)

The wave—packet W, .y, (r) is a physically—relevant so-
lution with the definite OAM’s projection m, with the
mean values of the longitudinal momentum (k) = p; and
of the absolute value of the transverse one, (k) = .
As before, we can represent the transverse part of the
wave—packet (@) in terms of the plane-wave components:
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where the convoluted Fourier coefficient is
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The weight functions gy, (kz) and g, (%) in
Eqs. B)-@) are peaked around p; and s¢ and have the
widths oy, and o,., respectively. For the numerical analy-
sis below we choose these functions to be of the Gaussian
form. For example, the distribution of the transverse
momentum is described by:

= (i) ©)

Grenor,, (3¢) = C o= (r—50)*/(20%) 7 (10)

where the constant C' is determined from the normal-
ization condition [ |g.0, (3¢)]?dsc = 1. Eq. (I0) corre-
sponds to the dispersion Az = Ay ~ 1/0,, in the trans-
verse plane. For the small values, o, < 1/a, where a is
the typical radius of the field action, the Az and Ay be-
come large and we call it a wide wave—packet limit. The
approximation of a wide packet will be employed below
for simplifying the formulas for the scattering cross sec-
tions and the number of events.

B. Scattering amplitudes

Having briefly discussed construction of the Bessel
electron’s wave—packets, we are ready now to describe
an amplitude for potential scattering. We consider the
experimentally-relevant scenario in which (i) the longitu-
dinal size of the packet o, is larger than the characteristic
radius of the field action, o, > a, and (ii) the dispersion
of the packet in the transverse plane during the collision
is negligible, that is, tgis ~ 01 /v1 > teol ~ 0, /v,. Under
these assumptions, which can be re-written as

oK o, K pi/(%offx) s (11)

the scattering amplitude is given by Egs. (29)-(30) of
Ref. [15]:

s
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In this expression, the convoluted transverse component
of the wave—packet is given by Eq. (@), the momentum
transfer is Q = py — p; with p; = (k;) = (0,0,p;) being
an averaged momentum of the incident electron, p; the
momentum of the scattered electron, and f(Q — k) is
the plane—wave scattering amplitude in the first—Born
approximation:

Me

flg) = o /U(T) e T 3y (13)

We have assumed here that the interaction of electrons
with a target is described by a central potential U(r)

and that the outgoing (scattered) electrons are detected
as plane-waves with the wave-vector py. In Eq. (I2)),
moreover, we have introduced the exponential factor
exp(ik b) in order to specify the lateral position of the
scatterer with regard to the central (z—) axis of the in-
cident wave-packet. Here, b = (b, b,,0) is the impact
parameter which vanishes when the potential is placed
in the center of the beam.

Along with Eq. (I2)), one can derive another repre-
sentation for the scattering amplitude F(Q,b) that, in
some cases, can be more convenient for theoretical anal-
ysis. By inserting the standard plane—wave amplitude

(@) into Eq. (I2)) we find:
F(Q,b) = —% /U(T) T (r 4 b)e @ dr,  (14)
where
W+ 0) = [ ae) T as)

This expression can help to analyze (at least qualita-
tively) scattering at the small impact parameters. For
b = 0, in particular, the function U(r) \Ilgn) (r+0b) =
U(r) \Ifgn) (r) under the integral in Eq. (I4) corresponds
to a state with a definite projection of the orbital angular
momentum m. The expansion of this function into spher-
ical harmonics Y,,(0,, ¢,) may contain, therefore, only
multipoles with the OAM [ > |m|. It results in a spe-
cific behaviour of the angular distributions of scattered
electrons that become most pronounced for the forward
direction. Indeed, by substituting the transverse compo-

nent (@) of the wave—packet into the scattering amplitude
(@), we obtain:

F(Q,b=0)

= —% rydr dzU (\/T‘i + z2> R(™) (ry) e Q=2
Vi
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where Q1 = py 1 = py(sinfcosyp,sinfsing,0), Q. =
pycosf — p;, and the integral over ¢, is reduced to:

2w
=™ (=)™ Jp(Qir1).  (17)
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From these expressions and from the asymptotic be-
haviour of the Bessel function, |J,,,(x)| = (z/2)I"™!/|m)|!
for x — 0, one finds that the amplitude

F(Q,b=0) x Q™ x (sing)™! (18)

vanishes for § — 0 when the OAM projection m # 0.
Since the angle—differential cross section is proportional
to the square of F(Q,b), the emission pattern of the



scattered electrons develops a dip in the forward direction
and for the central collision, b = 0. However behaviour
of the function U (r)\IJE;n) (r+b) changes with the growth
of b, and the dip at § = 0 disappears. This angular
behaviour, peculiar to twisted electron beams, will be
discussed in detail later.

A further analysis of F'(Q, b) requires knowledge of the
interaction potential U(r). In Section [II} for example,
we will show how this scattering amplitude is calculated
for the Yukawa- and hydrogenic potentials.

C. Number of events and cross sections

With the help of the amplitude F(Q,b) one can cal-
culate the number of events and the cross section for
potential scattering of a twisted electron’s wave—packet.
The explicit form of these observables depends on a set—
up of the scattering “experiment” and, in particular, on
the composition of the target. In this section, we study
scattering off (i) a single potential, (ii) the infinitely wide
(macroscopic) targets, and (iii) off the localized (meso-
scopic) targets.

1. Scattering by a single potential

We start the discussion with a single potential U(r)
located at the impact parameter b from the center of the
electron wave-packet. As discussed already in Ref. ],
a usual definition of the cross section is not applicable in
this case. Instead, the scattering process can be described
by a number of events:

dv

B = o F@Qub)P (19)

where NN, is the number of electrons in the incident beam.

Eq. (I3 can be further simplified for the so—called wide
wave—packet. Here, the distribution function g, (k1)
from Eq. ([0)) is sharply peaked at (ki) = s # 0, so
that 1/0,, > a. In this case, the transverse momentum
k, = k) (cospg,sin gy, 0) of the incident electron wave
can be approximated as:

kf) = 3 (cos pp,sin g, 0) . (20)

By substituting k; — kf) in the plane-wave amplitude
f(Q—Fk, ) and making use of Egs. (I2) and (I9), we find:

dv 2 . 2.0y dipg 2
i L(tw) / ( _ k(o)) impr+ik| b Yk
dQ 0 r\e L)€ B 2 |
(21)
where the quantity
N, o0 3 :
L) = e / soor (kL)A/ ldk 22
cos 0, 0 G ;{( L) s ( )

can be viewed as luminosity of the collision.

When comparing this with Eq. (@), one sees that L)
can be expressed in terms of the transverse density of
the incident Bessel packet with m = 0 at the coordinate
origin:

Ne (0)

LW — v O, = 0)}2 . (23)

cos 0},

Together with Eq. ([ZI]), this expression indicates that for
m = 0 and 0, — 0 we obtain the number of events for the
“standard” plane-wave case, see Eq. (4) from Ref. [15].
Therefore, the quantity

1 dv  do™(b)

- = 24
I a0 = do (24)

can be considered as a cross section for a single potential,
localized at the impact parameter b. In particular, at
7y < @ we obtain the following simple formula:

de™ ()  de®W)
O = qq Jm(ob). (25)

2. Infinitely wide (macroscopic) target

After discussion of the scattering by a single potential,
let us now turn to the macroscopic target, which consists
of randomly distributed force centers and has a trans-
verse extension R > 1/0,.. For such a target one can
introduce the averaged cross section:

da
ol /|F Q.b)|* d%b (26)

cos 9

2
- / dew / Ak |G (EL)[? F(Q — )2
0

cos H;C

which is obtained (i) by integrating the number of events
over all the impact parameters b, and (ii) by normalizing
the result by a number of incident electrons, see Egs.
(33) and (38) in Ref. [15]. As can be seen from Eq. (28,
da /dQ) depends neither on the projection m of the orbital
angular momentum nor on the spatial structure of an
incident phase front.

Omne can further simplify Eq. (28) in the approxima-
tion of a wide wave—packet. As mentioned already, the
momentum distribution function g, (k1) is sharply
peaked in this case at (k1) = 3¢ and the wave-packet
() approaches the monochromatic limit. Similar to be-
fore, one can approximate the transverse momentum of
the incident electron k; by kf), given by Eq. (20). By
substituting k| = kf) in Eq. (20) and taking the square
of the (plane-wave) scattering amplitude f(Q — kf)) out
of the integral over k|, we obtain:

do _ 1 d(pk (0)
dQ  coséy / ‘fQ ki )‘ ’ (27)




where, as usual, the momentum transfer is Q = py — p;,
and |ps| = ‘pi + kf)‘.

As can be seen from Eq. ([21), the calculation of the
scattering cross section for a wide wave—packet and a
macroscopic target can be traced back to the plane-wave
amplitude f(Q — kf)). Therefore, based on the proper-
ties of this amplitude we can predict the main features of
da /d. Tt is well-known, for example, that for Yukawa
and hydrogenic potentials f(q) depends solely on the g2,
see Ref. [15]. Since in Eq. (27)) the argument of the plane—
wave scattering amplitude is Q — kf)
this momentum transfer is given by:

2
(@) (28)
= Qp?c [1 — cos B cosfy — sin@sin Oy cos(pr, — ¢)] ,

and the square of

we can re-write Eq. (21) as follows:

T d(pr — ¢) ON&
| == ek
(29)
where ¢ is the azimuthal angle of outgoing electrons.
Eqgs. @28)-(29) reveal that the scattering pattern is az-
imuthally symmetric with respect to the beam (z—) axis
and is peaked at # = 0. The latter follows also from the

2
fact that f(Q — k) is maximal at (Q — k()" =0 for
the Yukawa and hydrogenic potentials, see Ref. ]
Eq. (29) can now be used to calculate the total cross

section. Namely, by integrating over the directions of
outgoing electrons, we find:

_ 1 T Aoy N |2
- ek [ a0 ‘ pi—k ‘
? cos 0y, /0 2w / / (pf P + )

__Tpl
T cosfy (30)

da (0;6y) 1
dQ " cosby

where op is the plane-wave cross section. Clearly, the
cross section for the scattering of twisted electrons by a
macroscopic target is generally larger than oypy.

3. Superposition of two twisted beams

As we have seen from Eqgs. (26) and ([29), the angle—
differential cross section for the scattering by a macro-
scopic (infinite) target is independent of the projection
of the orbital angular momentum m and of the phase
structure of the incident twisted beam. Later, in Sec-
tion [LC4l we will show that this OAM’s— and phase—
sensitivity is restored for spatially localized scatterers
and well-focused electron beams. However, even in the
“large—target—wide—packet” regime the averaged cross
section can be sensitive to the OAM if electrons are ini-
tially prepared in a coherent superposition of two states
with the same kinematic parameters but different m:

\I]%OP'L (T) = cl\Ij%Omlpi (’P) + 02\11%077121%' (T) (31)

where U,y (r) is given by Eq. () and the expansion
coeflicients are:

cn = leal €, e 4 Jeof” = 1. (32)

By inserting the superposition [BI) into Eqs. (I2]) and
[8), and passing to the limit o,, — 0 we obtain:

d5(2)(97§0§ ek) _ 1
dQ T cosy

27
doy ONE
SOk 1 rQ -k ’
X/O 2 ’f( + )

with Am = mo — mq, Aa = as — a1 and the factor:

G(er, Am,Aa), (33)

G(ok, Am,Aa) = 14 2]cica|
X cos [(m2 — 1) (g — 7/2) + s — 041} .(34)

In order to further evaluate this expression, we note that
the plane—wave scattering amplitude f(Q— kf)) depends
on the difference between the azimuthal angles ¢ —, see
Eq. 28). This angular dependence allows us to perform

an integration over ¢y and to find:

do®(0,¢; 6,)  do(6; 6y)
dQ - dQ

X {1 + A(0;0x) cos[Am(p —7/2) + Aa]} ,(35)

where da/df2 is the cross section (29) for a single Bessel
beam, and the azimuthal asymmetry parameter reads as
follows:

d&(ﬁ; Hk)>_1 2|0102| (36)

Al:6) = ( dQ cos 0y,
27
<[ |r@-#)

These expressions indicate that the angle—differential
cross section dg(?) /d€ exhibits an azimuthal asymmetry
which depends on the difference of the OAM’s projec-
tions Am = mo — my and of the phases Aa = as — ag.
This dependence, however, does not appear in the total
cross section:

o(PD

da® (0, p; 6)
_(2) _ 65 Ok) 4
? / dQ cos Oy’ (37)

d(or — ) '

2
} 21

cos [Am(px — ¢)]

since the second term in Eq. ([B3) vanishes identically
after the integration over the scattering angles.

4. Scattering by a localized (mesoscopic) target

Until now we have discussed the potential scattering
for two extreme cases of either a single-potential or a
macroscopic (infinitely wide) target. In a more realistic
experimental scenario, a focused electron beam collides



with a well-localized mesoscopic atomic target. In order
to account for geometrical effects in such a scenario, we
describe a target as an incoherent ensemble of potential
centers. The density of the scatterers in the transverse
(xy—) plane is characterized by a distribution function
n(b), which is normalized as follows:

/n(b)d%:l.

With the help of this distribution, we can also obtain a
form factor of the mesoscopic target:

(38)

Flky) = /n(b) e kit q2p (39)
which later will be employed to simplify expression for
the number of scattering events.

By making use of Eqs. (29)-(30) from Ref. [15] we find
the number of scattering events:

dl/
7cos€ /| Qb n(b) d*

where N, is the total number of electrons in the inci-
dent twisted bunch. To perform an integration over the

impact parameter b we insert into this expression the
amplitude F(Q,b) from (I2):

(40)

dv N ko m
10~ sl d?bn<b>l/ L 1(Q k) O (k)

d2k’ e s k!
X / 5 £1Q — K) @ (K ) o'k '“ﬂ”].(zu)

Using the explicit form of the transverse component
("™ (k, ), as given by Eq. @), and noting that

/eiaerkmb n(b)d*b = F(k' — ki),  (42)

we arrive at the following formula:

ﬂ _ N, %k, ko:J_ f
dQ cos 0y, 2
eim(sarwk/)

xF(K' — k1) K Goeoo. (k1) Gseoo. (K ) -
1

(Q—Fk)f(Q-kKL)

(43)

Further evaluation of this number of events requires the
knowledge of (i) the target density n(b) as well as of (ii)
the plane-wave amplitude f(Q — k). For the numerical
analysis below we take n(b) to be a Gaussian function:

1 _ (b=bg)?
nb)=-—5e > . (44)

27o;,

This distribution is sharply peaked at the impact param-
eter by and its form factor reads as:

]:(kJ_) _ e—ikLbO—kiUg/2 ) (45)

Eq. @3) can be further simplified for two limiting cases.
When the target is considerably smaller than the incident
wave-packet,

op < 1/0., (46)
we get
dv do_(mcsos)
dQ aQ -’ (47)
where

Car o () (e k)

weim(er—ew) T (k/L(O) _ kf)) '
If, additionally, the inequality >y < @ is fulfilled, then
the cross section becomes
do,(mesos) dO,(PW)
ds T dQ

/ J2 (520b) n(b) d°b, (48)

which results in a one-dimension integral for the Gaussian
distribution (44)) of atoms in the target:

do,(mcsos) (bO) dO'(PW)

g = 8o —a—, (49)
= bdb

Ry = [ T2t ) e 10/ 2.
0 o7

When the target is considerably larger than the inci-
dent wave-packet,
oy > 1/0,,, (50)

and the amplitude f is a real function (Argf = 0), we
obtain

dv N, A’k 9 2

a0 " st | 2R, Y (k1) £ (Q—k1)[" n(br),

b, = ﬁ(singpk,—cos,<pk,()). (51)
ki

The scattering amplitude f(Q — k1) depends on the
potential U(r) and it is real in the examples of Yukawa
and hydrogenic potentials given in the next Section.

III. SCATTERING BY YUKAWA AND
HYDROGENIC POTENTIALS

In Section [ we have derived the number of events
and the cross sections for scattering of the Bessel elec-
tron’s wave—packets by a single—potential and by the
mesoscopic— and macroscopic targets. In that analysis,
however, a particular form of the central potential U(r)
was not specified. Below we consider two specific cases,
when U (r) is the Yukawa— and hydrogenic potential, and
discuss properties of the scattered electrons.



A. Yukawa potential

The Yukawa potential
Vo
=—ce€

r

Ul(r) o (52)
describes the field with a typical radius of action a ~ 1/p.
In a theory of atomic collisions, it is used very often as
an approximation to the Coulomb field of the nucleus
screened by atomic electrons, see for example Ref. ,
]. This potential allows one to evaluate analytically
the standard plane—wave scattering amplitude within the
first-Born approximation:

_ _2me‘/0

By inserting this expression into Eq. (I2) and making
simple algebra we derive the scattering amplitude for the
twisted electron:

(—i)™2m, Vo et™m®

V2T

« / Ak g, (k1) VAL In(a, B,b),  (54)
0

F(va) = -

where the function

Ln(a, B,b) = /0

was introduced and studied in Ref. HE] Here both a and
[ are positive:

27 dw eimerikJ_bcos(er«pf«pb)
21 o — [ cos

(55)

o = Q4L+
= p?(l—FCOSQ@k—2<3ost9cos,t9k)-|-k;ﬁ__|_'u27

ﬂ = 2I€LQL:2klpfSin9, (56)

and a > . By making use of Eqs. (B4)—-(B0) one can
study the potential scattering of a twisted electron for
any experimental “scenario”. Below we treat a few such
scenarios.

First, let us study collision with a single Yukawa scat-
terer, located at the central axis of the incident packet.
For such a central collision the impact parameter b = 0
and the function (B3) simplifies to:

[m|
i ) L 67)
a+ /a2 — B2 \/m

see Ref. [18] for further details. With the help of this
expression we can study angular distribution of the scat-
tered electrons. The small scattering angles are of specific
interest here, for which I,,,(c, 3,0) o< BI™ o (sin @)™l
Such a #—behaviour implies that for m # 0 the angular
distribution

Im(avﬁvo) = (

v sing)2im!
10 & (sin ) for 6 =0, (58)

vanishes for the forward emission, 6 — 0. We remind the
reader that this result was predicted above on a basis of
the analysis of the scattering amplitude, see Eq. ([I8).

The dip in the scattering pattern at 8 — 0 disappears,
however, with the increase of the impact parameter b.
Indeed, since for the forward scattering the function (G5
reads as

e_im(¢_¢b+ﬂ/2)

In(ct, B,b)]g—0 = Jm(kib),  (59)

(%

and J,,(k1b) o< bl™l for small impact parameters, we
find:

dv 2|m|
oncb for b—0. (60)

This expression predicts that the (forward) electron emis-
sion quickly increases if the scattering center is shifted
from the central beam axis.

In the second scenario, we still focus on the scattering
off a single potential but for a particular case of a wide
wave—packet. The number of events for this scenario can
be obtained from Eq. (ZI]) as follows:

d

o = LO [2meVo Ln(ao, B, b, (61)
dQ

where «g and 3y are given by Eq. (56) in which k) = s

and L") is from Eq. (2Z). This expression can be further

simplified for the central collision, that is, for b = 0:

dv w) | +B|2

Lo P (62)
where we made use of Eq. (57)) and introduced the “am-
plitude”:

|m]
B _ _(_-m imep v
fV ( Z) 2me‘/0€ <u+m>

1
with u = Q2+ 32 +p? and v = 25¢Q, . Up to unessential
pre—factor this amplitude coincides with f{? reported in
Eq. (24) of Ref. [13]. In that work, however, no indication
was given of how f# is related to the number of events
or to the cross section.

Up to now we have discussed the potential scattering
off a single Yukawa potential. If, in contrast, a wide
wave—packet collides with an infinitely extended target
consisting of randomly distributed Yukawa scatterers,
one can use Eq. (1) to derive the cross section:

d&(@; Hk)
dQ
C(2meVp)? /2” dey, 1
- COS 9k 0 27T [u — U COS (spk — @)]2
_ @mo)?  u (64)
cos O (u? —0v2)3



Here, we used the same short—hand notations v and v as
in Eq. [@3). One can further modify this expression to
account for the incident electron beam, prepared as a co-
herent superposition of two Bessel states, see Eq. (31). In
this case, the differential cross section da(® (6, ¢; 6;)/dQ
is given by the second line of Eq. (64]) in which the ad-
ditional factor (B4]) should be inserted under the integral
over @y.

B. Hydrogen atom in its ground state

We have discussed above the scattering of twisted elec-
trons by a Yukawa potential. A superposition of few such
potentials can be employed to reproduce accurately the
(static) potential of any neutral atom [11, 12]. In this
section, however, we study a particular case of atomic
hydrogen in the ground 1s state. Its potential is repre-
sented as follows:

2
Un(r) = < (1 + L) e~ 2r/ao

ao

(65)

where ag is the Bohr radius. By inserting this expression
into Egs. (I3) and ([I2]), we find the scattering amplitudes
for the incident plane—wave:

_ g 1 1
=3 <1+<qa0/2>2+<1+(qao/2>2>2>’ o

and for the twisted electron’s wave—packet:

F(va) = (;z)# Oooko_gxoaL(kJ_)\/E

y /271' %
0 27

where we introduced the following notations:

i 4 i eim«pk—i-ikLbcos (Pr—%b) (67)
w o w?

w = a—fcos(pr—¢),
1+ Lagp} [1+ cos® O, — 2cos b cos b ] + Faghk?

(68)

(%

8 = %a%kLpf sinf .

In order to simplify F'(Q,b) further one can use the iden-

tity:
SRR
w o w2 Ooa) w’

and then we re—write Eq. (7)) as follows:

(69)

(—i)™ ag e'™¢

221
y /0 Akt g (T (1 _ %) L (@, B, b)(70)

FQ,b) =

where the function I,,(a, 8, b) is given by Eq. (B3)).

Similar to the Yukawa potential, one can employ the
amplitude ([Z0) to investigate the scattering of twisted
electrons by various hydrogenic targets. Again, we start
with a single hydrogen atom for which the number of
(scattering) events is given by:

dv Neag

dQ ~ 8mcos 0

/OO dky Goo, (k1) VEL <1 - %) In(a, B, b)

0

2

X (71)

From this expression and from the properties of the func-
tion I, (a, 8,b) we can again derive Egs. (B8) and (60)
which describe emission pattern of the outgoing electrons
for the forward direction and the small impact parame-
ters b. Moreover, in the limit of a wide wave—packet,
when the momentum distribution function g,.., (k1) is
sharply peaked ar k; = 3¢, we get from Egs. ([2I)) and

dv 2

= _ W)
dQ

(72)

an 8
B} (1 - %) Im(aoaﬂovb)

Here, ag and fy are given by Eq. (68) with k; = s, and
L™ given by Eq. [22).

With the help of the amplitude (Z0) one can also
treat the scattering of the twisted wave—packet by a
macroscopic hydrogenic target. For this case, the angle—
differential cross section reads as follows:

A (6,6,p;) a3 /2” d¢k[ 1
0

dn "~ 4cosb 2 | u—vcos (pr — @)

2
1
(u—wvcos(pr — sﬁ))Q]

@ (0 0
" 4cosfy Oou  Ou?

+

103 1
) e ()
6 8u3 uZ — v2
1+ %a%p?(l — cosfcosby), v =
%a%p? sinfsinf,, v > v, and the wide incident wave-
packet is assumed.

where uw =

IV. RESULTS AND DISCUSSIONS

In order to illustrate the theory developed in Sec-
tions [l and [Tl we intend now to present calculations
for scattering of the twisted electrons by hydrogen atoms.
All the results in Figs. 1-4 are presented for the wave
packets with the averaged momentum p; = 10/ay where
ap is the Bohr radius (this momentum corresponds to
the kinetic energy of 1.4 keV). Similar to before, these
calculations are performed for three various scenarios in
which electrons collide with a single H atom, as well
as with infinitely extended (macroscopic) and localized
(mesoscopic) atomic target.
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Figure 1: (Color online) The averaged cross section (28)), (73]
for the scattering of twisted electrons by a macroscopic target,
consisting of hydrogen atoms in their ground state. Results
are presented for the incident wave packets with the width
05 = 0/3 (blue dashed line) and o,. < > (black solid line),
and the opening angle 6, = 15 deg (upper panel) and 30 deg
(lower panel). Results of calculations are compared, more-
over, with the prediction obtained for the plane—wave elec-
trons (red dotted line).

A. Scattering by a macroscopic target

We start our calculations from the most experimen-
tally accessible scenario of a macroscopic target. In this
case, the transverse extension of an electron beam is as-
sumed to be much smaller than the size of the target,
R > 1/0,,, and the scattering process is described by
the cross section (26]). This cross section, averaged over
all impact parameters of individual scatterers, is indepen-
dent of the electron’s OAM projection but is still sensi-
tive to the kinematic parameters and to the size of the
beam. In order to illustrate such a sensitivity, we dis-
play in Fig. [l the cross section da/dS) for the scattering
of twisted electrons by a (macroscopic) hydrogenic tar-
get. Calculations have been performed for two values of
the beam opening angle, 0, = 15 deg (upper panel) and
0 = 30 deg (lower panel). We also compare the results
obtained for the incident plane—wave electrons (red dot-
ted line) with the predictions for the twisted wave—packet
@®) with the width o, = 3¢/3 (blue dashed line) and
0, < s (black solid line). The latter result corresponds

Am =2

T T G(deg)
100 120

Figure 2: (Color online) The azimuthal assymetry parameter
([B0) for the scattering of the superposition of two Bessel wave—
packets by a macroscopic hydrogenic target. The calculations
have been performed for two incident electron beams with the
width o, < 20, difference of OAM projections Am = 2, and
the opening angles 0, = 10 deg (red dotted line), 20 deg (blue
dashed line) and 30 deg (black solid line).

to an approximation of a wide wave—packet which, in its
limit, recovers the monochromatic case.

As can be seen in the Fig. [[ the angle—differential
cross section is indeed very sensitive to the opening an-
gle 0. While the incident plane—wave electrons are scat-
tered predominantly in the forward direction, § = 0 deg,
the da/df) for the twisted wave-packets is peaked near
0 = 0. As discussed already in Section for a wide
packet, this behaviour is expected from Eq. (29) and from

the (plane—wave) amplitude f(Q — kf)) that is maxi-

2
mal at (Q — kf)) = 0. With the increase of o,, and,

hence, decrease of the transversal size of the wave packet
Az = Ay ~ 1/0,,, the “wide-packet” approximation is
not valid any more. However, even in this “spatially—
localized—packet” case the twisted electrons are scattered
most likely under the angles near § = 6, although the
peak in the emission pattern becomes less sharp, see blue
dashed curve in Fig. [l

Despite the different scattering patterns of the incident
plane-wave— and twisted electrons, the total cross sec-
tions for these two cases are generally of the same order
of magnitude. For instance, by integrating the da/dQ
(black solid line) and dopi/d€ (red dotted line) from
Fig. M over the angle 6, we confirm numerically the rela-
tion (B0) between & and oy for the wide twisted packet
and the plane wave, respectively. For a spatially local-
ized packet, for which o, ~ 37, the total cross section
is about 10-30 % smaller than the g (wide) = o1/ cos b,
which, again, makes the observation of the scattering of
focused twisted beams experimentally feasible.

Until now we have discussed the potential scatter-
ing of a single twisted wave—packet. For this case,
and for a macroscopic target, the averaged cross sec-
tion dg/dQ) appears to be insensitive to the projection of
the orbital angular momentum m. However, the OAM-
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Figure 3: (Color online) The (normalized) number of events
dv(0)/dQ2 with N. = 1 from Eq. ([[) for the scattering of
the Bessel wave—packet by a single hydrogen atom, placed at
a distance b = 0 (upper panel) and b = ao (lower panel).
Results are presented for the incident packets with the width
0. = /5, the opening angle 0, = 10 deg, and the OAM
projection m = 0 (black solid line), m = 1 (blue dashed line),
and m = 2 (red dotted line).

sensitivity can be restored if the incident electron beam
is a coherent superposition [BI) of two twisted states
with different m’s. As seen from Eq. (3H]), the scatter-
ing pattern for such a superposition depends not only
on the polar angle # but also on the azimuthal one,
©. This ¢—dependence is parametrized as dg® /dQ ~
14+ A sin (Am(p — 7/2) + Aca) and, hence, is determined
by the difference of the beam phases A« and the OAM
projections Am. The strength of the azimuthal asym-
metry is defined by the parameter A = A(6;0y) that is
given by Eq. (30) and it is insensitive to ¢. In Fig.
we display this parameter A as a function of the polar
scattering angle 6 for three opening angles: 6 = 10 deg
(red dotted line), 20 deg (blue dashed line) and 30 deg
(black solid line). The calculations have been performed
for the wide wave packets with ¢; = ¢o = 1/\/5, Am = 2,
and the width o,, < 5. As seen in the figure, the
A(0;6),) is peaked at the angles 6 ~ 0; and, moreover,
it increases with the growth of 6. This implies that the
Am— and Aa—dependences can be observed most eas-
ily for the beams with large opening angles ) and for
electron detectors placed at 6 ~ 6.
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B. Scattering by a single potential

Until now we have discussed the most realistic (exper-
imental) scenario is which twisted electron wave-packet
collides with a macroscopic atomic target. However, in
order to better understand the features of the potential
scattering of Bessel packets it is more convenient to con-
sider a collision with a single atom, located at a particu-
lar impact parameter b with respect to the beam’s axis.
As mentioned above, the number of (scattering) events
drv/dQ can be used to characterize the process for such
a “single-atom—case”. In Fig. Bl we display, for example,
the (normalized) number of events dv(6)/dQ2 with N, = 1
from Eq. ([T, as a function of the polar angle 6 of out-
going electrons, defined with respect to the beam (z—)
axis. Here we assume ¢ = 0, that is, scattered electrons
are “detected” within the plane of the target atom. Cal-
culations were performed for a hydrogen in the ground
1s state and for the incident wave packet with the width
0, = #y/5. We consider, moreover, two impact param-
eters, b = 0 (upper panel) and b = ap (lower panel)
and three projections of the orbital angular momentum,
m = 0 (black solid line), m = 1 (blue dashed line), and
m = 2 (red dotted line).

As seen from the Fig.[3] there is a strong dependence of
the electron scattering pattern on the OAM projection.
This m—dependence is most pronounced for the central
collision, b = 0, and small angles, § — 0. In this case, the
(forward) electron scattering is allowed only for m = 0,
while dv(f = 0)/dQ vanishes identically for m = 1 and
m = 2. Such a behaviour is expected from the analysis of
the transverse component of the electron wave-function
and of the scattering amplitude, see Eq. ([I8]). With the
increase of the impact parameter b the dip in the electron
angular distribution for § = 0 (and m # 0) disappears.
Indeed, for b = ag (lower panel of Fig. B]) the forward
scattering is allowed and even becomes dominant as the
target atom is further shifted from the center of the in-
cident packet.

In contrast to the case of the macroscopic target, the
collision of a wave—packet having one definite value of m
with a single well-localized atom can also result in the
azimuthal asymmetry of the electron scattering pattern.
One can expect this because the system of the incident
packet plus target atom at b # 0 does not possess the
azimuthal symmetry, that is “recovered” only after inte-
gration over b. The resulting ¢—distribution of outgoing
electrons (see Eq. ([7I))) is very sensitive to the kinematic
parameters and the OAM projection of Bessel electrons.
In Fig. [ for example, we display the normalized num-
ber of scattered events, dv(6,¢)/dv(0,¢ = 0), for the
incident wave—packet whose parameters are 6, = 10 deg,
and o,, = 3 /5. Here, we performed calculations for the
impact parameter b = 2ag, two polar scattering angles,
6 = 1 deg (upper panel) and § = 20 deg (lower panel),
and five OAM projections: m = —2 (red dotted line),
m = —1 (blue dashed line), m = 0 (black solid line),
m = 1 (blue solid line) and m = 2 (red solid line). As
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Figure 4: (Color online) The azimuthal angle dependence of
the normalized number of events dv(0,)/dv(0,¢ = 0) for
scattering of the Bessel wave—packet by a single hydrogen
atom, placed at the distance b = 2ap. The results are pre-
sented for the incident packets with the width o,. = 50/5, the
opening angle 6, = 10 deg, and the OAM projection m = —2
(red dotted line), m = —1 (blue dashed line), m = 0 (black
solid line), m =1 (blue solid line), and m = 2 (red solid line).
We assumed, moreover, that outgoing photons are detected
at the polar angles 6 = 1 deg (upper panel) and 20 deg (lower
panel).

seen from the figure, the variation of m may lead to the
qualitative changes in the azimuthal angular distribution,
thus suggesting that the scattering by well-localized tar-
gets can be used for diagnostics of the twisted beams.

C. Scattering by a mesoscopic target

In Sections [V Al and [V Bl above we treated two limit-
ing cases of scattering either by an infinitely large target
or by a single atom. These calculations have clearly in-
dicated that the size of a target strongly influences the
OAM-sensitivity of the electron scattering pattern. In-
deed, while the averaged cross section (26]) is indepen-
dent of m unless the superposition of two packets is con-
sidered, the number of events ([[9) for a single potential
varies significantly with the change of the OAM. In order
to illustrate better the “size—effect” in scattering of the
twisted wave—packets, here we apply Eqs. {#0) and ({4)
which describe collisions with a target of finite sizes. By
making use of these expressions, we have evaluated the
number of scattering events for two limiting cases given
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Figure 5: (Color online) The relative differential cross section
R(bo) = do™°%) (by) /do W) from Eq. @) as a function of
the impact parameter b of the target center (upper panel)
for op = 1/30 = 10 nm, 1/0,. = 50 nm, 0, < 1 and for
the following projections of the orbital angular momentum:
m = 0 (black solid line), m = 1 (blue dashed line), m = 3
(red dot-dashed line), m = 5 (black dotted line). On the
lower panel the normalized density of the incident twisted
beam p™ (r1)/p'?(0) is shown for the same parameters.

in Sect. 1I C 4.

When the size of the target o}, is smaller than the trans-
verse spread of the wave—packet Az = Ay ~ 1/0,,, we
use Eq. (49) and present in Fig. Bl (upper panel) the rel-
ative differential cross section

do_(mcsos) (bo)/dQ
do®W) /d

as a function of the impact parameter by of the target cen-
ter. Calculations have been performed for the following
parameters: o, = 1/39 = 10 nm, 1/0,, = 50 nm, 6 < 1
and for four projections of the orbital angular momen-
tum: m = 0 (black solid line), m = 1 (blue dashed line),
m = 3 (red dot-dashed line), m = 5 (black dotted line).
On the lower panel of Fig [l we present the normalized
density of the incident twisted beam p(™ (1 )/p(?)(0) for
the same parameters. Here the density itself reads as fol-

lows (see Eq. ([@)):

/000 Vo) (27) T (367 L) Grego,, 26 dse| . (T5)

It is clearly seen from comparison of these panels that
the “twisted” cross section is very sensitive to variation
of the incident beam’s density.

R(bo) =

(74)

p™(rL) =
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Figure 6: (Color online) The number of events (EI) for a wide
target as a function of the impact parameter by for o, = 10
nm, 1/0,, = 2 nm, 0, = 0 = 1deg, ¢ = pp = 0 and for the
following projections of the OAM: m = 0 (black solid line),
m = 50 (blue dashed line), m = 100 (red dotted line).

When the size of the target o}, is larger than the trans-
verse spread of the wave—packet 1/0,,, we use Eq. (&)
and present in Fig. 6 the number of scattering events
as a function of the impact parameter for three different
values of the OAM: m = 0 (black solid line), m = 50
(blue dashed line), m = 100 (red dotted line). Clearly,
scattering off the large target is sensitive to the spatial
density of the incident wave front only for the big val-
ues of the OAM when o, ~ m/s, m > 1. Note that
electrons with the OAM quanta as high as m = 200 have
already been generated [4].

V. SUMMARY

In summary, we have applied the generalized Born ap-
proximation, developed by us in Ref. ﬂﬁ], in order to
investigate scattering of the vortex electrons by atomic
targets. In our study, we focused especially on derivation
of the physically meaningful expressions for the number
of (scattering) events and for the differential cross sec-
tions. These physical observables have been obtained
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for different “experimental” scenarios in which incident
wave-packet collides with (i) a single potential as well
as with (ii) localized (mesoscopic) target and with (iii)
an infinitely wide (macroscopic) one. Even though the
developed theory can be employed for any type of the
electron—atom interaction, in the present study we de-
scribed the scattering off the Yukawa- and hydrogenic po-
tentials. For these potentials, simple expressions for the
cross sections and for the numbers of scattering events
are presented which can be used for analysis and guid-
ance of the future scattering experiments.

On the basis of the developed theory we showed that
the number of scattering events in collisions involving
twisted electrons is comparable to that in the stan-
dard plane—wave regime. This implies that experiments
with the focused twisted electrons are feasible with the
present-day detectors. The outcome of these experiments
will depend, however, on the relative size of an incident
beam and an atomic target. For example, for targets
whose width is narrower than the transverse size of the
beam, the angular distribution of the scattered electron
can be very sensitive not only to the opening angle, but
also to the OAM projection itself. The sensitivity to
the orbital momentum m vanishes, however, with the in-
crease of the target’s size. On the other hand, even in this
macroscopic case the OAM-sensitivity can be recovered
if one prepares an incident beam as a coherent super-
position of two twisted packets with two different m’s.
We conclude, therefore, that the potential scattering can
provide a wide range of opportunities for diagnostics of
the twisted electron beams, and the corresponding exper-
iments can be carried out at the present—day facilities.
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