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Model selection for a semi - Markov
continuous time regression observed in the

. . *
discrete time moments
Barbu V.S., Beltaief S., Pergamenshchikov S.

Université de Rouen Normandie, Rouen,
Tomsk State University, Tomsk
e-mail: Serge.Pergamenshchikov@univ-rouen.fr

Abstract

In this article we consider the nonparametric robust estima-
tion problem for regression models in continuous time with semi-
Markov noises observed in discrete time moments. An adaptive
model selection procedure is proposed. A sharp non-asymptotic
oracle inequality for the robust risks is obtained. We obtain suf-
ficient conditions on the frequency observations under which the
robust efficiency is shown. It turns out that for the semi-Markov
models the robust minimax convergence rate may be faster or
slower than the classical one.

Keywords: Non-asymptotic estimation; Robust risk; Model
selection; Sharp oracle inequality; Asymptotic efficiency

In this paper we consider the semi-Markov regression model in con-

tinuous time introduced in [1], i.e.
dy, = St)dt+d&, 0<t<n, (1)

where S(-) is an unknown 1-periodic function defined on R with values
on R, (&);>0 is the unobserved noise process defined through a certain
semi-Markov process in [1].

Our problem in the present paper is to estimate the unknown func-
tion S in the model (1) on the basis of observations

(Yt Jo<j<np, tj =74, A= %, (2)
where the integer p > 1 is the observation frequency. Firstly, this prob-
lem was considered in the framework “signal+white noise” (see, for ex-
ample, [3] or [11]). Later, to introduce a dependence in the continuous
time regression model in [10], [6], [4], [5] [7], the Ornstein-Uhlenbeck
processes has been used to model the “color noise”. Moreover, in order
to introduce the dependence and the jumps in the regression model

*The work was supported by the RSF grant 17-11-01049.



(1), the papers [8] and [9] use the non Gaussian Ornstein-Uhlenbeck
processes defined in [2]. The problem in all these papers is that the
introduced Ornstein-Uhlenbeck type of dependence decreases with a
geometric rate. So, asymptotically when the duration of observations
goes to infinity, we obtain the same “signal+white noise” model very
quick. To keep the dependence for sufficiently large duration of ob-
servations, in [1] it was proposed the model (1) with a semi-Markov
component in the jumps of the noise process (&;)¢>o-

The main goal of this paper is to develop adaptive robust method
from [1], that was based on continuous observations, to the estimation
problem based on discrete observations given in (2). In this paper we
use quadratic risk defined as R

RqQ(Sn, S) =Eq,s [1Sn — 81, (3)
where S, (-) is some estimate (i.e. any periodical function measurable
with respect to the observations o{ys,,...%,.}), [If|* = fol f2(s)ds
and Eq s is the expectation with respect to the distribution Pg s of
the process (1) corresponding to the unknown noise distribution @ in
the Skorokhod space D|[0,n]. We assume that this distribution belongs
to some distribution family Q,, specified in [1].

To study the properties of the estimators uniformly over the noise
distribution (what is really needed in practice), we use the robust risk
defined as R R

R (Sn,S) = sup Rq(Sn,S). (4)

QEQ,

Thus the goal of this paper is to develop a robust efficient model
selection method based on the observations (2) for the model (1) with
the semi-Markov components in the jumps of the noise (§:)i>0. We
use the approach proposed by Konev and Pergamenshchikov in [9] for
continuous-time regression models observed in the discrete time mo-
ments. Unfortunately, we cannot use directly this method for semi-
Markov regression models, since their tool essentially uses the fact that
the Ornstein-Uhlenbeck dependence decreases with geometrical rate
and obtain sufficiently quickly the “white noise” case. In the present
paper, in order to obtain the sharp non-asymptotic oracle inequalities,
we use the renewal methods from [1] developed for the model (1). As a
consequence, we can obtain the constructive sufficient conditions that
provide the robust efficiency for proposed model selection procedures.

In this paper we construct some special family of the weight least
square estimators (Sy)xea, where A is some finite set from [0,1]™. In
the sequel we assume that the number of the vector of the v = cardA



is a function of n, i.e. v = v,, such that for any v > 0

lim — =0. (5)
n—oo nY
The model select procedure for this family is defined as
S, =55 and A = argmin, ¢, J, 5(N), (6)

where J,, 5()) is the cost function defined for any in [1] and 0 < 6 < 1
is the penalty parameter.

We assume that the renewal distribution in the semi-markov com-
ponent of the noise process in (1) has a density g that satisfies the
following conditions.

H,) Assume that, for any x € R, there exist the finite limits
g9(z=) = lim g(z) and g(z+)= lim g(2)
and, for any K > 0, there exists § = §(K) > 0 for which
sp /‘5 l9(z +t) + gz —t) — g(a+) — g(a—))|
lz|<K Jo t

dt < oo. (7)

H,) For any v > 0,
sup 27[29(2) = 9(z=) = g(z+)] < o0

H3) There exists B> 0 such that [p €% g(x) da < co.

H,) There exists t* > 0 such that the function §(0 — it) belongs to
Li(R) for any 0 <t < t*, where

i) = 5= [ " glw)do.

Theorem 1. Assume that the function S is continuously differentiable
and that Conditions Hy)-Hy) hold true. Then there exists some con-
stant I* > 0 such that for any noise distribution Q, the weight vec-
tors set A, for any periodic function S for any n > 1, p > 3 and

0 < § <1/6, the procedure ( ) satisfies the following oracle inequality
+ 30

~ *L
RQ(S*,S) T-35 4 mlnRQ(S)\,S)-‘rl n (8)
n 1430 U;
R*(S4,5) < T35 & mmR (Sx,8) + 507”7 (9)

where the the rest term U is such that for any v >
*

lim —2 =0.
n—oo nY



Remark 1. The oracle inequalities (8) and (9) are called sharp or-
acle inequalities, since the coefficients in the main terms in the right
side closed to one. As we will see below this property allows to show
asymptotic efficiency in the adaptive setting.

In order to obtain the efficiency property, we specify the weight
coefficients (A(j))1<j<n in the procedure (6). Consider, for some fixed
0 < € < 1, a numerical grid of the form

A={1,...)k*} x {e,...,me}, (10)
where m = [1/£%]. We assume that both parameters k* > 1 and ¢ are
functions of n, i.e. k* = k*(n) and € = ¢(n), such that

k*(n) _
lim, o €(n) =0 and lim, o n7e(n) = +oo
for any v > 0. One can take, for example, for n > 2
1 * *
e(n) = o and k*(n) =kj+ Vinn, (12)
nn

where k§ > 0 is some fixed constant. For each o = (8,7) € A, we
introduce the weight sequence

Ao = (Aalf))1<i<p

lim, oo k*(n) =400, lim,_ o

with the elements

Aa(i) = agjciy + (1= (G/wa)?) 1 <jcways (13)

where j, = 1+ [Inv,], we = (dg Tv, )Y/ A+,

_(B+1D(28+1) L
dng and v, =n/¢*.

Threshold ¢* is a function of n, i.e. ¢* =¢*(n) such that for any v > 0
liminfnY ¢*(n) = 400 and limsupn~7¢"(n) =0. (14)

n—oo n—00

Now we define the set A as

A={d,acA}. (15)

These weight coeflicients are used in [8,9] for continuous time re-
gression models to show the asymptotic efficiency. Note also that in
this case the cardinal of the set A is v = k*m. Therefore, the condi-
tions in (11) yield the property (5). Moreover, to obtain the efficiency
for the model selection procedure we assume the following condition on
the frequency of the observations.

H;) Assume that for any n > 3 the observation frequence p > nd/8.

To this end, we assume that the unknown function S in the model



(1) belongs to the Sobolev ball

k
WE={f e ck 0,1, 3 IO <, (16)
=0
where r > 0, k > 1 are some parameters, C* [0,1] is the set of k

per

times continuously differentiable functions f : [0,1] — R such that
f@0) = f@(@1) for all 0 < i < k. The function class W¥ can be
written as an ellipsoid in lo, i.e.

W ={feCr,[0,1]: ) a;67 <r} (17)
j=1

where a; = Y28 (2x[j/2))*".
Similarly to [8,9] we will show here that the asymptotic sharp lower
bound for the robust risk (4) is given by
2 ) 2%k /(2k+1)

. 1/(2k+1)
rp=1(2k+1)r) ((k: = (18)
Note that this is the well-known Pinsker constant obtained for the
nonadaptive filtration problem in “signal + small white noise” model
(see, for example, [11]).
Let II,, be the set of all estimators S,, measurable with respect to
the sigma-algebra o{y;, 0 < ¢t < n} generated by the process (1).

Theorem 2. Under Conditions (14)

lim inf v2*/G*D inf sup RE(S,,S) > 7, (19)
o Sn€ll, ScWk

where v, = n/¢*.

Note that, if the parameters r and k are known, i.e. for the non-
adaptive estimation case, in order to obtain the efficient estimation for
the “signal+white noise” model, Pinsker proposed in [11] to use the
estimate Sy, with the weights (13) in which

Ao =Aa, and ag=(k,70), (20)
where 79 = [r/e]e. For the semi-markov regression model (1) we show
the same result.

Proposition 3. The estimator S’AO satisfies the following asymptotic
upper bound
lim 02k Gk sup RE(Sy,,S) < 7.
n—oo SGW,’?’
For the adaptive estimation we user the model selection procedure
(6) with the parameter 0 defined as a function of n satisfying

lim §,=0 and lim n”4, =0 (21)

n—o0 n—0o0



for any v > 0. For example, we can take §,, = (6 + Inn)~!. Now the
oracle inequality (9) for the family (15) and Proposition 3 imply the
following upper bound.

Theorem 4. Assume that Conditions Hy)-Hs) hold true. Then the
robust risk defined in (4) for the procedure (6) with the coefficients (13)
and the parameter 6 = 6, satisfying (21) has the following asymptotic
upper bound

limﬁsup v2k/(2k+1) Ssuvgk RE(S.,S) <75 (22)
n—o00 cEW}k

Theorem 2 and Theorem 4 imply the following result.

Corollary 5. Under the conditions of Theorem 4, the model selection
procedure Sy is efficient, i.e.

. infg o supgewr Ry (Sn,S)
lim

noee SUPgew R; (S, S)

=1. (23)

Remark 2. It is well known that the optimal (minimax) risk conver-
gence rate for the Sobolev ball WF is n?*/ k1) (see, for example, [11]).
We see here that the efficient robust rate is Uzk/(2k+1)} i.e. if the dis-
tribution upper bound ¢* — 0 as n — oo we obtain a faster rate with
respect to n2%/ kD) - and if ¢* — 0o as n — oo we obtain a slower
rate. In the case when ¢* is constant the robuste rate is the same as
the classical non robuste convergence rate.

Conclusion. In the conclusion we would like to emphasize that in
this paper :

e we construct a selection model procedure based on the weight least
square estimators;

e we find conditions for which we obtained an sharp non asymptotic
oracle inequalities for the simple quadratic risks and for the robust
risks as well;

e using the Pinsker method we obtain a lower bound for the robust
quadratic risks, then, through the obtained sharp oracle inequal-
ities we show that the risk upper bound for the constructed pro-
cedure matters this lower bound, i.e. the procedure is efficient in
the adaptative setting.

10
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Adaptive prediction of continuous-time
*
processes

Dogadova T. V., Vasiliev V. A.

Department of Applied Mathematics and Cybernetics,
Tomsk State University, Tomsk
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Abstract

The problem of asymptotic efficiency of adaptive one-step
predictors for stable continuous-time processes with unknown
parameters is considered. The proposed criteria of optimality
are based on the loss function, defined as a linear combination
of sample size and squared prediction error’s sample mean.

Keywords: Adaptive optimal prediction, stochastic differ-
ential equations, stochastic differential equations with time de-
lay, risk function; guaranteed parameter estimation.

The main purpose of this paper is to present applications of the
truncated estimation method for constructing optimal adaptive pre-
dictors for the stochastic processes related with continuous-time dy-
namical systems. The proposed procedures are based on the truncated
estimators which have been developed in order to estimate ratio type
functionals from a wide class by dependent observations and by sam-
ples of fixed size so that they had guaranteed accuracy in the sense of
the Lo,,-norm, m > 1.

Estimators with the said quality can be applied in adaptive pre-
diction of dynamical systems with unknown parameters. Then it is
possible to optimize the prediction procedure in terms of sample mean
of squared prediction errors and sample size.

In this paper we construct and investigate real-time predictors which
only use past values of the multivariate diffusion-type and scalar time-
delayed processes.

We consider the problem of minimization of the risk function as-
sociated with predictors of values of the process and size of a sample.
The proposed procedure is shown to be asymptotically risk efficient as
the cost of prediction error tends to infinity.

*Research was supported by the RNF, Project No. 17-11-01049.
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Parameter estimation of a multivariate diffusion process. As-
sume the model

dz(t) = Az(t)dt +dW,, t>0 (1)
with an unknown p X p matrix parameter A, where x(0) is zero mean
random vector with variance matrix 3y having all the moments, W; is
a multivariate Wiener process with independent components, (0) and
W, are mutually independent. Suppose that the process(1) is stable, i.e.
all the eigenvalues of the matrix A have negative real parts. Consider
the estimation problem of A with a guaranteed accuracy. Define the
estimator of A as

Ay =G ®r, T >0,

where
T

Gr = %qu Gr = /$(t)l’l(t)dt,

0

1 T

Br= dr, O = /x(t)dx’(t), T>0.
0

Define the truncated estimator
There exists a given number Cy such that for every T > 0,
sup EAH[XT — A||2 < %,
A€Ag T
where Ag is a compact set from the stable region of the process (z(t)).

Parameter estimation of one-parameter delay differential equa-
tion. Assume w = wy, t > 0 is a real-valued standard Wiener process,
b is a real number and z = (a4, t > —r) is a solution of the stochastic
delay differential equation
d.’l?t = b.’IJt_T + dwt, t Z 0 (3)
with some fixed initial condition z; = Xo(t), t € [—r, 0], where Xo(-) is
a cadlag stochastic process independent of w(-). Note that the process
(3) is stable when the parameter b € (—m/2r,0).
The solution z of (3) exists, it is pathwise uniquely determined and

for t > 0 can be represented as
0 t

X, = 20(8) Xo(0) + b / Tolt — 5 — 1) Xo(s)ds + / zo(t — s)dws.
- 0
Here x¢(t), t > —r denotes the fundamental solution of the deter-

13



ministic equation
x(t) = bxo(t — 1), 20(0) =1 and zo(t) =0, t € [-r,0).
The truncated estimator of the unknown parameter b can be defined
as follows

¢
fx'u—rdx’u t

b, = Ttix /xi_rdv >tlog 't |, t > max(u,r). (4)
JaZ_ dv v

.
o0
Define the numbers o = [ 23(v)dv and sy = max{r,exp(c?)}.
0
For ¢t > u + s¢ estimators (4) have the properties
- C
E(b; — b)? < t—;’ p>1.

Optimal adaptive prediction of the multivariate diffusion pro-
cess. Assume the model (1). The problem is to construct a predictor
for z(t) defined in (1) by observations z!~" = (z(s))o<s<t—v Which is
optimal in the sense of the risk function introduced below. Here u > 0
is a fixed time delay.
Using the solution of (1) we obtain the following representation
x(t) =Bzt —u) + & pmn, t>u, (5)

t
where &, = [ e*=9)dW,, B = €. Applying properties of the
t—u

Ito integral it is easy to verify that
u
E{t,t—u = O, 0'2 = EHft,t—u”Q = / ||6A5H2d3.
0

Optimal in the mean square sense predictor z°(t) for z(¢) is the
conditional mathematical expectation of z(¢) under the condition of
2t~% which can be found using (5)

2°(t) = Bax(t —u), t>u.

Since the parameters A and B are unknown, we define the adaptive

predictor

&(t) = Bi—yx(t —u), t>u, (6)
where B;_,, is the estimator of B defined as follows
Bt = eAtu7

Ay is defined in (2).
Denote the prediction errors of 2¥ and #; as
(t) = a(t) — 2°(t) = & p—u,

14



e(t) =x(t) — &(t) = (B — Bi—w)x(t —u) + & pmu, t 2> u.
Now we define the loss fujllction
L, = ?52(15) +t, t>u,
where
—2 1t 2
) =7 [ lle(s)lPds

u
and the parameter A > 0 is the cost of prediction error.
We also define the risk function Ry = EL; as

A
Ry = ?Eé2(t) +t
and consider optimization problem
Ry — mtin.
For the optimal predictors x°(¢) it is possible to optimize the cor-

responding risk function
2

RV =FE <’3(e°(t))2+t) = ATJth—nntin, (7)
t

where (e2(1))% = 1 /(eg)st.

t

u

In this case the optimal duration of observations T and the corre-

sponding value of RY are respectively
TS = Az, R%g =247, (8)
where o := V2.

However, since A and consequently o are unknown and both 74 and
ROTQ‘ depend on a, the optimal predictor can not be used in practice.
We define the estimator T4 of the optimal time 79 as

Ta=inf{t>ts:t> AY%5,,}, (9)
where t4 := AY/2 . log™" A = 0(A'/?). Here 6, := /o2 is the estimator

of unknown o, where
u
5t = [ lleh s
0

Our purpose is to prove the asymptotic equivalence of T4 and T9 in
the almost surely and mean senses and the optimality of the presented
adaptive prediction procedure in the sense of equivalence of R% and
the obviously modified risk

_ 1
Ry=A-E—¢*(Ty) + ETy. (10)
Ta

15



Theorem 1. Assume the model (1) and ta that is defined in (9). Let
the predictors 2, be defined by (6), the times TS, Ta and the risk func-
tions R, R4 defined by (8), (9) and (7), (10) respectively. Then

Ta ET, Ry

—_— -a.S. —_— — 1.
Tg A—o0 ’ Tg A—o00 ’ R% A—o0

One-parameter delay differential equation. Assume the model
(3). In this section we construct optimal and adaptive predictors for
the process (3). Optimal in the mean square sense predictor is the
conditional mathematical expectation

z,gk) (t —u) = E(zt|wi—0),
that satisfies the following equation

t—(u—r)At t
zgk) (t—u)=mx4_y +b / Ty—_rdv+ b / 1(;O)krdv+
t—u t—(u—r)At
E_1 t—r
+bZ/ Zy” (h—iyrdV v, kr <u < (k+1r, t > u. (11)
=1 t

Since the parameter b in the definition of the optimal predictors
( )(t — u) is unknown, we define the adaptlve predictor by formula
(11) replacing the unknown b with by w, Where by_,, is the projection

bt u — pro.][—ﬂ-/Qr’O]bt u

of the truncated estimator of the parameter b which is proposed in (4).
o0

Define the numbers 02 = [ 22(v)dv and sy = max{r,exp(a;?)}.

Denote the adaptive predlztlon error and rewrite it in the form
et —u) = m — 2Pt —u) = & + e (t - w),
where e0(t — u) = wx; — E(x|r_) and egk) t —u) =
= zﬁk) (t—wu)— A(k) (t — u). Then for every fixed k >0
T (B (e} (¢ = w)* — of) < C.

If it is known that b € [bg, b1], —7/2r < by < b1 < 0, then for t—u >

51 = max{r,exp(c;?)}, where 67 = inf o2 the non-asymptotic

b€ [bo,b1]
property is fulfilled
C
E(e®(t —u))? —0f < 7
These properties can be used to prove optimality in the sense of
considered above risk functions.
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Non-asymptotic distribution of the
sequential estimates of parameters in a
first-order unstable autoregression with

*
unknown mean
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Abstract

The paper proposes new sequential estimates for the param-
eters in an autoregressive process AR(1) with unknown mean.
The property of uniform asymptotic normality is proved in the
case of non-stable process with unspecified noise distributions.
In case of Gaussian noises non-asymptotic distribution of esti-
mates has been derived.

Keywords: sequential estimate, autoregression, fixed-accuracy
estimation, uniform asymptotic normality.

Introduction. It is well-known that autoregressive models are widely
used in the problems of automatic control, time series analysis, filter-
ing theory, image processing, spectral analysis and others because they
provide adequate description of different processes in applications. For
estimating parameters in these models a wide variety of methods have
been developed. Much efforts have been made to investigate the asymp-
totic properties of the least squares estimates (LSE) of an autoregressive
parameter in the AR(1) model obeying the equation

Ty =O0xp_1 + e, k21, (1)
where {e1} is a sequence of i.i.d. random variables with Ee, = 0,
0 < Eef = 0% < co. It is well-known (see [5| for details and other
references) that the LSE based on (zo, ..., 2,)

n

R > Tp—1Tk

0 = "= (2)
> xi_l
k=1

has three different limiting distribitions, depending on the value of
unknown parameter 6 each demanding its own normalizing factor.

*This study was supported by the ministry of education and science of the Rus-
sian Federation, goszadanie no 2.3208.2017/4.6

17



Lai and Siegmund [4] proposed for estimating parameter 6 in the
model (1) to use a sequential sampling scheme based on the stopping
time

T=17h)={n>1: 1, >h}, h>0,
n
where I,, = ) xi& is the observed Fisher information. They have
k=1
proved that the sequential estimate @(h) obtained from (2) by replac-
ing n with 7(h), has the important property of uniform asymptotic
normality
lim sup [Py (17 (0- —0) <2) - @ (Z)] =0.
h—)oo‘mgl 7(h) (k) o

In this paper we consider the problem of estimating two unknown

parameters 61 and 0, in the model of type

xp =01xp_1 +02+¢ek, k=1, (3)
where (x)k>1 is a sequence of i.i.d. random variables with Eey, = 0,
0 < Ee? = 0% < o0.

As is pointed out in [5], the multiparametric case is more compli-
cated and should be treated differently to obtain the estimator with the
property of uniform asymptotic normality. Galtchouk and Konev [2]
treated problem of estimating parameters 6; and 65 in the model (3)
from the standpoint of sequential analysis. To construct the sequential
estimate of the vector 6 = (01, 05)" they use the LS-estimate based on
the sample (zg,...,z,)

é\(n) = M;l Z Yk_lxk,
k=1

where Y, = (xj,1)’, the prime denotes the transposition; M,, is the
sample Fisher information matrix, that is

n
M, =Y Yi 1Y, ;. (4)
k=1
The sequential estimate is defined as
7(h)
er(h) = M_:(}L) Z kalwk (5)
k=1

where h > 0, 7(h) is the stopping time of the form

7(h) = inf {n >1: ) Vil 2 h} , inf{0} = oo,
k=1
[Ye1]* = 1 +a%_;.
The paper [2] has established the uniform asymptotic normality
property of estimate (5) which is given in the following theorem.

18



Theorem 1. Let the process (3) be stable, |01] < 1, and (g,,) be i.i.d.
with mean 0 and unit variance and be independent of xg. Then for any
0<l<oo,0<s<,

lim sup sup {Pg (M:(/i)(@(h) —-0) < t) — ®y (t)] =0,

h—oopco, . teR?
where ®o(t) = O(t1)P(t2), P is the standard normal distribution func-
tion,

6173 = {(01792)/ -1 + s g 01 g 1-— S, ‘02| g l} .

Remark 1. In order to estimate parameters 61 and 0y in (3) with
prescribed mean square precision one can apply the theory of guaranteed
estimation developed in the paper of Konev and Pergamenshchikov [3].

We aim here at constructing sequential estimates which possess the
following properties.

First, they are asymptotically uniformly normal for an unstable
process (3).

Second, in the case of Gaussian disturbances {e,},>1 and appro-
priate choice of normalizing factor, the estimates have standard two-
dimensional normal distribution.

Construction of sequential estimates We will need the following
sample Fisher information matrices
n

m
Mip =Y YeaY, 4, Mym= Y Yii¥,,, m>n, (6)
k=1 k=n-+1
calculated by the sets of observations (xg, . .., Tn—1) and (Zn, Tpi1, .-y Tm—1)
respectively.
Further we introduce two stopping rules 71 = 71(h) and 75 = 72(h),
for each h > 0 as

T1(h)= inf<n>1: in1>h},
k=1

T2(h) = inf< n>7(h): Z 1>h , inf{@} =0
j=mi(h)+
and modify the matrices (6) as follows
Tl(h) TQ(h)

M - (n) Z BLe(M)Yeo1 Yy, My, 1y = Z \//82,]( Y1y,
J=71(

(7)
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where

1 if k<m(h), if j<m(h)
Brk(h) = . Ba,;(h o
ar(h) if k=mi(h); if j=m(h).
Here aq(h) and as(h), 0 < a;(h) < 1 , are the correction
factors deﬁned by the equations
Tl(h TQ(h)*l
Z w1 +an(h)ad gy = h, Z L+ az(h)=h. (8)
j=mi(h)+1
Let v(h) = (v1(h),v2(h)) be the vector with the components
Tl(h) Tz(h
=Y fBuk(zrazk; va(h) = Y \/Baj(h)x;
k=1 j=71(h)+1

By making use of matrices (7) we define a sequential version of the
sample Fisher information matrix (4) as

m(h) = [lmi; (]| = | S2nehn Bamhs | )
’ <M2 Tg(h)>21 <M2 7'2(h)>22

where (A);; denotes (i,j)-th element of a matrix A.

Finally, we construct the sequential estimate for vector § = (61, 92)/
in (3) as

0" (h) = ( Z;EZ; > = m=1(h)o(h). (11)

Uniform asymptotic normality of 6*(h). First we will study the
asymptotic distribution of the estimate (11). We assume that the pro-
cess (3) is unstable, that is || < 1 and that the distribution of dis-
turbances € is not specified. In this case we arrive at the following
result.

Theorem 2. Let sequential estimates 60*(h) = (05(h),05(h)) for 8 =
(01,02)" in (3) be defined, for each h > 0, by (11). If the process (3)
is unstable, that is |0| < 1, and {e,} are i.i.d. random variables with
Ee, =0, 0 < Ee2 = 0% < oo and are independent of xo, then for any
0<L <o

lim sup sup — =0

m(h) ) ( t >
P, 0*(h)—0) <t | —Dy | —
h—oogcoy teRr? 9( Vh (@7(h) =6) “\o
where t = (t1,t2)", ®o(t) = ®(t1)P(t2), P is the standard normal dis-
tribution function,

6L = {9 = (91,02)/ : |01| < 1, |92| < L}
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Proof. Substituting xj from (3) in (11) yields
m(h)6"(h) = v(h) = m(h)6 + n(h), n(h) = (m(h),n2(h))’

where
T2 (h)

71(h)
= Z \/ Brr(h)xk—18k, n2(h) = Z Ba,5(h)e;
k=1 Jj=71(

This implies that

m(h) ., 1
O () = 0) = —n(h) (12)

Therefore we have to establish that 5(h)/v/h converges uniformly
in 6 € O, to two-dimensional normal distribution, that is
1 9 10
as h — oo. To this end it suffices to show that for each constant vector
A= ()\1,)\2)/ € R? with ||/\H =1, )\ 7& 0, Ao 7é 0,
h—=00gc@; —co<z<oo

,n(h) z
AP Y — — = 0.
Pg()\ \/E\Z) @( )‘ 0 (13)
The linear combination

¢(h) = Aimi(h) + Aanz(h)

T2 h)

Zy] 165 + Gi(h)

lim sup  sup

can be rewritten as

where
Yi = MTjX(r (h)>5+1) T A1 041(71)9571(}1)71)((71(h):j+1)‘*‘)‘QX(ﬁ(h)<j+1)7
Gi(h) = (Vaz(h) = 1)er,n)-

Further we prove that

T2 h)
z
lim su su P, g; < —<I>(f> =0. (14
h"°°0665—oo<f<oo ¢ Zy] 1 o (14)
and that for any A >0
1
lim sup Py | —=|Ci(h) > Al ) =0. 15
lim sup 7y (<l(h) > Al (15)

The argument in the proof of (14) is similar to that of Proposition
2.1 of the paper [4]. Combining (14) and (15) one comes to (13). Hence
Theorem 2. O

Non-asymptotic normality of 6*(h). Now we assume that the
noises {ex } in (3) is a sequence of i.i.d. random variables with Gaussian
distributions. In this case we can derive non-asymptotic distribution of
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the sequential estimate (11) under appropriate choice of the normaliz-
ing factor.

Theorem 3. Let sequential estimates 0*(h) = (65 (h),05(h))" for 6 =
(01,02)" in (3) be defined by (11). If {e,} are i.i.d. standard normal
random variables, that is e, ~ N'(0,1), then for any 0 € R% and any

h>0 ,
P, (”jgw*m) 0 < t) — ay(1)

where m(h) is defined by (10).

Proof. Taking into account (12) we establish that the characteristic
function of the vector 7(h)/v/h has the form

2 2
Pl (u) = Eexp(i(n,u)) = exp ( _ > '
h
This completes the proof of Theorem 3.

Monte-Carlo simulation results. In this section we report some
numerical results to verify the asymptotic uniform normality property
of sequential estimate proved in Theorem 2. The basic experiment
consisted of 20000 replications of the sequential procedure (11) with
h = 20 for each value of the parameter vector 8 = (61, 6-)" indicated in
Table 1.

After each simulation of the procedure the normalized deviation
vector

z2(h) = (21(h), z2(h))" = ni(f;}z) (07 (h) — 0)

was calculated. Table 1 gives frequency estimates for the probability
P(z1(h) < a, z2(h) < b)
for two points (a, b) and different values of unknown parameters 61, 5.
The results of simulations show good performance of the procedure
(11) and confirm the results of Theorem 2.

Concluding remarks. In this paper we propose new sequential esti-
mates for estimating parameters in autoregressive process AR(1) with
unknown mean.

We prove the property of uniform asymptotic normality when the
process is unstable and the noise distributions are not specified.
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Table 1 — Test on the uniform normality

a=—-03, b=1.7, h=20, p=0.365
0100, | 21 | 14 | 07 | 0 07 | 14 | 21
1 | 0.367 | 0.364 | 0.365 | 0.365 | 0.367 | 0.369 | 0.365
0.5 | 0.370 | 0.355 | 0.365 | 0.363 | 0.369 | 0.365 | 0.357
0 | 0.366 | 0.364 | 0.368 | 0.361 | 0.360 | 0.363 | 0.365
0.5 | 0.365 | 0.368 | 0.368 | 0.367 | 0.362 | 0.361 | 0.366
1 | 0.369 | 0.367 | 0.364 | 0.369 | 0.363 | 0.364 | 0.368
a=02,b=—-05, h=20, p=0.179
01]0; | 21 | 14 | 07 | 0 07 | 14 | 21
T | 0.175 | 0.179 | 0.182 | 0.180 | 0.181 | 0.180 | 0.182
0.5 | 0.181 | 0.182 | 0.181 | 0.181 | 0.180 | 0.183 | 0.183
0 | 0.181 | 0.177 | 0.178 | 0.174 | 0.176 | 0.177 | 0.182
0.5 | 0.179 | 0.183 | 0.182 | 0.182 | 0.178 | 0.175 | 0.178
1 | 0175 | 0.176 | 0.179 | 0.182 | 0.181 | 0.177 | 0.180
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Abstract

In this paper, we consider the robust adaptive non parametric
estimation problem for the periodic function observed with the
semimartingale noises in continuous time. An adaptive model
selection procedure, based on the improved weighted least square
estimates, is proposed. Sharp oracle inequalities for the robust
risks have been obtained.

Key words: Improved non-asymptotic estimation, Weighted
least squares estimates, Robust quadratic risk, Non-parametric
regression, Model selection procedure, Oracle inequality.

Introduction. Consider a regression model in continuous time

dy, = S@t)dt +d&,, 0<t<n, (1)
where S is an unknown 1-periodic R — R function, S € L,[0, 1]; (&):>0
is an unobservable conditionally gaussian semimartingale with the val-
ues in the Skorokhod space D[0, n] such that, for any cadlag [0,n] — R
function f from L, [0, n], the stochastic integral

(= s, @)

0
is well defined and has the following properties
Eol,(f) =0 and EQI2(f) < g /O Plods. ()

Here E, denotes the expectation with respect to the distribution Q@ in
D[0,n] of the process (&,)g<t<n, Which is assumed to belong to some
probability family Q* specified below; »#g > 0 is some positive constant
depending on the distribution Q.

The problem is to estimate the unknown function S in the model
(1) on the basis of observations (y;)g<i<p-

The class of the disturbances ¢ satisfying conditions (3) is rather
wide and comprises, in particular, the Lévy processes which are used
in different applied problems. The models (1) with the Lévy’s type

*This study was supported by RSF grant, project no 17-11-01049
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noise naturally arise in the nonparametric functional statistics prob-
lems. Moreover, non-Gaussian Ornstein—Uhlenbeck-based models, en-
ter this class.

We consider the estimation problem in the adaptive setting, i.e.
when the regularity of S is unknown. Since the distribution @ of the
noise process (&;)g<s<, 18 unknown we use the robust estimation ap-
proach developed for nonparametric problems in [5]. To this end we
define the robust risk as N

R*(5,.5) = sup Rg(5,.) (4)
QeQr
where S, is an estimation, i.e. any function of (Y)o<t<n> Rols) is
the usual quadratic risk defined as

1
Ro(8,.8) =Eq ¢ 18, — 5> and ||S|? :/0 S2(1)dt

In this paper, we consider a minimax optimisation criteria which aims
to minimize the robust risk (4). To do this we use the model selec-
tion methods. The interest to such statistical procedures is explained
by the fact that they provide adaptive solutions for a nonparamet-
ric estimation through oracle inequalities which give a non-asymptotic
upper bound for a quadratic risk including a minimal risk over cho-
sen family of estimators. It should be noted that the model selec-
tion methods for parametric models were proposed, for the first time,
by Akaike [1]. Then, these methods had been developed by Barron,
Birgé and Massart [2] and Fourdrinier and Pergamenshchikov [3] for
the nonparametric estimation and oracle inequalities for the quadratic
risks. Unfortunately, the oracle inequalities obtained in these papers
can not provide the efficient estimation in the adaptive setting, since
the upper bounds in these inequalities have some fixed coefficients in
the main terms which are more than one. In order to obtain the effi-
ciency property for estimation procedures, one has to obtain the sharp
oracle inequalities, i.e. in which the factor at the principal term on
the right-hand side of the inequality is close to unity. For this reason,
one needs to use the general semi - martingale approach for the robust
adaptive efficient estimation of the nonparametric signals in continu-
ous time proposed by Konev and Pergamenshchikov in [5]. The goal of
this paper is to develop a new sharp model selection method for esti-
mating the unknown signal S using the improved estimation approach.
Usually, the model selection procedures are based on the least square
estimators. However, in this paper, we propose to use the improved
least square estimators which enable us to considerably improve the
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non asymptotic estimation accuracy. Such idea was proposed, for the
first time, in [3]. Our goal is to develop these methods for non gaussian
regression models in continuous time and to obtain the sharp oracle
inequalities. It should be noted that to apply the improved estimation
methods to the non gaussian regression models in continuous time one
needs to modify the well known James - Stein procedure introduced
in [4] in the way proposed in [6,7]. So, by using these estimators we
construct the improved model selection procedure and we show that the
constructed estimation procedure is optimal in the sense of the sharp
non asymptotic oracle inequalities for the robust risks (4).

Example of noise processes. Let the useful signal S is distorted
by the impulse flow described by the Lévy process, i.e. we assume that
the noise process (&;)g<t<,, is defined as

G =o01w+ 02 and 2 =z* (10— p), (5)
where, ¢, and g, are some unknown constants, (w,),s o is a standard
brownian motion, x(dsdx) is a jump measure with deterministic com-
pensator i(dsdxz) = dsII(dz), II(+) is a Lévy measure, i.e. some posi-
tive measure on R, = R\ {0}, such that

(z?)=1 and T(z°) < co.

Here we use the notation II(|z|™) = fR |z|™II(dz). Note that the
Lévy measure II(R,) could be equal to *—&—oo. Then the class QF of
distributions of the process (§,)<;<,, includes all distributions for which
the parameters s, = ¢; > ¢, and Q? + gg < ¢*, where ¢, and ¢* are
some fixed positive bounds.

Improved estimation. Let (¢;);> be an orthonormal basis in Ly[0, 1].
We extend these functions by the periodic way on R, i.e. ¢;(t)=¢,(t+1)
for any t € R. For estimating the unknown function S in (1) we consider
it’s Fourier expansion

00 1
S(t)=>_0;6,(t) and 0;=(S,¢;) = / S(t) ¢, (t) dt.
j=1 0
The corresponding Fourier coefficients can be estimated as
~ 1 ("
Ojn = ”/o ¢;(t) dy; -

In view of (1), one obtains
. 1
ej,n = ej + %fj,nv gj,n =

where I,,(¢,) is given in (2).

%wj) , (6)
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We define a class of weighted least squares estimates for S(t) as

Sy =D 16,095 (7)
j=1
where the weights A € R™ belong to some finite set A from [0, 1]™.
Now, for the first d Fourier coefficients in (7) we use the improved
estimation method proposed for parametric models in [7]. To this end

~

we set 0, = (6;,,)1<j<q- In the sequel we will use the norm || =

Z;l:l xf for any vector z = (;);<;<, from R?. Now we define the

shrinkage estimators as R

0, =0 =90() O, (8)
where g(j) = (c,/|0,]4)1{1<j<ay. and c, is some known parameter
such that ¢, ~ d/n as n — co. Now we introduce a class of shrinkage
weighted least squares estimates for S as

Sy =Y A1), 95 9)
j=1

We denote the difference of quadratic risks of the estimates (7) and (9)
as Ag(S) :=R(55,5) —Rg(S,,S). Now for this deviation we obtain
the following result.

Theorem 1. Assume that for any vector A € A there exists some fixed
integer d = d(\) such that their first d components equal to one, i.e.
AJ) =1 for1 <j<d for any A € A. Then for anyn > 1
sup  sup Ag(S) < —c2. (10)
QEQ |ISl<r

Remark. The inequality (10) means that non asymptotically, i.e.
for any n > 1 the estimate (9) outperforms in mean square accuracy
the estimate (7). Moreover, as we will see below, nc,, — oo as d — 0.
This means that improvement is considerable may better than for the
parametric regression (see, [7]).

Model selection procedure. This Section gives the construction of
a model selection procedure for estimating a function S in (1) on the
basis of improved weighted least square estimates and states the sharp
oracle inequality for the robust risk of proposed procedure.

The model selection procedure for the unknown function S in (1)
will be constructed on the basis of a family of estimates (S¥)\ex-

The performance of any estimate S} will be measured by the em-
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pirical squared error

Err, (V) = ||5} — S%
In order to obtain a good estimate, we have to write a rule to choose
a weight vector A € A in (9). It is obvious, that the best way is to
minimise the empirical squared error with respect to A. Making use
the estimate definition (9) and the Fourier transformation of S implies

Err,() = 3 X(G)07,)2 —2 3 AG)6, 0, + > 62
j=1 j=1 J=1

Since the Fourier coefficients (6;),;~; are unknown, the weight coeffi-
cients (A;);>; can not be found by minimizing this quantity. To cir-

cumvent this difficulty one needs to replace the terms 9;,‘” 6, by their

estimators gjn We set

~

~ ~ g
_ p* 9
Ojmn =050 0im ="
where 7, is the estimate for the noise variance of o = Eg 5]2.n which

we choose in the following form

n

o, = Z f?n and t;, = %/0 Tr; (t)dys -
j=lvnl+1

Here we denoted by (Tr;),>; the trigonometric basis in L,[0,1]. For

this change in the empirical squared error, one has to pay some penalty.

Thus, one comes to the cost function of the form

TN =Y N0, =2 A6 b, + IP,(N),
j=1 j=1

where ¢ is some positive constant, ]3”()\) is the penalty term defined as

~ 7, | A2
Pn()‘) = @ .
Substituting the weight coefficients, minimizing the cost function
A" = argmin, ., Jn(N), (11)
in (7) leads to the improved model selection procedure
St =S (12)

It will be noted that A* exists because A is a finite set. If the minimizing
sequence in (11) A* is not unique, one can take any minimizer. In
the case, when the value of o, is known, one can take o, = o and
P,(\) = o A2 /n.

Theorem 2. For any n > 2 and 0 < § < 1/3, the robust risks (4)
of estimate (12) for continuously differentiable function S satisfies the
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oracle inequality

1+30 B
* ** < . * * n 1
RS9 = sS4 o5, 19)

where the rest term is such that B /n® — 0 as n — oo for any € > 0.

Remark. The inequality (13) means that the procedure (12) is op-
timal in the oracle inequalities sense. This property enables to provide
asymptotic efficiency in the adaptive setting, i.e. when information
about the function regularity is unknown.
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Abstract

The problem of tail indexes estimation of heavy tail distri-
butions is considered. We propose the estimators of tail in-
dexes using the truncated estimation method developed for ratio
type functionals. It is shown that the truncated estimators con-
structed on the sample of fixed size have a guaranteed accuracy
in the sense of the La,,-norm, m > 1. Moreover they have op-
timal or suboptimal rates of convergence. These estimators are
used to construct the adaptive estimators of distributions. The
rates of decreasing of the x? divergence in the almost surely sense
between distributions and their adaptive estimators are found.

Keywords: Heavy-tailed distributions, estimation of dis-
tribution, Pareto’s distribution, Hall’s distribution, tail indexes
estimation, fixed sample size.

Introduction. The models with heavy tail distributions are of inter-
est in many applications connected with financial mathematics, insur-
ance theory, telecommunication and physics. Usually it is assumed that
the distribution function contains as an unknown multiplier a slowly
varying function. The problem of tail index estimation was studied by
Hill [4] who proposed the estimators based on the order statistics. The
estimator is optimal in mean square sense on the class of distribution
functions with heavy tails in presence of unknown slowly varying func-
tion. It should be noted that the Hill’s estimators are unstable and can
diverge essentially from the estimated parameter for large sample sizes.

Later another approaches to estimation problem were proposed (see,
e.g., [2] and references therein).

*Research was supported by the RNF, Project No. 17-11-01049.
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In this paper, the truncated estimation method of ratio type func-
tionals, proposed by Vasiliev [5], is used to obtain estimators with guar-
anteed accuracy in the sense of the Lo,,-norm, m > 1. The estimators
are constructed on the basis of empirical functionals without usage of
non-parametric approach in an effort to obtain (or get close to) the
parametric optimal rate of convergence. These estimators are used to
construct the adaptive estimators of distribution functions. It allows
one to find the rates of decreasing ¢-*(n), € > 0 of the x? divergence
in the almost surely sense between distributions and their adaptive
estimators.

These rates of decreasing are found for Pareto distribution per-
turbed by logarithm and Hall distributions.

Adaptive distribution estimation. Let P = {Pa(z), 2 € G C
R, A € D C R4} be the parametric family of heavy tail distributions.
The problem is to construct estimators Pa, of concrete well-known
distributions Pa on the basis of a special type parameter estimators
A,, with known rates of decreasing ¢-1(n), ¢ > 0 of the x? divergence
in the following sense
lim o.(n)x*(Pa,Pa,) =0 a.s. (1)
n—oo
Suppose that for every A € D the density fa(r) = dPA(z)/dx
exists.
Suppose the following
Assumption (A). Assume there exists the number §y > 0 such that
the set Dy ={d6: A+ C D, ||]| <do} is not empty and
sup [ [|Vafars(@)|*fx' (z)de < co.
6€Dy &
Then, using the Taylor expansion for the function fa (x) on the
set {w: [|A, — Al| < do} we have
X*(Pa, Pa,) < CllA, — Al]%.
Thus to prove (1) it is enough to find the functions ¢.(n) and esti-
mators A,, such that
lim ¢.(n)||A, —A||? =0 as. (2)
n—oo
In the following sections we consider well known distributions and
propose estimators of tail indexes with the properties
EBlA, = A|I?* <r Yn,p), n>1, (3)
which are fulfilled for every p > 1 and some functions r(n,p) — oo as
n — oo and/or p — 0.
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Estimators with these properties will be constructed by making use
the general truncated estimation procedure, presented in [5].

Define (n,p) = (n=2r(n,p))*/P. Then, using the Borel-Cantelli
lemma for every p > 1 in particular it follows

nhﬁngo o(n,p)||A, —A|> =0 as. (4)

We will investigate the adaptive estimation problem of the following
distributions:

- Pareto perturbed by logarithm: tail distribution function P(z) =
cvx~"log"x, G = {x: x> ¢ > 0}. The number c is supposed to be
unknown. Here D = {A = (v,¢,), 7> 0, ¢y, > 0};

- Hall model: P(z) = Cyz ™7 (1+ Cox 7PV In this case we put
G={x: >0}and D={A =7, v> 0}

Theorem 1. For every € > 0 there exist numbers p. such that the
property (1) is fulfilled with v-(n) = @(n,pe), where
@-(n) = n'=¢ for the adaptive estimator in Pareto model and
p+1
pe(n) = nits e for the Hall model.

Estimation of heavy tail indexes. Pareto distribution per-
turbed by logarithm. The problem is to estimate the parameters
v and ¢, based on i.i.d. observations Xi,..., X, from the perturbed
Pareto distribution function considered, e.g., in Grama and Spokoiny [2]
Flz)=1—-cyz "1og"z, z>ec

In this context, Grama and Spokoiny [2] proposed a general esti-
mation algorithm that ensures the rate of convergence of the estimator
of # = 1/v in Ly-norm as 1/logn; they also mention that according
to Drees [1] this rate is optimal for the estimator of distribution pa-
rameters from a wide class of functions which the perturbed Pareto
distribution function belongs to.

To solve the estimation problem we apply Theorem 1 from [5].

First note that the density function exists

flz) = cyx_('”l) log” ! z[ylogz — v

and Assumption (A) is fulfilled with Dy = {§ = (do1,002) : |do1] <
")//2, 0<502§02} with 50: (’}//2)24’0%

Define the function P(z) =1 — F(z) = ¢yz~ " log” .

To estimate the unknown parameters we evaluate this function in
two different points x1 > x2 > max(c,e) :

log P(z1) = logcy — ylogz1 + vloglogxy,
log P(z2) = log cy — ylogzs + vloglog xs,
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and consider the difference
~Y[log 21 — log x5] = log P(xz2) — log P(x1) + vloglog x5 — vloglog x;.
The parameter «y is the ratio type functional
Y= log(P(z2)/P(x1)) + b

)

a
a =log(z1/xz2), b=wvlog[(logzy)/(logxs)].
Define the estimator

v = BEE)Ple)) b (p ) S 10g7tn), ()

a
where P, (z) is the empirical tail distribution function

Pu(e) = 13" (X0 > )
k=1

and the estimator ¢, of ¢,
en = a7 log™" w Py (x).
In view of the number ¢ is unknown, to ensure the inequalities 1 >
29 > ¢ we choose the diverging sequences z1 = x1(n) and xo = z2(n).
As a concrete example we may let
z1(n) =loglogn and x5(n) = log' ?logn, (6)
where 8 € (0, 1) is a given number and the parameter x in the estimator
¢y, of ¢, one should choose as a slowly increasing to the infinity sequence
x = z(n) as well e.g., as follows
z(n) = (logloglog n)z%1 (7)
Estimators 7y, of v and ¢, of ¢, satisfy the following properties (for
an integer p > 1), namely

log?1
E(y, —y)* < 022281 (8)
npb
logA logn
Blen — ey < 058, )
where A > 0 is some number.
Then Onp
r(n,p) = ——, C>0, A>0
log” logn

and for € > 0 the number p. and the function ¢.(n) can be chosen as
pe > 2¢71 and p.(n) = nle.

Hall model. The problem is to estimate by i.i.d. observations X1,..., X,
the parameter v = 1/ of the Hall distribution function

Flx)=1- Ciz~ Y6 — ngq/&? T > o,
where 8 >0, >0; 8=0+60> 5y > 0.
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Then the tail distribution function
P(z) = Ciz ™7 (1 + ng_7(9+1)),
where C5=Cy/Cy, y=1/8, p=0/§—1.
The density function has the form
f(z) = Cryz= Ot 4 Oy /52~ (/5HD
and Assumption (A) is fulfilled for Dy = {d: |0] < v/2} and §y = v/2.
For some X = (z1,x2), 1 > x2 > xo by the definition of P(z) we
have
log P(x1) = log C1 — vylogzy + log(1 + ng;wpﬂ)),
log P(z2) = log C; — vlog xs + log(1 + Cgacgy(p"rl))
and it is natural to define the estimators ~,, of v as follows

log(Pn(x2)/ P (1))
log(z1/x2)

To get the estimator ~, with the optimal rate of convergence (in
the sense of Lg-norm see [1-3]), we put for p > 1 the sequence X (n) =
(z1(n), z2(n), where

xl(n) —e- x2(n)7 1;2(n) = n’v[2p(pi2)*1] (10)

Then, using Theorem 1 in [5] we have

(p+1)

E(ya(X (n)) —7)% < C - n~ w0t fmm1?
and we can put
De > 25717 pe(n) = n%—e.

Note that proposed parameter estimation procedure gives estimator
v, with optimal convergence rate. At the same time the sequences
(10) depend on the unknown model parameters. Then the adaptive
estimation procedure can be constructed on the presented scheme using
some estimators of v and p.

Consider, for instance, the case of known p. Define the known de-
terministic sequence (my,)n>1, My = n", k € (0,1) and pilot estimator
An = An (X (my)) of 7 as follows

(X () = log(Prm,, (Z2(1mn))/ P, (21(mn)))

log(Z1(ma)/Z2(mn))
where X (n) = (Z1(n), Z2(n)),
Z1(n) =e- Za(n), ig(n)znm, 70:50*1_
This estimator has the property
E(’yn_’}/)Q:DSC'TO_l(nap)) pzla

2pyr(p+1) p
o (n7 p) = nvolp(p+D)+2p—1]

and is strongly consistent with the following rate
n’(fn —v) = 0 as. (11)

)
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for every
vE(p+1)
Y0(2p +3)
Define the adaptive estimator of ~y as follows
. _ log(Pu(d2(n))/Po(1(n)))
" log(#1(n)/@2(n))

where P, is the empirical tail distribution function
n

O<r<

pn(x):n_m Z X(Xk > )
. n k=my,+1
and X (n) = (&1(n), Z2(n)), .
Z1(n) =e- &2(n), Fo(n) = nAnPrGpF-11,

The estimator 4,, has the property
. 2 29 (ptl)
E[(’Yn — 7) p‘an] <C-n ’Y7L[2P(P+1)+2P*1]p, p>1,
where o-algebra F,,, = o{X1,...,Xm, }.
Thus, using the Borel-Cantelli lemma and strong consistency of the
pilot estimator 4, it is easy to prove the last property of Theorem 1
for the adaptive estimator Pj in the Hall model.

It can be shown ¢(n,p)(, —v)?> — 0 a.s. as n — oo and Theorem
1 is fulfilled with

pe > (p+ 1) max|

Yo 2
; — ].
y(p+1) p+1—e(p+2)
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Annoranus

B crarbe n3J103KeHbI OCHOBHBIE CBOWCTBA ONTUMAJIBHBIX CTPa-
Teruit JyIsi MOJEJIM JMHAMUYECKOrO pe3epBUpOoBaHus PaiiknHa-
Teprfaxa, Korja B KadecTBe KPUTEPHUs ONTHMU3AIUM BbIOpa-
HO cpejiHee BpeMsi 6e30TKa3HOi paboThl Ha GECKOHEYHOM IIPO-
MeXyTKe BpeMeHn. Ha OCHOBe M3JI0XKEHHBIX CBOICTB ITOCTPOEH
AJITOPUTM J[JIsI BBIYHUCJIEHHs CPEJHErO BpeMeHN 0e30TKa3HOM pa-
GOTBHI CHCTEMBI ¥ ONTUMAJBHON crpareruu. [lojydeHHbIi ajiro-
PUTM 3HAYUTEIHHO COKPAIIAET BPEMsI BBIYHCICHHUS] ONTHMAJIb-
HOH CTPaTeruy 1o CPABHEHUIO C IIPOCTBIM 1epebopoM, ITO BECh-
Ma BaxKHO B NPUKJIAJHBIX 3a/a9aX Hale’KHOCTH.

KirogyeBble ciioBa: onrTuMaJibHas CTPATErnsi, CpeIHEe Bpe-
Ms1 6e30TKa3HON paboThl, AUHAMUYECKOTO PE3€PBUPOBAHUE, OT-
Ka3 CHCTEMBI.

Beegeunne. IIpobGiemoit onTuMaIbHOTO PE3EPBUPOBAHUS B HAIEKHO-
CTH CTaju 3aHUMaThca B H0-X rojax JBaJATOro Beka. Jra mpobjema
0CTaeTcst AKTYAJIBHOM U 0 Cell JIEHb B PA3JIUIHBIX OTPACJISAX TPOMBIITI-
JIEHHOCTH, TIOCKOJIBKY OTKa3 CJIOYKHBIX CHCTEM IIPUBOIUT MHOTJA K Ka-
TaCTPOMUIECKUM TIOCIEICTBUSM, & TaKyKe K OPPOMHBIM 3aTpaTaM JIJIst
WX BOCCTAHOBJIEHUSI.

[TepBbie paboOTHI B O6JACTH JMHAMUYECKOTO PE3€PBUPOBAHUS TPU-
najieskar A.JI. Paiikuny [1Ju U.B. Tepubaxy [2|. Takxke 3amauamu
JIMHAMIYECKOTO pesepBupoBanus 3anumaanck A.C. Mamjens, [T Ile-
cros, B.B. Kones, JI.B. Ymaxkosa, B.A. Tomunenko, N.B. Tonnosckuii

u japyrue.

*Pabora Bbinossena npu dunancosoi nogaepxke PHD, npoexr No 17-11-01049.
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ITocranoBka 3a/ja4M U OCHOBHbIE pe3yibraThbl. Ilycrh cucrema
COCTOWT M3 KOHEUHOTO YUCIIa NAPAJUIEIbHO BKIIIOUEHHBIX (B CMbICTIE Ha~
JIEXKHOCTH ) UEHTUIHBIX 3JIeMEHTOB. B MOMEHTHI BpeMeHn t,, = nA,n €
N mpoBomuTcst TpOBEpPKa MCIPABHOCTU BKJIIOYEHHBIX B PAOOTY dJIEMEH-
T0B. BeposgTHOCTS 6E30TKA3HOI PAbOTHI OJHOTO SJIEMEHTA MEXKIY MO-
MEHTaMU TTPOBEPOK PaBHA P, & COOTBETCTBYIOIIAsT BEPOSATHOCTH OTKA3A
—q (p+q =1). Orkazasume 37eMeHTHI He BoccTaHaBIMBaOTCA. CHucTe-
Ma UCIIPpaBHA, eCJIU B pabOTy BKJIIOUEHO 110 KpaiiHeil Mepe 1 UCIIPaBHBIX
3JIEMEHTOB. Byjiem 0003HavYaTh TAKyIO CUCTEMY dYepe3 Sy,.

Onpenenenne 1. I1od cmpameaueti peaepsuposanus 6ydem noHuUMamb
maxyto gyrnxyuto K(r), npunumatowyio snaverus ud ompeska [m,r),
KOMOpas 3a0Gem KoAUMECTNEO SAEMEHMO8, KOMOPOE BKANUAEMCA 6 Pa-
60my Npu HAAUBUU T UCTLPABHBIT.

B pasimyuHBIX ONTHUMU3AIMOHHBIX 33/[a9aX PACCMATPUBAIOTCS Pa3-
JINYHBIE KPUMEPUU KAYeCMBa PEe3epBUPOBaHUs. ByneMm B JTaHHOI pa-
6oTe B KayecTBe KPUTEPHUs KAJeCTBA PACCMATPUBATH CPEJHEE BPEMsi
6e30TKA3HON PAOOTHI CUCTEMBI.

flcHO, 9TO CIAUIIKOM MaJjioe KOJIMIECTBO BKJIIOUAEMBIX B paboTy 3J1e-
MEHTOB IIPUBEJIET K OBICTPOMY OTKa3y CUCTEMBI, & BKJIFOUEHNE BCEX JJIe-
MEHTOB Cpa3y HEPAIMOHAJIBHO, TAK KAK OHU HAYHYT CPa3y PacXoI0BaTh
CBOI1 pecypc u J0JIro cucreMa He mpopabdoraer. B cBsi3u ¢ sTum BBemeM
CJIeTyIOIIIee OTpe/IeIeHNE.

Onpenenenne 2. Cmpamezuto Ko(r), xomopas obpausaem 6 maxcu-
MYM cpedree 8pems be30mKa3Hot pabomovs cucmemyl, bydem Ha3vi8ams
oNMUMANLHOT MO 0GHHOMY KPUMEPUIO.

Bsenem ciemyrorue obo3HaIEHUS:

T(k,r) MareMaTH4eCKOe OXKHJAHHE BPEMEHU GE30TKA3HON paboThI
CHCTEMBI, €CJIM Ha MEePBOM HIare B pabOoTy BKJIOYEHO k 3JIeMEeHTOB M3
T UMEIONIUXCS B HAJIAYUH, a B JajbHEIIeM MCIOIb3yeTCs CTPaTerus,
ONTHMAJIbHAS 110 KPUTEPUIO CPEJHEMY BPEMEHH pabOThI CHCTEMBI Ha
npomexyTke [0, +00);

T(r) mMaremMaTHdecKoe OXKHJAHME BpeMeHU pPabOThl CUCTEMbI [PH
CTpaTernu, ONTUMAJBHOMN 110 KPUTEPHUIO CPEJHETO BpeMeHU PaboThl CH-
CTEeMBI, eC/I1 B HAYAJbHBI MOMEHT MMEeTCsl POBHO I’ MCIPABHBIX 3JIe-
MEHTOB.

ITo dopmysie MOIHOrO MaTeMaTHIECKOro OxKuaHus [3] umeem
k—m

T(k,r)= > Cip" ¢'T(r—i)+1 (1)

=0
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JIj1s1 HAXOXKJIeHU ST ONTUMAJIBHOMN CTPATErn UCCIIELyEM CHAIAIA HEKO-
ropsle coiicra dyukimit T'(k,r), T(r) u Ko(r). OgeBuano, uro cupa-
BeJLJIUBA

JIemma 1. T'(r) > 0, T(r) BO3pacTaeT ¢ pocTOM T

Paccmorpum stmHeitHBIN OmepaTop o, KOTOPBIH JE€HCTBYET CJIeIyIo-
mwmM obpazom: oT'(r) = T(r — 1).

Torma MoxkHO 0606IUTE TOT Oneparop iid dyukiuuu 1'(k,r) u,
ouesugno, ol (k,r) =T(k,r —1).

Pacemorpum pasuocrs T'(k + 1,r) — T'(k, r). Ucnosnb3yst u3BecTHOE
CBOHICTBO OMHOMMAIBLHBIX KOI(MDMUIINEHTOB, Oy IAM:

T(k+1,r)=T(k,r)=—q Y _ Cpp"'¢" T(r—i)+

k—m
+ Z Cljc pk—jqj+1 T(T — - 1) + Cll€€+17m pmqk+1—m T(’I‘ —k—14 m) _

=0
k—m

a(o = 1) Z Ci 9" (qo)'T(r) + CEF My T (e — ke — 1 4m) =

_ q(a _ 1) (kﬂ“) + C’1€€+1 m pmqk+17mT(7, —k—14 m) (2)
U3 BeIpaskeHns (2) MOXKHO CJIe7IaTh BBIBOJI, UTO PA3HOCThH BUJIA
T(k+1,r) — T(k,r) MOXKeT OBITh KaK IOJOXKHUTEIBHOI, TAK M OTPHUIA~
resibHOM. B [4] nmokazana ciejyrommasi TeopeMa.

m+1

Teopema 1. Ilpu p > i3 dyrxyus T(k,r) dan cucmemst Sy,
m

umeem ne 6oaee 06YT MAKCUMYMOS NPU PUKCUPOGAHHOM T, PUHEM OHG

svnykaa esepx no k 6 obaacmu m < k < Ko(r) + 1 u ne sospacmaem
npu Ko(r) <k <r.

13 Teopembl 1 mosyuaeM Kak cJieJICTBUE OBJIACTH BO3PACTAHUS W
yobiBanus dynkuun T'(k,r) o k.

Caencrsue. las moboeor > 0 ecau T (k,r) > T(k—1,7), mo Ko(r) > k;
ecau orce T(k,r) < T(k—1,r), mo Ko(r) < k.

B [4] 6bw10 IOKA38HO, 9TO ONITUMAJBHASI CTPATETUS SIBJISETCS HECTPO-
ro Bospacraromieil Gpynkueit pesepsa. B [5] 6110 ycTanoBIeHO, 9TO eC-
JIE C yBeJIMYeHUeM pe3epBa Ha eJUHUILY ONTUMAJILHAs CTPATeTrds BO3-
pacraer, To He GoJiee, UeM Ha eIuHUILy. TakuM 06pa3oM, UMEET MECTO

TeopeMa 2. ,ZIJlﬂ 21106020 ’/‘ 1 svnoarervt cne&ymmue HeEpaceHCMBa.:
Ko( )gKQ(’I"+1)<K0( )+1 (3)
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I'paduueckn nepasencrso (3) oznagaer, yro dyukuus Ko(r) Beger
cebst KaK KyCOUHO-TIOCTOSHHAS (DYHKITNS, TPUIEM «CKAIKUy» Y DYHKITAN
Beerga BbicoToli 1. Takum 06pa3oM, BeCh IIPOMEXKYTOK 110 pe3epsy [1, 7]
pa30uBaeTcst Ha HEIEPECEKAIONINEeCc TPOMEXKYTKEU K (-TIOCTOSTHCTBA.

Kpowme toro, B pabore [4] m0Ka3aHbl CIeAYIONHME ACUMITOTUIECKUE
CBOMCTBaA ONITUMAJIbHBIX CTPATETUii:

1. lim M =1

r—oo T(r

2. CymecrByer Tlingo Ko (r), npuueM, ecim cucTeMa JIOIyCKALT BKIFOUe-

HUe B paboTy HEOIPAHUIEHHOI'O YUCJIA 9JIEMEHTOB, TO 3TOT IIPEJIET
paBeH GECKOHEYHOCTH.

[TepBoe CBOMCTBO MOXKHO MHTEPIPETUPOBATE CJIEYIONUM 00Pa30M:
€CJIM IPOM3BOAUTD yBEeJIMYEHNE YUCJIa PE3EPBHBIX 3JIEMEHTOB, TO BKJIAJL
B YBEJIMYEHUE CPEIHEr0 BPEMEHHN PabOThl CUCTEMBI KAsKIOTO MOCIIELy-
IOIIEro 9JIEMEHTa yMEHbIAaeTCsd. BTopoe COOTHOIIEHNE TOBOJIBHO eCTe-
cTBeHHO. Ec/u uMeeTcss OrpaHn4eHHOro YUC/I0 «IHEe3/1y JIJId 9JIeMEHTOB,
TO ONTUMAJIBHON cTparerueil 6yJeT MOJHOe UX 3aIl0JHEHUE TIPU HAJIM-
YUK JOCTATOYHOIO KOJUYIECTBA PE3EPBHBIX 3JIEMEHTOB.

VIpPOIEHHBI aJITOPUTM BBIYUCJIEHUS ONTUMAJILHOI cTpare-
ruu. ByjeM BBIMHCIATH ONTUMAJIBHYIO CTPATEIHIO PEKYpPPEeHTHO. IycTh
r = m, Torga, oueBuHO, K(r) = m, MHAYE HACTYIIUT OTKA3 CUCTEMBI.

B stom caydae T(m) serko Beraucantb. 13 ypasrenust (1)

k—m
T(k,r) =p*T(r) + Y Cip*'¢'T(r —i) + 1 (4)
=1

Jlasiee BO3MOXKHBI B, CIIydasd.
1) Ecm k = Ko(r) = ko, TO
k() —m
T(r) =p"T(r)+ Y Ciop™ '¢'T(r—i) +1
i=1
Orciozia 110/1y9aeM PEKYPPEHTHOE COOTHOIIEHUE Jjisl Bhraucaenus T (1)

k()fm
1 i —i i -
T(T)Zm Z C’kopko ¢T(r—i)+1]. (5)
i=1
2)Eciau B ypaBuenue (4) nopcrasutb k = k1 # ko, 1O
kl—m
1 A ,
T(T) 2 1—729191 Z Cklpkl q T(T - Z) + 1 . (6)
i=1

k—m L
Taxum o6pasom, T'(r) = max - ( CLp*~ " T (r — i) + 1) .
i=1

_nk
m<k<r 1P
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3) Ilycrs yxke Borauciens! Kop,i1, Ko(m + 2),...,Ko(r) u, coor-
sercteenno, T'(m + 1),T(m + 2),...,T(r). Torma njst BeIMUCIEHUS
Ko(r + 1) mocrarouno B3aTh nBa 3HavYeHus napamerpa k: k = Ko(r) n
k = Ko(r) + 1 u erancaurs f(Ko(r),r +1) u f(Ko(r)+ 1,7+ 1), tae

k—m
flk,r)= ﬁ ( > Cipt=igT(r —i) + 1) . Boibupas 6osbIne 3HaUE-
i=1
Hue, nosydaeM 3Havderre T (r 4+ 1), a COOTBETCTByIOIIEe eMy 3HAUeHHe
napamerpa k u 6yzxer Ko(r + 1).

TakuM 06pazoM, ¢ ITOMOIIBIO TOJYIEHHBIX aBTOPOM CBOHCTB OITH-
MaJIbHBIX CTpaTeruil pe3epBHpOBaHus HOCTPOeH 3(MMEKTUBHBIN aaro-
PHUTM JJIsT BBIMHCJIEHNST ONTHMAJIBLHOM CTPATErHN M CPEIHErO BPEMEHH

6e30TKa3HON PAbOTHI CUCTEMBI.
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Gubin V. N.(Tomsk State University, Tomsk, 2017) Calculating
of the mean time of life system using the properties of optimal
strategies.

Abstract. The main properties of optimal strategies for the Raykin-
Gerzbach dynamic reservation model are described in the article, when
the average time of failure-free operation for an infinite time interval
was chosen as an optimization criterion. Based on the above proper-
ties, an algorithm is constructed for calculating the average time of
trouble-free operation of the system and the optimal strategy. The
obtained algorithm significantly shortens the calculation time of the
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optimal strategy in comparison with a simple search, which is very
important in applied reliability problems.

Key words: optimal strategy, average uptime, dynamic redun-
dancy, system failure.
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O ImocJjie 10BaTeJIbHOM OLl€HMNBAaHNN
InepmoanveCcKoro CuraaJjia Ha (bOHe
AINTNBHDBIX 3aBUCUMBbIX IIIYMOB
aBTOperpecCcCumoHHOro TMiia

EmenbsinoBa T. B., Konumiesa A. A.

Tomckuil rocyiapcTBeHHbI yHuBepcuTeT, ToMCK
e-mail: tv_em@mail.ru

AnuHoTanus

PaccmarpuBaercs 3ajada oreHUBAHUS TEPUOJIMIECKOTO CUT-
HaJIa, HADJII0/IAeMOr0 B JIMCKPETHBIE MOMEHTHI BpEMEHHU Ha (DOHE
AJJUTUBHOTO IIIyMa aBTOPErPECCHOHHOTO THUIIA C HEU3BECTHOU
CIIEKTPAJIbHON IIJIOTHOCTBIO M pacupenenenueM. [Ipemiaraercs
OIIEHKA JIJII TAPAMETPOB CUTHAJIA 10 METO/Ly HAMMEHBIINX KBa/l-
paros(MHK) co cnenmaabHbIM IIPABAIIOM MTPEKPAIIEHUS HABITIO-
nenuii. B orymmune ot kitaccuueckoii onenku MHK rakast onenka
IM03BOJISIET KOHTPOJIMPOBATH CPEIHEKBAIPATUIECKYI0 TOYHOCTH
oreHoK. [losrydensr hOpMysIBI JjTst CpeTHEKBAIPATHIECKON IO~
T'PELIHOCTHU II0CJIEA0BATEJIbHON OIEHKHU, a TaKxKe CpeJiHell Iau-
TEJILHOCTHU MIPEJIOXKEHHOM 1porieaypbl. [IpuBoasaTcs pe3yabrarhbt
YHCJIEHHOTO MojenaupoBanus 1o meroxy Monrte-Kapio, naercsa
cpasuenune ¢ onenkamu MHK.

KoroueBsbie ciioBa: mocseioBaTesibHOE OIEHUBAHUE, 3a/1aH-
Hasl CPeIHEKBaIpaTUIeCKast TOYHOCTD, TPUTOHOMETPUYIECKas pe-
rpeccusi, MOMEHT OCTAHOBKU, aBTOPEIrPECCUOHHBIN Iy M.

BBenenmne. B zamatax, cBAI3aHHDBIX C AaHATN30M CHTHAJIOB B HHMOPMAa-
MOHHO-U3MEPUTEIBHBIX KOMILJIEKCax, ¢ 00pabOTKOil m300paskeHnii, C
aBTOMATUYECKUM YIIPABJIEHUEM U AJAITABHBIM PEryJMpOBAHUEM IIU-
POKO WCIIOJIBL3YIOTCS PErPECCHOHHBIE MOJENN C JIMCKPETHBIM U HeIpe-
PBIBHBIM BpeMeHeM. B Hacrosimee BpeMst pa3paboTaHbl pa3IMIHbIE Me-
TO/BI OIEHUBAHUSI TAPAMETPOB CUTHAJIOB TAKUX Mojeseil Ha dboHe aji-
JIMTUBHBIX [IOMEX IIPU PA3JUIHBIX YPOBHSX 3apaHee U3BECTHOM nH(DOP-
MAIIIW O TUIIE CUTHAJA 1 Buje omex [1] - [6]. [gist coryaast JucKpeTHOTo
BpPeMeHU 33aJia9a BbIJEJIeHNs] CUI'HAJIOB HanboJiee MOJIHO UCC/IeJOBaHa B
cydae, KOTJa IMTOMEXHU SBJISIOTCS [TOC/IEI0BATETbHOCTBIO HE3aBUCAMBIX
CITyJafiHBIX BEJIMIMH.
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Menee m3ydena mpobjeMa OIEHWBAHUS [TAPAMETPOB CHUTHAJA IIPH
KOPPEeIUPOBAHHBIX MTyMaX C HEM3BECTHBIMU CIIEKTPAJIbHBIMU CBOWCTBa~
mu. Hajmame [ONOJHUTEIBHBIX HEM3BECTHBIX (MEIIAOINX) ITapamMeT-
POB CIIEKTPA MIyMa CYIIECTBEHHO YCJIOXKHSIET 3a/1a9y BBIYUCIEHUS TOU-
HOCTH OIIEHOK I1apaMeTpoB curnaja (cm., nanpumep, [6]). B pabore [4]
ObLIa TPETOXKEHA TTOCIeI0BATEIbHAS TPOTELyPa ONEHUBAHUS TEPUO-
JIUTIECKOTO CUTHAJIA Ha (POHE aBTOPETPECCUOHHBIX ITOMEX C HEU3BECTHDI-
MU TIapaMeTpaMu, 00JIaIaroliasi XOPOIIUMIA aCUMITOTUYECKUMU CBOM-
CTBAMHU U TapAaHTUPYIOIIAsl OIeHUBAHNE [TaPAMETPOB CUT'HAJIA C JIFOOOI
3a/IAHHOM CPEIHEKBAIPATHIECKON TOYHOCTHIO. ITa MPOIEILypa, OTHA-
KO, OKa3bIBAETCS JJOCTATOTHO CJIOYKHOM TSI MPAKTUIECKON PeATH3aITAN
B CIyYae HEeCKOJIbKNX HEM3BECTHBIX MMapaMETPOB, MOCKOJILKY SBJISETCS
JIBYXITAITHON M BKJIIOYAET MTOCTPOEHUE CEPUU IIOCJIEI0BATEIbHBIX OIe-
ok MHK.

B nmammoit pabore mpejraraercs OJHOITAIHAS IIOCJIEI0BATEIbHAS
MPOTIEIypa OINEHUBAHUS MEPUOAMIECKOT0 CUTHAJA TIPU aBTOPErPECCH-
OHHOM IITyM€ C HEU3BECTHLIMH MapaMeTpPaMiU, KOTOpas ODECIevInBaeT
OITeHMBAHME TTApaMETPOB CUTHAJA C 3aJIAHHON CpPeTHEKBAIPATUIECKON
TOYHOCTBIO B OTJINYUE OT KJyaccrmdeckoil omenkn MHK.

IIoctanoBka 3agauu. IlocTpoeHue 1mocJ/iegoBaTeIbHOI ITpOIie-
Aypel. PaccMoTpmM 3amaty oneHMBAaHUS TAPAMETPOB [i1, [42, B}, Bjss
j=1,..., 7 TPUTOHOMETPUIECKOTO CUTHAJIA

-
Spo=p1+ (—=1)"pa + Z Bj, coswjn + Bjasinw;n (1)
j=1
110 HaOJTIOIEHUSIM
rie &, - IyM, SBJIAIOIIAICS CTAIMOHAPHBIM IIPOIIECCOM aBTOPETPECCHH
P-TO TIOPSIKA!
gn = Algnfl +...+ )‘pgnfp + en. (3)
Baech {&,} - MOCIENOBATENLHOCTD HE3ABUCUMBIX OJMHAKOBO DPAaC-
HpeJie/IeHHBIX CTydaiinbix Bemuant, Ee, = 0, Be2 = o?;
A1, ..., Ap - HEU3BECTHLIE APAMETPLI TAaKUe, UTO BCE KOPHU XapaKTe-
pucrmieckoro nomuaoMa P(q) = ¢P — A\gP~! — ... — \, nexxar BHyTpH
€JIMHUIHOTO KPYTa KOMILIEKCHOH TIIIOCKOCTH.
C yuerom (1) m (3), Habmomaemblii mpomecce (2) ymoBIeTBOpPsiET
YPABHEHUIO

T
Tp =my + (—1)"mg + Z (74, coswin + v, sinw;n) +
j=1
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P
+Z)\kxnfk+sn,n2p+1 4)
k=1
Ucnonb3ys obo3HaIeHmst

Tn ¢1 (Tl)

(bn B . B .
Yn(an)aXn N 7¢n* : ’

Tn—p+1 P2r+2(n)
d1(n) =1,¢2(n) = (=1)", ¢r(n) = coswi_on upn 3 < k < r+2,
Agi(n) = sinwg_r_onupu r +3 < k < 2r 4 2,
ypaBuenue (4) 3aIKChIBAETCS B BEKTOPHOI (dopme:

(0]
X, =adY,+e,n>p+1,Y, = " ,a €A, (5)
Xn—l
e « = (Mmy, M2, Y11, Y12, - - -, Vrl, Vr2) - BEKTOD OIEHUBAEMBIX Tapa-

MeTpoB; A - MHOXKECTBO BCeX JIOILyCTUMbBIX 3HAYEHUU BEKTODPA, yUU-
TEIBaIOIee TpeGoBaHUs Ha mapaMerpnl Ai...\, B (3). Takum obpasom,
UCXOJTHAST 3898 CBOJUTCS K OIEHUBAHUIO BEKTOPA MAPAMETPOB IO Ha-
6uirosienusiM nporneccos (X, Y, ),n=1,... N.

Onenka MHK BekTOpa napaMerpoB « 110 HaOJIIOJIEHUSIM [IPOIECCA
(5) numeer BHJ

a(n) = M, 'y Yiay, (6)
k=1

rJe 22:1 YY), - Bebopounas ungopmanuonnas Marpuna Purmepa.
Byzaewm npemonarars, 9o MUHUMAJIbHOE COOCTBeHHOE 3HaUeHue A1 (M)
MaTpurbl M yIoBIETBOPSIET ¢ BEPOATHOCTBHIO €INHUIA YCIIOBUIO
A1(M,) — oo ipu n — 0.

Kaxk cienyer us (5), obparnas marpuna M, ' B (6) ssasercs ciy-
qaifHoil. DTO CO3/1aeT TPYAHOCTH IPH AHAJIN3€E CPETHEKBAIPATUIECKON
TOYHOCTH OIEHKU BEKTOPa MapaMeTpPoB (. UTOOBI 0OOWTH 3TH TPYI-
HOCTH, Oy/IeM UCIO/Ib30BaTh mocyaenoBareabuyio omeuky MHK co cre-
IUaJbHBIM IIPABUJIOM OCTAHOBKH HabJoneHuil. BoiOOp Takoro mpasuia
MOYKHO OCYIIIECTBUTDL, UCIOJIL3Ys OIEHKY yKjoHeHus ornenkun MHK B
mozenn tuna (5), noaydennyro B [5]. Just mpomecca (5) sra omeHka
OymeT UMeTh BUI,

la(n) - afl? < M2/ {maP?. (7)
e my = Y p_q Yick.

IToCKOJILKY B CHITY yCJIOBHS Ha MaTpuily MHoxuTesn || M, 2| B npa-
Boii yactu (7) MOHOTOHHO CTPEMUTCS K HYJIIO ¢ POCTOM 00'beMa, BBIOOD-
KU 7, 9TO MOXKHO KCIIOJIb30BATD JjId BHIOOpA MOMEHTa ocTaHoBKU T(h)
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IOCJIEZIOBATEIHLHON IPOTIE Ly PBI.
st 11060T0 TI0IOXKUTETBHOTO h

T=71(h) =inf{n>1:|M;?||z < - (8)

IMocnenosarenbuyio onenky MHK o*(h) mapamerpa a onpejeaumM pa-
BEHCTBOM

o> =

7(h) 7(h)
a*(h) = M, > BiYiww, M, = Y BNY', (9)
k=p+1 k=p+1

Rt ecm k < 7(h),
P = v(h), ecnu k = T(h),
riae koppekTtupytomuit Muoxurenb v(h),0 < v(h) < 1 maxomurcs u3s
paBeHCTBa

Teoperndeckue CBOMCTBA MMOCJ€I0BATEIbHOI IIporeAypbl. Ilpu
M3yYEeHUN CBOJCTB HOCIIEA0BATEILHOrO mIana (8), (9) B 3aBHCHMOCTH OT
BBIOOpa TOpora h OymeM TpenoaraTh, 9TO BEKTOP HEM3BECTHBHIX ITa-

r(h)—1 -2

> VY, + v, T(h)

1
k=1

paMeTpoB « B ypasHeHuu (7), NPUHA/JIEXKAT HEKOTOPOMY U3BECTHOMY
KOMITaKTY K U3 1nmapaMeTpuvIeCKoro MHO2KeCTBa A Pe3yﬂbTaTBI aHaJInu-
3a nocsenoBareabHoro wiana (8), (9), ornocsimuecs K cpeiHeit -
TEJIbHOCTHU HOCJIe,Z[OBaTeJIbHOfI Iponeaypbl 1 KQ9€CTBY IIOCJI€I0BaTE/Ib-
HBIX OIEHOK HEM3BECTHBIX MTApaMeTpPOB, CHOPMYINPYEM B BUIE TEOPEM.

Teopema 1. ITycmov (en)n>1 - NOCAEIOBAMEALHOCTID H.0.D. CAYHATHOLT
seaunun, Be, = 0, Be? = 02, Ee® < 0o, A - mnosicecmeo donycmumwiz
3HauenUl exmopa napamempos «. Tozda drs 2106020 Komnarma
KcCA

lim sup ‘E ( HF 2” } =0,
h—00 ne K
2de F' — noaoorcumenvro onpedeneHHaﬂ MATPUUG, UMENULLA SUJ:
My M 1 1
M, Fy+ DMyD |, s xomopoti My = diag <1,1;2,...,2> .
e a9n
1 0 0 0
o (—1)* 0 0
oo wvik) Wk |
0 0 —Va(k) Vi(k)
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npusem
Vi(k) = diag(coswik, . .., cosw, k), Va(k) = diag(sinwik, ..., sinw.k),

A \ mi m2 Y1 Y12 ..o Yr1 V2
A:( Lo p),r: 0 ... ... ... ... ... 0],
Lt o 0 0 ... ... ... ... ... 0

N
1
D =Y AFTV(k), My = MoV'(1)D', Fy = lim N > Gaynn.,
k>0 n—00 N1
Cn = ACn—1 + My Cp = 0,1n = (Emoa ---ao)/-

Bamernm, aro Mmarpuna M, obnagaer TpeGyeMbIM CBORCTBOM: Apyin (M) —
00 TIpU N — 0.

Teopema 2. /Jlas 1106020 xomnaxmmozo mmuoocecmea K C A cpedne-
K6adpamuseckas mouHOCmd NOCACI08AMENOHOT 0UEHKU YJOBAEMEODA-
em HepaseHcmsy

sup Ba(llo (h) — o) < (1 4 0(1).
acK
2de by = sup,e c $(a), d(a) = Q(a)[|F2[2,0(1) — 0 npu h — oo,

Qa) =trFy +2r + 2+ (2r +2)? (||D||2 +1 f q) .

3ameuanmne 1. Teopema 2 no3sossem KOHMPOAUPOSGMY CPEIHEKBAD-
DPAMUYECKYIO TOYHOCTD NOCAEJOBAMENLHOT, OUEHKYU C TOMOWDHIO 8bl60-
pa nopoza h, ywumoweaa, 4mo eesunwuna by Mmootcem 6vimb BLINUCAE-
Hna anpuopu. Ipu smom cpeduan OAumMerbHoCmd NPoUedypoL, CO2AACHO
meopeme 1, pacmem aurnetino ¢ pocmom h.

DKCIepUMEHTAJIBHOE UCCJIeJOBAHNE MIPOoLEeAyPhbl. B mannOoM pas-
JleJIe [IPEJICTABJIEHBI PE3YJILTATHl YUCICHHOIO MOJIEIUPOBAHUS [IPeIjIa-
raeMoil IOCJIe/IOBATE/IbHON mponeaypsl (8)-(9) oneHnBaHuS Iapamer-
POB PETrPECCHU ¢ JUCKPETHBIM BPEMEHEM 110 HAOJIIOICHUSAM C &l [ATHB-
HbIM 1iymom OpHinreiina- Yiaen6eka (3)
Xp = Sn + §n (11)
Ha npuMepe DYHKIIN
™ . ™
Sp = a1 cos == + agsin R (12)
Jlyist ipoBepKu coryiacusi BIOOPOYHBIX CBOlicTB omeHoK (8), (9) ¢
TEOPETUIECKAMU PE3YJIHLTATAMA TEOPEM 1, 2 MPOBOIUIOCH MOJEIUPO-
Banue o metoy Moute-Kapito, Bkiodasiiee 100 moBTopenuit mporie-
JIlypbl DA PA3JIMYHBIX 3HAYECHUIX HOpora H onpeiensdiomero MOMEHT
ocranoBku T = 7(H).

46



3309
3,26
<

23,20
£

3,154

3,10 T T T T 1h
0 100 200 300 400 500

Puc. 1. CxonumocTh BEIGOPOYHO# Cpe/iHel INTEIbHOCTH IIPOIELy Dbl K TeOpeTHyde-
ckomy 3HadeHuto npu A = —0.6

Bribopounbie xapaKTepuCTUKY, KACAIOMNECsT TOTHOCTH TOC/IEI0Ba-
TeJBbHBIX OIEHOK, MOJTydYeHHBIX 110 100 peanusariusiM mMpoIeIypshl C Mo-
porom h = 50, mpeacrasieHbl B Tabsmie 1.

Tabsmna 1 — DMOUPHIECKHE CPEIHEKBAIPATUYECKHE TOYHOCTU OIIe-
HOK.

aj 0.5 0.5 0.5 2.5 2.5

as 0.7 0.7 0.7 3.5 3.5

A -0.6 -0.6 -0.9 -0.6 -0.9

H 50 100 100 100 100

SD(a}) | 0.0062 | 0.001209 | 0.002835 | 0.000093 | 0.000212
SD(a%) | 0.0030 | 0.004286 | 0.004606 | 0.000216 | 0.000471
SD(ay) | 0.0006 | 0.003383 | 0.000584 | 0.000407 | 0.002096
SD(a%) | 0.0376 | 0.002441 | 0.005686 | 0.000546 | 0.008286

31ech, HApsTy CO 3HAUEHUSIMU [TAPAMETPOB MOJIEJIH A1, G2, B CJIEIy-
IOINNX 33 HUME CTPOKAaX, IPUBOIATCS CPEIHEKBAIPATHIECKHE TOYHO-
CTH IIOJIyY€HHBIX IIOCJIEJOBATEIbHBIX OLIEHOK. B CTpOKax C 3arojIoBKa-
mu SD(ay), SD(ak) natorcs cpesHekBapaTHIecKne yKIOHEHNs 00bIY-
ubix onenok MHK (7), Beraunciiennsix no peanusanuu Jymast N. Cpas-
HeHUe I0CJIeI0BaTeIbHBIX U 00BIYHbIX oneHoK MHK mokaswsiBaer, uTo
OHU 6J'[I/13KI/I 110 TOYHOCTH. HpI/I 9TOM, O/THaKO, CJIelyeT YyIUTbIBaTb, 9TO
II0CJIe/IOBATEJIbHBIE OIEHKH II03BOJIAIOT KOHTPOJIMPOBATH CPEIHEKBA/I-
PaTHYeCKyI0 TOYHOCTH IIyTeM BbIOOpa Hopora h.
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3akiarouenue. B pabore mocrpoena mocaegoBaTeIbHAS TPOIEAYPaA
OIIEHNBAHUS TTAPAMETPOB TPUTOHOMETPHYECKOTO CHTHAJIA, HabJIIomae-
Moro Ha (oHe aBTOPErPECCHOHHOr0 ryMa. Vcrnomp3yerces cnenuaibHoe
[IPABUJIO IPEKpaIeHus HaOJI0IeHuil, onpeseisieMoe 0 BBIOOPOTHOMN
nadopmanmonHoit MaTpurle Ouiepa, KOTOPOE rapaHTUPYET 33IAHHYIO
CPETHEKBAIPATHIECKYI0 TOYHOCTH OIEHOK HEM3BECTHBIX MapaMeTpOB.
PezynbraTsr paboTbl MOTYT OBITH MCIIOJIH30BAHBI B 33/1a9aX aBTOMAaTH-
YECKOI'O YIIPaBJIEHUs] W UJIeHTU(DUKAIUN.
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Emelyanova T.V., Konishcheva A.A. (Tomsk State Univer-
sity, Tomsk, 2017) On sequential estimation of a periodic signal
distorted by an additive autoregressive noise.

Abstract. The problem of estimating coefficients of a periodic sig-
nal in a discrete time from observations with an additive noise described
by a stationary autoregressive process with unknown parameters and
unknown distribution is considered. One-step sequential procedure to
estimate signal coeflicients is proposed, which provides a given mean-
square accuracy of estimates for any values of the nuisance parame-
ters. An asymptotic formula for the mean duration of the procedure is
constructed. The results of Monte-Carlo simulation of the sequential
procedure and its comparison with the LS-estimates are given.

Key words: sequential estimation, given mean-square accuracy,
trigonometric regression, stopping time, autoregressive noise
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Annoranus

B nacrosmeit pabore npeiaraercs oqHOTAIHAS ITOCTIEI0Ba-
TeJIbHAs IPOIEIyPa OLEHNBAHUS HEU3BECTHBIX [1aPAMETPOB IIPO-
11eCCa aBTOPETrPECCHM C HEIPEPHIBHBIM BPEMEHEM, HCIIOJIb3YIo-
masi ClenuaJibHOe IIPABMUJIO OCTAHOBKM HAOJIIOEHUIl, KOTOpast
[I03BOJISIET OIEHUTDH CPEIHEKBAIPATAIECKYIO TOYHOCTH OIEHOK.
IIporenypa crponTcst Ha OCHOBE KJIACCUYIECKUX OIEHOK 110 METO-
ny HauMmenbmnx kBagparos (MHK), Ho B otuinune or Hux obec-
IevnBaeT KOHTPOJIb 38 CPEIHEKBAIPATUIECKON TOUHOCTBIO OIfe-
HOK. PopMysupyercss TeopeMa 00 aCUMITOTUYECKON HOPMAaJIb-
HOCTH IIOCJIE/IOBATEJIBHBIX OIIEHOK.

KirodeBnle citoBa: Mo/ieIb aBTOPErPECCUU C HEIIPEPBIBHBIM
BPEMEHEM, OJ[HOITAIIHAs I0C/IeJ0BaTeIbHAS IIPOIE/ypa OIeHH-
BaHUHA, CPeJHEKBAIPATHYECKAsl TOYHOCTD, aCUMIITOTIYECKAs HOD-
MAaJIbHOCTbD.

B Teopernueckux u NpUKIaJHBIX HCCICJOBAHUAX, CBI3aHHBIX C 3a-
JauaMu 06pabOTKH BPEMEHHBIX PsI0B U UX CIHeKTPAJIbHLIM aHAJIU30M,
3aJla9aMy aBTOMATUICCKOTO YIIPABJICHUSI U PeryTMpOBaHusl, UAeHTH(U-
Kanuu 1 GuIbTpaIuy, B (pU3NKe U (PUHAHCOBOI HHKCHEPHUH IIIPOKO M C-
MIOJIB3YIOTCS TUHAMUYECKHIE CHCTEMBI, OIACHLIBAEMBIE CTOXACTHICCKAMUI
nuddepeHalbHbIMI U CTOXACTHYECKIME PA3HOCTHBIMU ypPaBHEHUS-
mu. IIlupokoe npuMmeHeHne 3T MOJIEIN B IIOCIe/Hee BpeMs HaXOAAT B
croxacTuveckoii dbunancosoit matemaruke [7], [1] myst onucanust qunHa-
MUK [IeH, IOCTPOCHUS NHBECTUIIMOHHLIX CTPATET Ui, PACIETa OIIIIOHOB
Pa3IMYHBLIX THIIOB U JPYTUX (PMHAHCOBLIX PACYETOB. B IPHUK/IaIHBIX 3a-
Jlavax 9TU ypaBHEHUs 33J/1al0TCsI ¢ TOYHOCTDIO JI0 I1apaMeTpPOB, HO3TOMY
PpellleHnIo OCHOBHBIX 3a/1a4 (PUJILTPAIIH, TPOIHO3UPOBAHUS, yIIpaBJIe-
HUSI OOBLIMHO IPE/IIIeCTBYeT 3Tal WIeHTH(UKAINN, 3aKII0Uaionuics B
OIICHUBAHNN HEU3BECTHLIX IIapaMeTPOB.
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B nacrosimee BpeMs CyIIECTBYET JOCTATOYHO MHOIO HCCJICJIOBAHUIA,
MOCBSIINEHHBIX 33/1a9aM aCUMIITOTHIeCKOro oneHnbanus [5]- [3]. Oxna-
KO, JUIsl MPaKTUYECKUX 3aJad TUIUYHA HeaCUMOTOTHYecKas IpobJie-
Ma, OIIeHUBAHUSA, KOTJa TPeOYeTCsl ONMPEENTE JJIUHY PeaTu3alud, TP
KOTOPOIl OIEHKW OCTUTAIOT 3aJanuoil Tounoctw [4]. g pemenns 3a-
Jla4 B HEACHMITOTHYECKO TOCTAHOBKE TPEOYIOTCS METOJIBI, TO3BOJIAIO-
e KOHTPOJIMPOBATH TOYHOCTD ONEHOK ITPH MAJIBIX U CPEAHUX 00beMax
JIAHHBIX. B IIpakTHvecKux 3ajadax 00beM JOCTYIMHBIX JaHHBIX BCera
KOHEYeH U KeJIATeJILHO UMeTDh IPeJICTABIeHNe O KAueCTBe OIeHOK, BbI-
TUCIEHHBIX TI0 HAOIONEHASIM HA OTPAHUTIEHHOM BPEMEHHOM WHTEpPBa-
sie. OHIM U3 MOAXOI0B K 331a9aM ONECHUBAHUA B HEACHMIITOTHICCKON
MOCTAHOBKE SABJIAETCA IOJIXOZ, C TO3UIUHN OCJIEIOBATEILHOTO AHAJIH-
34, KOTODBIN XapaKTEpU3yeTcs TeM, 9TO JJIUTEJbHOCTh HaOJIIOIEHUI
He duKcUpyeTcsa 3apaHee W ONPEIENIAETCs CIENUATbHBIME MTPABUIAME
OCTAHOBKH.

Iesb1o paboTHI ABIAETCA UCCIEIOBAHNAE ACAMITOTHYECKOTO PACIPE-
JICJICHHs OLEHOK IapaMeTPa., II0JIyY€HHBIX ¢ OMOIIBIO OHOSTAITHOM 110-
CJIeIOBATEHHON POIIE/y DB, TIPeJJIOYKEHHON B padore [2].

IIycrs mabmiogaeMslit p-MepHblit nponece X, = (X1 (t), ..., Xp(t))
OIACHIBACTCA CUCTEMOl JIMHEHHBIX T depeHuaIbubIX yPaBHeHTI

dX, = AX,dt + BdW, (1)
B KoTOpOit A m B — KBaJpaTHble MaTPUIIBI IIOCTOSHHBIX KO3 UINEH-
TOB pa3Mepa p X p , Wy — cTanmapTHBIIl p-MepHDIH mporece 6pOyHOB-
CKOTO JIBUZKEHHUS.

ol 0 1 0 0 O
3 0 0 1 0 0
X, =" ;4= . . . 1 o |;
p . . 0
Tt 0, 0,1 0,
0 ... 0
B=10 0 |;0>0. (2)
0 o
3agata COCTOUT B TOM, 9TOOBI OIEHUTH HEM3BECTHBIE KOI(DDUITNEH-
T MaTpunsl A = ||a;;|| mo mabmiogenusam npomecca X;. K aroit 3ama-

e CBOIUTCS 33/1a9a OIEHWBAHUS TapaMeTPOB CTAIIMOHAPHOTO TayCCOB-
CKOTO TIporiecca aproperpeccun p-ro nopsiaka (AR(p)), onmcbiBaeMoro
ypaBHEHUEM

dzP™t = (91xf_1 +...+ epxt) dt + odw, 3)
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C pPallMOHAJbHON CHEKTPAJIbHONU IJIOTHOCTBHIO, UMEIOIIE BUJ
2

o
fQ) = =7
[Q(iA)?|
ITpeaosoxkum, aro 1porecce asroperpeccun (1) yeroiiyus, T. e. Bce
KODHH XapaKTepHCTHIeCKoro moamHoMa Q(z) = 2P —012(p—1)—.. .—0,

sgexar B exquangHoM kpyre. Ilycrs H > 0.
[Ipu mocTpoeHnN MOCIEIOBATEIHHOTO IIIaHA OY/IeT MCII0JIb30BATHCS
JeMMa [2], Jarommasi OreHKy HOPMbI YKJIOHEHHUsI OlleHKH (4)

. T
br = M;" [ X.d(X,), (1)
OT €€ NCTUHHOI'O 3HAYEHUA. 0

Jlemma 1. ITycmv mampuua My 6 (5) neswviposicdena. Toeda xeadpam
HOPMbL YKAOHEHUA 0UeHKU (4) ydosaemeopsem Hepasencmey
167 — 811> < | MZ2| - mr|?, (5)

T
ede mr = [ X, dW;.
0

22
Bamernm, uto B cmty gemmbt 1 [2] | M5 ?(|Z7 momoromno y6nisaer,
LI09TOMY OIPEJEIUM JJIUTEIHHOCTh HAOJIIOAEHNH Iporecca

1
T=r(H)=inf{t>0:[|M;?|* < =} (6)
u mocyiegoBarenbuyo orenky MHK menzBecTHBIX mapaMeTpoB
0" (H) = My, J(H)Xod(Xa) (7)

[MocsenoBarenpbubit wian (6, 7) H03BOJSET KOHTPOJUPOBATH CPEIHE-
KBa/IPATUYIECKYIO TOYHOCTH IIOJyYAEMBIX OIIEHOK 33 CYeT BBIOOpa I0-
pora tporeaypsl H. JIuTeIbHOCTS IPOLE/yPhI IIPA STOM IIPOIIOPIIAO-
HaJIbHA TIOPOT'Y IPOIE/LYPHI.

Acumnroruaeckoe pacipe/iesieHre MocJIe0BATETbHBIX OIEHOK yCTa-
HaBJINBAET CJIEAYIONIas TeopeMa.

Teopema 1. ITycmo 3adan npouecc suda (1)
2de A u B — xsadpammvie mampuuvt pasmepa pXp , Wy — cmandapmmoil
D-MEPHBLT NPOUECC BPOYHOBCKO20 OBUNCEHUS.

. 0O 1 0 0 0
L 0O 0 1 0 0
Xt = Tt ,A = . . . 1 0 3
. 0
p
Tt 0, 0, 0y

o1



0 ... 0

B = 0 ... 0 ;0> 0.
0 ... o
ITycmob neussecmmuoie napamempot 8;, maxosvl, wmo ece KOpHU Ta-
paxmepucmuueckozo noaunoma Q(z) = zP — 012P~1 — ... — 0, nesrcam

6 edununrom xpyee. Iocaedosamesvnuts naan (tr,0*(H) sadaemesn
popmyaamu

r=7(H)=inf{t >0: | M;?|? < %} (6)

0" (H) = T(H f ) Xsd( X1, (7)
0
2de H > 0 - nopozosoe 3nauenue.
Tozda sexmop ﬁ (0*(H) — 0) umeem acumnmomusecky HOPpManb-

HOE pacnpedeseHrue ¢ NaApamMempamu (0, Ffl).

PesynbraTt Teopembr MOXKeT OBITH NCIOJIB30BAH I IOCTPOEHUS 10~
BEPUTEJIbHBIX UHTEPBAJIOB JJjId IIapaMeTpoB MOJEIU aBTOPErpecCcu, a
TaKXKe IS WCCJIEOBAHUS OITUMAJBHOCTUA OJIHOITAITHON IIOCTIEI0Ba~
TeJIbHO! IPOIEyPbl OIlEHNBAHMUSI.
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Abstract. We propose a one-step sequential procedure for estimat-
ing unknown parameters of an autoregressive process with continuous
time using a special observation stopping rule that allows to estimate
the root-mean-square accuracy of estimates. The procedure is based
on classical least-squares (LS) estimation method and provides control
over the root-mean-square accuracy of estimates. There is formulated
a theorem about asymptotic normality of sequential estimates.

Key words: autoregressive model with continuous time, a one-step
procedure of sequential estimation, mean-square accuracy, asymptotic
normality.
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O ImocJjie 10BaTeJIbHOM OLl€HMNBAaHNN
IIapaMeTpa aBTOoperpeccum IIo Ha6JIIO,Z[eHI/IHM
*

C aJJUTNBHBIMU IITyMaMH.
Kouen B. B., Hazapenko B. H.

Tomcknit TocyIapCTBEHHBIN yHUBEpCUTET, TOMCK
e-mail: vvkonev@mail.tsu.ru

Annoranus

PaccmarpuBaercst 3aj1a9a OLEHUBAHUS [IApaMeTpa IIPOIecca
ABTOPErPECCUH IIEPBOrO IIOPSAKA [0 HAGJIONCHUSM C AJIUTHB-
HBIM ImyMoM. llpesmosiaraercst, 94TO pacHpeIesIeHns] aJ[JUTHB-
HBIX LIYMOB, a TAaKXKe IIyMOB, 3aJAOIUX JAUHAMUKY IPOLECc-
ca AR(1), siBasitorcst rayccoBckumu. Ha ocnose onenku FHOua-
Yokepa mocrpoeHa HocjeoBaTebHast OlleHKa HEM3BECTHOTO Ia-
pamerpa. YCTaHOBJIEHA TayCCOBOCTD 3TON OLEHKU LPU CIIEIHATb-
HOI1 HOpMHPOBKe. PaccMoTpeHa 3aja4a OCTPOEHUS JIOBEPUTEIIb-
HOI'0 MHTepBaJsa (PUKCHPOBAHHON IIMPUHBI C 3a1aHHBIM KO3(hdU-
IMEHTOM JI0BepHsi. [IpUBOSATCST pe3ysbTraThl YMCIEHHOTO MOJIEe-
JIIPOBAHUSI.

KurrodeBble cJI0BAa: II0CII€I0BaTEIbHAS OlIEHKA, aBTOPErPec-
cusl, aJIUTUBHBIE [IyMbl, TADAHTHPOBAHHOE OIEHUBAHME, JIOBE-
puTenbHOE OoreHnBanme, onenka K)ma-Yokepa.

ITocranoBka 3amaun. Ilycts {z)}r>0 — Iporecc aBToperpeccus mep-
BOTO TIOPSIIKA, Y/IOBJIETBOPSIIONIHI YPABHEHHUIO
Tk =0xk-1+€r, k2>1, (1)
rae (ex)g>1 — HeHabomaeMselil mporece (myM), § — HEM3BECTHLIN ma-
pametp. Tpebyercs orneHuTh mapamerp f Mo HAOIIOIEHUSM IPOIECCa
yr =Tk + 15, k=1 (2)
IIpenmonoxknm, aro myMmsl {€}, {nr} ABIAIOTCS HE3ABHCHMBIME
HOCJ/IEJIOBATEILHOCTSIMUI OJIMHAKOBO PACIIPEIEJIEHHBIX TayCCOBCKUX CJIy-
YaliHBIX BEJIMYUH C HYJEBLIMH CPEJHHMHU U Juciepcusaymu 1 m A cooT-
BETCTBEHHO, T.e. £ ~ N (0,1) u ni ~ N (0, A). Haganbaoe 3nauenue g
SIBJIETCS CILy9aiiHON BeJMYUHOMN, He 3aBucAIieil or nporeccos {ex} u
{nx}. Iapamerp 6 npenuosaraercs OrpaHUYEHHBIM U3BECTHOM [1OCTO-
staHOM L, Te. |0] < L < oo.

*PaboTa BBIIOJIHEHA npu pUHAHCOBOM moiep2KKe MuHucTepcTBa 0O6pa3oBaHus
n Haykn P®, roczamanue Ne 2.3208.2017/4.6
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Sameuanue 1. Jlaa oyenusanua napamempa 6 6 modeau (1), (2) c
2aPAHMUPOBAHHOT CPEOHEKBAOPAMUNECKOT TMOYHOCTIVIO MOHCHO NPU-
MeENAMD MEMO0, npedaosicerioili 6 pabome [3].

IMocTponM noc/Ie10BATEILHY IO OIIEHKY ITapaMeTpa § Ha OCHOBE KJiac-
cuveckoii onenkn FOsa-Yokepa (cM, Hanpumep, AnjiepcoH [1])

—~ 1 n
On = > Ur—2Us- (3)

D Yk—2Yk—1 k=1
k=1

ITocTpoenue nocisienoBaresnbHoii orfenku FOia-Yokepa. OcHoB-
HOU pesyabrar. s xaxkmgoro yucia h > 0 BBegeM MOMEHT OCTa-
HOBKH

n
h
T=7(h)=inf<{n>1: 2 > ). 4
(h) { = ;ykz/A+1} ()
[TocTpoenue mocie0BaTEILHON OIEHKU OCYIIECTBJISETCS [0 CXEME,

IIpeUIOZKEHHOI B pabore [2].
Borauciium koppekrupytomumit muoxkuress a(h), 0 < a(h) < 1, uc-

XOJIsl U3 ypaBHEHUsI
T(h)—1

h
2 2 _
gﬂ Yz T Ry iy = T+ A (5)
Omnpenenum noceoBare/ibHy0 oreHKy FOiia-Yokepa 1o dopmyiie

7(h)

. 1

%m = >V Bryk—2ur, (6)
> VBryk—2yr—1 "1
k=1

rie
RS ecm 1 < k < 7(h);
Br = a(h), ecau k= 7(h).
JL1s1 HOJTydeHnsI CBOMCTB 9TOI OIeHKN HaM HOTpebyeTcs cJie Ly it
Pe3yJILTAT.

Teopema 1. ITycmo (M, Fi)k>0 — K6a0pamuyuno-unmezpupyemvit Map-

munean ¢ keadpamuueckol apaxmepucmurol ((M)y,)n>1 maxod, wmo

1. P((M)s = +00) =1,

2. Ipupawenus AMy, = My — My_1, k > 1, asasromes ycrosHo-
2ayccoscruMU, M.e.

Law(AMy,|Fr—1) = N(0,07_;).
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as kascdozo h > 0 noaoocum

T:T(h):inf{nZI: ZazIZh}7
k=1

7(h)
1
m(h) = —= > \/Br(h)AMy,
VhiS
20e Br(h) — nocaedosamesvrocmov 6ecos

1, ecru 1 < k< 7(h);

a(h), ecau k =T1(h);
20e a(h) — Koppexmupyowul MHOMCUMEAD, ONPEJEAAEMbIT U3 YPABHE-
HUSA

T(h)—1
Z i1 +a(h)at gy = h.
k=1
Toeda m(h) sasasemes cmarndapmmoti Hopmasvo pacnpedenernot
caynatinoti seaununot, m.e. m(h) ~ N(0,1).

Sameuanue 2. /[0ka3amesbCMBO IMO20 PE3YALMAMA, 6 MAKHCE PA3-
AUYHDLE €20 NPUMEHERUA OAA NOCMPOCHUS MOYEUYHBIT U J0GEPUMEND-
HHLT NOCALIOBAMEADHBLT OUEHOK HA OCHOBE MEMOOL HAUMEHDULUT KEAO-
pamos npusodamcs 6 pabomax (Konee [4], Konev and Vorobeychikov

15])-

Cdopmymupyem OCHOBHOI pe3ysabTaT pabOThI.

Teopema 2. /s xascdoeo —L <O <L uh>0

0y — 0
Py zh)—— <) =), —co <t < o0,

AL+ 0% 11
2de
t
B(t) = — 5 d
=—— [ e 7 du,
V2T
7(h)
A+1
z(h) = — kz—:l Br(h)Yk—2Yrk—1

Joxazamesvcmeso. Cornacuo (1) u (2) mpornece yy yIoBJIeTBOPsIeT ypaB-
HEHUIO

Yk = Oyr—1 + &k,
rae §g = g — Onk—1 + €.
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IMoncrasnsas (2) B (6) u yuursiBas (4), mosrydaeMm
7(h)
. 1
rmy =0+ (h) Z BrYr—2€k-
> VBryk—2yr—1 "=!
k=1
ITepenmiem 310 ypaBHeHHEe B BUJIE
Va3
* +1
O =0+ m(h), ™
> VBrYk—2yk—1
k=1

rae d = A(1+6%) + 1,
7(h)
> VBryr—28k, 8)
s
= &
&= == ~N(0,1).
S~ N0
Hanee nam norpebyerca ecrecrBennas dbunbrpanus {F}rp>0, 10-
POXKJIeHHAsT TIPOIECCAMU £ U M
Fo=0(x0), Fr = 0(T0,E15- €k, My---Mk)s k= 1.
BBejieM MapTHHTaJ OTHOCUTEILHO 3TOM (bUILTPAIIIH
n

My =0, anzyk—ngn>1

k=1
DTOT MapTUHTAJ YIOBIETBOPSET yCJ‘IOBI/ISIM Teopewmsbr 1, mpuuem

Zyk 25

Law(AMkU:k—l) = N(0,y;_)-
IMpumensis Teopemy 1 K ciryuaiinoii Besinunne (8) u yaurbiBas pa-
BercTBO (7), IPUXOAUM K yTBepKIeHuto Teopembl 2. O

m(h)

Sameuanue 3. Cozaacno Teopeme 2 nocaedosamensvras ouyerka (6)
npu evibope cOOMBEMCMBYIOUET HOPMUPOBKY ABAAEMCA 2GYCCOBCKOU
npu A1060T 3HANERUAT napamempa §. Imo nossoasem cmpoumv do-
8EPUMENLHBIT UHMEPBAs 0af HeudsecmHozo napamempa 0 3adanrotl
WUPUHDL € 3a0GHHBM KOIPPULUERTIOM JOBEPUA.

ITycts 0 < v < 1 — nosepuTeIbHAad BEPOSTHOCTb U G~ — GHUCIIO,
orpejiesiieMoe PaBEHCTBOM

[2 [ _.
f/e_Tdu:'y
T

0
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[Tosmoxxum
0y = ay/ A1+ L2) + 1.
N3 Teopembr 2 mosydaem, 49To i jwoboro h > 0 crupaBejimBO
HEPaBEHCTBO
7(h)

‘Slup Po | 1DV Bryn—2tn—1|- 0y — 0] =6, | <1-7.
oI<L k=1

Tabauna 1 — Pesynbprarsl IpOBEPKHU THIIOTE3bI HA, HOPMAJIBHOCTD PAC-
upenesienns omnenku (6) mo 500 peasusanusm nponeiypst upu b = 30

p-value mys p-value ayst

0 tecta Kosmoroposa | Tecra Illamupo-Yuika
-2.1 0.1583 0.0247
-1.8 0.4452 0.7473
-1.5 0.2810 0.1943
-1.2 0.6209 0.9613
-0.9 0.1173 0.6081
-0.6 0.6586 0.4939
-0.3 0.8822 0.7408

0 0.8012 0.4002
0.3 0.0434 0.4833
0.6 0.9028 0.4706
0.9 0.1008 0.2610
1.2 0.1151 0.0659
1.5 0.4448 0.0971
1.8 0.7654 0.6111
2.1 0.6446 0.0841

PesynabpraTrhl 4ucjaeHHOro MojequpoBaHusi. Jlis mposepku pe-
3ysibrara TeopeMbl 2 OBLIIO IPOBEIEHO YHUCJIEHHOE MOJIEJINPOBAHNE CXe-
mbl Habmonennii (1)-(2).

B nakere npukiagaeix nporpamm MatLab momenuposasiuch ypas-
uernns (1)-(2) upu pasaudHBIX 3HAYEHUAX HAapamerpa @, yKa3aHHBIX B
repsoM ctoJibne Tabaune! 1 u gucrnepcun aggurueHoro myma A = 0.01.
ITo mostyuenHbIM 3HAUEHUSIM TIpOLiEcca {Yx } CTPOMIIACH [IOCJIeI0BATE b
Hast onenka (6) mpu nopore h = 30. st KaxK10ro 3HaueHus 6 mporie-
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Y

Konuwyecteo HabnwogeHW

... =

Puc. 1. l'ucrorpamma Bei6opku onenok (6) npu 6 = 0.3

nypa onenuBanus nosropsiiack 500 pas. Ilosrydennbie onenku, ¢ cooT-
BETCTBYIOIINM HOPMHUPYIOMIAM MHOXKUTEJIEM, TPOBEPSIINCH B TTakeTe R
Ha HOPMAJIBLHOCTH C MCIIOJb30BAHNEM H3BECTHBIX TecTOB KosimMoroposa
u [Mlamupo-Yunka. Jnsa xkaxkmoit Bbioopku B Tadmuie 1 Bo BTopoMm u
TpeTbeM CTOJIOIE IPUBE/IEHBI 3HAUYeHUs P-value JjIsl YKa3aHHBIX TeCTOB.
[Ipu npeBbieHnn 3HAYEHUST p-value BRIOPAHHOTO YPOBHST 3HAYUMOCTHU
0.05 rumore3a 0 HOPMAJIBHOCTHA BBIOOPKU ITPUHUMAJIACH.

Ha ocmose manmbix Tabsmimsr 1 MOXKHO ¢AeIaTh BHIBO, UTO TUCICH-
HbIE PE3YJILTATHI COIVIACYIOTCS C YyTBEPXKIeHUEM TeopeMbl 2.

Ha pucynke 1 npupojurcs rucrorpamma st = 0.3 B macrradbax
HaOJIIOACHUIA.
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Konev V. V., Nazarenko B. N.(Tomsk State University, Tomsk,
2017) On sequential estimation of autoregressive parameter by
observations with superimposed errors.

Abstract. The paper considers the problem of estimating the pa-
rameter in an autoregressive process of first order by observations with
superimposed errors. It is assumed that both the distributions of the
superimposed errors and those of the noises determining the dynam-
ics of the AR(1) process are gaussian. This estimate is established to
have non-asymptotic normal distribution if one uses special normaliz-
ing factor. The problem of constructing the confidence interval of fixed
width with a given coverage probabilities is considered. The results of
numerical simulations are presented.

Key words: sequential estimate, autoregression, superimposed
noise, fixed-accuracy estimation, confidence estimation, Yle-Walker es-
timate.
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O6 onenmBanumM PyHKINN CHOCA B
nuddy3NOHHBIX IPOIECCAX

Maxkaposa U. A., ITyeaunnes E. A.

Tomckuit rocymapcTBeHHbI yHUBEpcUTeT, TOMCK
e-mail: star _irish@bk.ru

AnHOTaMS

B macrosimeit pabore paccMarpuBaeTcs aJIalTHBHAS 3a1a49a
HemapaMeTPUIeCKOTO OIIEHUBAHMS KO3 DUIMeHTa CHOCA B (-
dy3uoHHBIX Tporeccax. [Ipemioxkena mporeaypa BeIOOpa Mojie-
JIM Ha OCHOBE YJIyYIIIEHHBIX B3BEIIIEHHBIX OIEHKAX HAWMEHBIITUX
KBaJIPaTOB.

KuaroueBble cjioBa: yiIydllleHHasl OLEHKA, CTOXACTUYECKUI
g Py3UOHHBIN TTPOIIECC , CPETHEKBAIPATUYECKAS TOYHOCTD, BbI-
0op MoJIesIH.

Beenenwue. Ilycts ma croxacruaeckom 6asuce (£, F, (F);>q, P) ompe-
JIeJIEHO CcTOXacTudeckoe auddepeHnuaabHoe ypaBHeHe
dy, = S(y) dt +dw,, 0<t<T, (1)
e (wt)tzo — CTaHJAPTHBII BUHEPOBCKUIl IIPOIECC, HavaJbHOE 3Ha-
“YeHUE Y, — HEKOTOpas M3BECTHAsl IIOCTOsIHHAs, a S(-) — HemsBecTHAs
dbyuknua. 3agaua 3aK/09aeTCA B TOM, 9TOOBI OlleHUTh QyHKImio S(x),
€ [a, b], mo mabmiogenuam mpomecca (Yi)o<i<r. 38Jad8 KaJTHOPOBKH
mozesn (1) siBisiercs BasKHOW BO MHOIMX INPHJIOXKEHUSIX. B 9acTHO-
CTH, OHA BO3HUKAET IIPU IOCTPOCHWU OITUMAJIBHBIX CTPATETHil TOBe-
JICHUsI UHBECTOPOB Ha MudDy3nOHHBIX (PUHAHCOBBIX PHIHKaX. M3BecT-
HO, 9TO ONTUMAJIbHASI CTPATErWs 3aBUCUT OT HEU3BECTHBIX MAPAMETPOB
pBbIHKa, B TOM YHCJIe U OT Hen3BecTHOH (byukuuu cuoca S. [lostomy B
MPAKTUIECKUX (DUHAHCOBBIX pacueTax HeOOXOJAMMO HMCIOJb30BATH CTa-
TUCTUYECKHE OIEHKU JIJisi S, KOTOPBIE SIBJIAIOTCS HAJIEXKHBIMU HA HEKO-
TopoMm dbukcnpoBanHOM BpemenHoM uHrepsase [0,7] [3]. Panee, npo-
6J1eMa HeaCHUMITTOTHYECKOTO OIEHUBAaHUsI TAPaMETPOB UMD Y3NOHHBIX
[IPOIIECCOB M3yYajiach MHOIMMHU aBTOPaMU (CM., HAIPUMED, MOHOIDa-
dbwuto [5] u ccpIKn B Heit). YCTAHOBJICHO TaKKe, 9TO MHOIHE TDPY/HO-
CTH HEaCHMIITOTHYIECKOTO OIEHUBAHUS MAPAMETPOB JIJIsT OJHOMEPHBIX

*Pabora BbIIOIHEHA upu punancoBoit nouepxkke PH®, npoekt No 17-11-01049.
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1D Y3MOHHBIX TPOIECCOB MOXKHO IIPEOJIOJIETh, UCHOIb3ys MOCTIEI0-
BaTEIbHBIN 110/1X07. OKa3bIBAETCH, YTO TEOPETUIECKUI aHANS MTOCIIE-
JIOBaTeJIbHBIX OLEHOK IPOINe, YeM aHAJU3 KJIaCCUIeCKHX Ipoueayp. B
YaCTHOCTH, MOXKHO PaCCIUTATH HEACHMIITOTHYECKUE OIEHKH JIIs KBaJI-
PATUYECKOTO PHCKA.

B macTosmeil paboTe pacCMATPHBACTCA 33294 ONCHUBAHUS HEH3-
BecTHOIl byukuuu S(z), a < x < b, B CMbICJIe CPEIHEKBAIPATHIECKOTO
PUCKa

b
R(Sp.8) = ByllSp — 8|2, [S)? = / L@)de,  (2)

e Sy onenka aist S 0 maGmomennsy (y,)g<p<p; @ < b~ HEKOTOpBIE
BemecTBeRHEbIe Uncaa. 3aech Eg 0603HaUaeT MaTeMATIIECKOe OXKHIA-
HIIEe OTHOCUTEJILHO pacipeesenus P g ciyuaiinoro mporecca (y,)o<t<T
py 3aJaHHONH QyHKIMA S.

[esib 3T0 cTATHY — MOCTPOUTH AJANTUBHYIO OIEHKY S™ Ko3dduIm-
enra caoca S B (1) u mOKa3aTh, YTO KBAAPATUIECKUI PUCK ITON OLEH-
KU MEHbIIIe, YeM PHUCK OIIEHKH, [peJJIozKeHHOl B [1], T.e. upesaraer-
¢S IOCTPOUTD YJIYUIIEHHYIO OIEHKY B CMBICJIE CPEIHEKBAIPATHICCKOI
TOYHOCTHU. JIJIsi 9TOro0 MBI HCHOJIL3YEM IOIAXOJ K YJIYyUIIEHHOMY OIle-
HUBAHWIO, IIPeJIOXKeHHbIH B [6] u [4] st mapamerpuaeckux Mozeseit
perpeccuy U pa3BUTHI HeJABHO B [7] s 33784 HeapaMeTprIecKoro
OIICHMBaHHA. BoJree TOro, B CTaThbe pacCMATPUBACTCA 3aJad9a OLECHUBA-
HUs B aIAITHBHOI IIOCTAHOBKE, T.€. KOTIA PEryIapHOCTh PyHKIHHA S
Hem3BeCTHa. JIJIst 3TOro MCImoJIb3yercs METOI BIOOpa MOIENH, TIPeIJIo-
JKeHHBIH B [7].

Jajiee, B pasjienie 2 craTbu UCXOJHAS 3aJ@49a CBOJIUTCS K 3ajade
OLICHUBAHHSA B HEIIAPAMETPUIECKOl PErpecCHOHHON MOIEIN ¢ IUCKPET-
HBIM BpeMeHeM. B paszmerne 3 mpeniaraioTcs yuIydIIeHHbIe B3BEIICHHBIC
OITeHKN HAMMEHBINX KBaIPaToB. B pasmesne 4 iy oneHnBanusa GyHK-
1 S CTPOUTCS TPOIELypa BHIOOPA MOJEIN Ha OCHOBE YJIyUIICHHBIX
onenkax MHK.

HeomuopoaHasi perpeccuoHHasi MoJejlb C JUCKPETHBIM BpeMe-
HeM. YToObI MOJyYUTh HAJEKHYIO OIEHKY (DYHKIMH S, HEOOXOINMO
HAJIOXKUTH HA Hee OIPEJE/IEHHBIE YCJIOBUsI, AHAJOIMYHbBIE TePUOUIHO-
CTH JIETEPMUHUPOBAHHOIO CUIHAJIA B Mojesu Gesoro nryma [2]. Ommaum
U3 YCJIOBUH, JOCTATOYHOTO JIJIS ITOTO, SIBJIAETCS TPEJIIOIOKEHUE, UTO
npouecc (y,);>o B (1) BO3Bpamaercss B Ji00yl0 OKPECTHOCTDH KaKJIOii
Toukn x € [a,b]. YTo6BI TOMIyUNTL SproamaHOCTH Tpotecca (1), mpes-
MOJIOXKUM, 9TO (PYHKIUS S TPUHAJIEKUAT (PYHKINOHATBHOMY KJIACCY
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Yp n (L>1, N> la| + |b]), onpenenennomy B [1]. OTmernm, uro eciu
bynxmma S € ¥ v, To cymecrsyer I/IHBapI/IaHTHaH IUIOTHOCTH
exp{2 [; S(z)dz}

q(z) = qs(z) = - 3)
[T Zexp{2 ) S (z)dz}dy
Takzke dyHKIUE U3 Kj1acca X n ABJIAIOTCA PABHOMEPHO OrDaHU-
JYeHHbIMU Ha [a,b], T.e

s*= sup sup S%*(z) < .
a<z<bSEX; y

Paccmorpum pasbuenue unrepsana [a, b] rouxamu ()1 <<y, OUPE-
JIGJIEHHBIMU KaK

k
xk:a—l—ﬁ(b—a), (4)
rue n = n(T) — nenounciennas Gyuknusa ot T Takas, 910
. n(T)
<T d lim —==1. 5
T)<T and Jim " (5)

Ternepb B KaxKJI0l TOYKE Z; OLEHUM (DYHKIHIO S IOCIeJOBATEIbHBIMU
anepubiMu onieHKaMu. IIycTs 0 <t < T’ — HEKOTOPBII (BDUKCUPOBAHHBIIH
MOMEHT, TOTJIa IOJIOXKUM

T, =inf{t >, : f Q(ys )d3>Hk},

. (6)
Sp = Fk t:k Q(%) dy, ,
rie Q(z) = 14, 1<1y, 14 — unjukarop muoxkecrsa A, h = (b —a)/(2n)
n H, — 1osoxunTenabHbIE HOPOTH, KOTOPbIE onpeneaenst nmzke. U3 (1)
HETPY/IHO BUAETH, YTO _
S =5(x) + G -

31ech 1IyM (, sIBISieTCsl CyMMOI allPOKCHMUPYIOIEH U CTOXacTHIe-
CKOI1 gacreii, T.e.

_ 1 _ L Y —
Ck_Bk+ﬁ§kv Bk_Hk/t Q( A >A5(ysvxk)d

e AS(y, z) = S(y) - S(x) n ’

ABJIAIOTCS HE3aBUCUMbBIMU J\/ (0 1)
HaJiee HEOGXOMMO OLEHATD HJIOTHOCT (3) 110 HAGMIOEHNAM (Y;)o< i<y, -
IlycTs

qr(ry,) = max{q(zy), er},
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rme 0 <ep <1,

q(zy,)

~ 2toh /to ( )ds'

Torna onpenenum nopor H,, B (6) CJIEJIYIOIIUM 06Pa3oM:
Hy, = (T = t0)(2qr(z),) — EQT)h-
IIpeanonozxkum, aTo napamerpsl t, = to(1) u €7 yAOBIETBOPAIOT CJe-
JLYIOIIAM yCJIOBHSIM:
H,) s seex T > 32,

16<t,<T/2 n V2/ti/®<ep<1.

H,)
lim ¢, (T) = 00, lim ey =0, lim Tep/t,(T) = 0.
T—o0 T—o0 T—o0
H,) ,HﬂﬂBceXV>0Hm>0
lim Tey # lim Tme Vi =0,

T—o0 T—o0

Hampuwmep, upu T > 32,
to = max{min{ln4 T,T/2},16} u ep= \@tal/s
IlycTs

Torna Ha MHOKecTBe I cymeCTByeT BpeMeHHasl reTepOCKeIacTUIHAS
perpeccuoHHast MOJIEb

Y, =8(xy) + ¢y G=0u& + 0 (8)
5 n
o, =

(T —to)(ar(zy) — €7./2)(b—a)
Bamernm, uro u3 (5) u H;), HAX0 MM BEPXHIO TDaHUILY
2
ma <— = 9
1Sy k= (b—a)er 7 )
JIJIS KOTOPO U3 yC.HOBI/IH H,) nmeem

Tm =0 s Bcex m > 0.
T—o00

Yro6w! otenuts S 110 HaboeHusIM (8), HEOOXOIUMO U3y YUTH HEKO-
Topble cBoiicTBa MHOXKecTBa I B (7).

IIpennoxkenue 1. IIycmo napamempul ty U € yoo6AEMBOPAIOM YCAO-
suam H,) — Hj). Tozda
sup Pg(T°) < I,
Sex,
2de limp_, .o T™ 1l =0 daa scex m > 0.

OcHoBHOI1 pe3ynbrar. B sToM maparpade Mbl pacCMOTPUM 3a/a-
4y oneHuBaHus juist Mojean (8). B meit S(-) — HemsBecTHAst DYHKIWS,
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KOTOPYIO TpebyeTcs OMEeHUTH MO HAOIIOMEHUIM Y71, ..., Y.
TounocTb OreHUBaHUS OY1EM U3MEPSTH SMIUPUIECKIM CPE/THEKBA/I-
paTUYeCKUM PHCKOM BUIIA

n
b—a = 9
> (S(a;) = S(x,)*.
1=1
Hycrs (¢;)1<;<, — OPTOHOPMUPOBAHHBII 6A3MUC B CMBICITE SMITMPH-
YECKOT'O CKAJISIPHOTO npomBezLeHHﬂ

(¢l7 ‘n

rie Kr;; — cumson KpOHeKepa BOCHOJII)SOBaBLHI/ICb 9TUM, IIPUMEHUM
nuckpernoe npeobpazosanue Pypobe K (8) u moayaum Ko dUIEEHTHI
Dypbe

~ b—a b—a
Ojn =D Yi;(w), O =—— > S(@) e,
=1 =1

U3 (8) caenyer, uto

~ b—a
Oimn = Oim + Gm ¢ Gn =\ &in T jn:

b— n
$im \/ Zngzd) ) wu 5j,n: nazél(bj(xl)
=1

Bseaem kitace B3BeLHeHHbIX oreok MHK st S 8 (8) Ha cerke (4):

S/\xl Z)\ 9]n¢ (x)1p, 1<1<n,

n

i(x))d =Kr T

rie

rjle BECOBOI BEKTOD )\ (A(1),...,A(n)) UpHHAIIEKUT HEKOTOPOMY
koHeuHoMy MHOXKecTBy A C [0, 1]™. Torma ays xaxmoro a < x < b

Sx(@) = Sx(@1) aco<a,y + ZSA(%)l{xl,lqul} : (10)
1=2
Jlajee IpeIIoIoKuM, 4To HepBble d < M KOODIUHAT BEKTOPa A\
pasabl 1, T.e. A(j) = 1 s Beex 1 < j < d.
OrpeiesiuM HOBBI Knacc oueHok st S B (8):

S\ (z) = Z)\ ¢;(z)1p, 1<1<n,

N c(d ~
i = (1 - ”év)l{1<j<d}> 0ns

e
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(d_ 1)05L(b_a)1/2 ”5 ||2 _ d é?
n(s* 4+ /do./n) " = o

Torna mgias kaxkgoro a < x < b moaoxKuM
S:(.’I}) = S;(xl)l{agmgzl} + ZS;(xl)l{xl71<:c§ml} . (11)

=2
O6o3HauMM pasHOCTB PHCKOB oreHOK (11) u (10), kak
An(S) = Egl1S5 — S|I7 — EgllSy - SI2.

Onenkn (11) mo3BOJIAIOT KOHTPOJUPOBATH TOUHOCTD.

c(d) =

Teopema 1. Ouenka (11) npesocxodum no cpednexsadpamuueckot
mowrocmu oyenky (10), m.e

sup An(S) < —c(d).
SeXrL, N

VaydiileHHas mpoIieaypa Bbibopa Moaean. UToObI MOJIyIuTh J10-
CTATOYHO XOPOIIYIO OIEHKY, HEOOXOIMMO OIUCATH IIPABUJIO BHIOOpA Be-
coporo BekTopa A € A B (11). fcHo, YTO HAMJIYYIIMM CIIOCOBOM SB-
JITeTCS MAHUMU3AINS IMIIMPUIECKON CPETHEKBAIPATHIECKON OIMMOKT
OTHOCHUTEJIFHO A:

Err,(A) = IS} — S||2 — min .
Vcnonbays (11) u npeo6pa3013aH1/Ie CDypbe st S, mMeeM

Err, ( ZV 9*2—2ZA " Oin Z

[Tockonbky Koa(bd)mmeHT ;n HeH3BeCTeH H€O6XO,ILI/IMO 3aMEHUTDh Be-

JIMYHUHDBI 0; n 9] n UX HEKOTOPBIMH OLECHKaMU. TTosrozxum
> >

n
7 7. o b—a b—a 9 9
gn = YimYin T T % € Sin T T DIEAHENE
1=1
Hy»xmo 3amratuTs mrpad 3a 9Ty 3aMeHy B SMIUPUIECKON CPETHEKBA/I-
paTmyecKoit OHII/I6K€ TlosTomy onpezgeJmM TTATEXKHYIO (PYHKITHIO

Z)\Q )0:% — QZA 0., + pP,(\),

rae "mrpadnoe” cnaraeMoe

n

P,()) =

n

Jj=1
u 0 < p < 1 — HEKOTOPOE MOJIo)KUTEIbHOEe Yucyo. [lycrs

A = argmin, _, Jn(A),
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TOra BBIOMPAETCS CIIEAYIONAs YLy IeHHAs OIEHKA I S U3 KJIacca
(10):
S*(x)=5%(x) mm a<xz<b.
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Acumnrornyeckn 3 deKTUBHOE OIIEHNBAHUE
o *
(dyHKITMM HEOITHOPOHOI perpeccuu

IlepeneBckuii C. C., ITuenuniies E. A.

Tomckwnit l'ocynapcTsennsrit Y nuBepcuret, Tomck
e-mail: slavaperelevskiy@email.ru

AnHOTaMS

B crarbe paccMaTpuBaIOTCS HEKOTOPbIE ACUMIITOTUYECKHE CBOIi-
CTBa aJAIITHBHON TPONEYPHI, NPEJJIOKEHHbIE B CTAThHE ABTO-
pos [10] ayst oneHKM Hen3BeCTHOH BYHKIMHM HEOTHOPOIHOM pe-
rpeccuu. YCTaHABIUBAETCS, YTO MIPOLIELYy Pa OLECHUBAHUSA ABJISET-
cs aCUMITOTHYECKH 3(PPEKTUBHON B CMBIC/IE CPEIHEKBAIPATH-
YECKOI'O PUCKA, T.€. JOKA3LIBAETCH, YTO aCUMIITOTHYECKUI Cpe-
HEKBaAPaTUIECKU PUCK IPOLELYPbI COBIIAJIAET C COOTBETCTBY-
forelt KoHcTaHTol [IuHCKepa, obecrednBaroIieil TOYHYIO HUK-
HIOIO I'DAHUILy PUCKA 10 BCEBO3MOXKHBIM OLICHKAM.

KimroueBble cJjioBa: HEOJHOPOIHAS PETPECCHs, aIallTUBHAS
TIporeiypa BbIGOpa MOJIENIN, ACAMIITOTHYECKUI CpeJHeKBaIpa-
TUYEeCKHUil PUCK, KOHCTaHTa IluHckepa.

1. Beenenne. Ilpennonoxkum, uro HabmomeHnst (Y;)1<j<n OIUCHIBA-
I0TCsl yPABHEHUEM HEO[HOPOJHON Perpeccuu
y; = S(x;) + 05&5, (1)

roe z; = j/n, S(-) € £2]0, 1] — menssecTHas DYHKIUA, KOTOPYIO Tpe-
Oyercst oueHuTb, (€)1<j<n — HOCIEIOBATEILHOCTD HE3ABUCHMbIX OJIH-
HAKOBO PACIIPEJIEJIEHHbIX CJLyYailHbIX BeJHYnH Takux, 410 E(&;) = 0,
E(&3) =1, (0j)1<j<n — HeusBecTHbIE KOIDDUIMEHTHI BOJATHIBHOCTH,
KOTOpbI€E, 3aBUCAT OT &; U DYHKIME S, n — YUCI0 HAOJIIOIEHHIL.

Mogenu tuna (1) sBisiiorcs 0600IIeHIEM HENAPAMETPUIECKOH MO-
memn ANCOVA w BeTpedaroTcsas B SKOHOMETPHYECKHX HCCIIETOBAHM-
ax 1] npn ananmse waBeCcTUTIMOHHOTO TIOBEMeHNsT bupM. OTMETHM, ITO
Mogess (1) siBstercst BasKHOU B 3a7adax annpokcnMarmn quddysn-
OHHBIX IIPOIECCOB C HEIIPEPbIBHBIM BPEMEHEM, IIYyTEM HCIIOJIb30BaHUA
[IOCJIEIOBATE/IBHBIX SJIEPHBIX OIEHOK, UMEIONIUX ACAMITOTUIECKU MHU-
HUMaJIbHBIE OTKJIOHEHUsI (CM., Hanpumep, [2,3]).

*Pabora Bpmommena npu  dumaHcoBoi  mogmepxkke PO®U  (rpamt
Ne16-01-00121 A) u MunoGpuayku (rocsaganue Ne2.3208.2017/4.6).
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st ouenuBanus dbyukiuu S B Mozenu (1) 6pLia mocTpoena B pa-
Gorax [10,11] amanTusHast Tporeaypa BHIGOPA MOJEIH, KOTOPAs JJIs
KOHEYHOTO 00'beMa HaDJIIOJIEHN nMeeT 0oJiee BHICOKYIO CPeTHEKBaIpa-
TUYECKYI0 TOYHOCTBH 10 cpaHenmio ¢ onenkamu MHK, a taxxke mo-
JIYIE€HO OPaKyJIbHOE HEPABEHCTBO IJIsi CPEIHEKBAIPATHIECKOTO PUCKA
IIOCTPOEHHO TPOIEIyPhl BbIOOpa Mozesu. [loBbienne HeACHMIITOTH-
9eCKOil TOYHOCTH OIIEHWBAHUS B PEIPECCUOHHBIX MOJIEJSIX CTAIO BO3-
MOKHO Ousiarojiapst padoram [6, 7].

[esib maHHOM PabOTHI — YCTAHOBUTH, YTO IIPEJJIOXKEHHAS A AllTHB-
Hasl [IPOIIE/IyPa OIEHUBAHUS SIBJISETCST aCUMITOTUYIECKHU d(DDEKTUBHOMN
B CMBICJIE CPEIHEKBAIPATUIECKOr0 pucKa. J[7s 9TOro moKa3bIBAeTCs,
9TO ACUMITOTHYECKUN CPEIHEKBAIPATUIECKIUI PUCK IIPOIELYyPHI COB-
majiaeT ¢ COOTBETCTBYIOMEH KoHnctautoi Ilurckepa, obecreduBaroreit
TOYHYIO HIUKHIOIO TPAHUILY PUCKA TI0 BCEBO3MOXKHBIM OIEHKAM.

Kak npaBuiio, moHsiTHE ACHMIITOTHYECKON ONTUMAJIBHOCTH CBII3aHO
C ONTUMAJIBHON CKOPOCTBIO CXOJAUMOCTU MUHUMAKCHOIO PUCKa (CM., Ha~
upumep, [8]). BazkabiM BopocoM B pe3yJibTaTax OINTHMAILHOCTH sABJIs-
ercs n3yveHre TOYHON aCHMITOTUKN MUHUMaKCHOrO pucka. [lomobnbre
ACUMIITOTUYECKHE PE3YJIHTATHI OBLIU II0JIy Y€HbI TOJIBKO B PsiJIe CJIYIAEB.
[Tpobsiembr HemapaMeTpUYIeCcKoil OEHKY JjIst MOJIesieil perpeccun ObLIn
usydensl B [9]. ljis u3ydeHus acUMITOTUIECKAX CBOMCTB IPOLELY DI
OIEHMBAHMUA B JIAHHONW PabOTe IMPUMEHSETCH IOIXOM Ha OCHOBE Opa-
KYJIbHBIX HEPABEHCTB, pa3BuThIl B paborax [4,5|. Xopomo ussecTHO,
YTO JJIS JOKA3aTEIbCTBA ACUMIITOTHIECKONH 3(DEKTUBHOCTH MIPOIIETY-
PBI OlIEHUBaHUS HY>KHO [I0OKA3aTh, 9YTO €€ aCUMITOTUIECKUI PUCK COB-
maJlaeT ¢ HUKHeH rpanureil, ompeaenseMoit koncranroir [Innckepa. B
paboTe pemaTcs ABe 3a/1a9n: BO-IIEPBBIX, IOy YeHa BEPXHSIA IPAHUIIA
JJIsI PUCKA IIyTeM KCIIOIH30BAHUS HEACUMIITOTUIECKOTO OPAKYJIHHOTO
HEPABEHCTBA, BO-BTOPBIX, JOKA3aHO, YTO 3TA BEPXHssS I'DAHUIA COBIA-
Jaet ¢ octosguuoi [TuHckepa.

Crarhbsi COCTOUT W3 CJIEIYIONMX Pa3leoB. B pazmese 2 mpejia-
rafoTCs YJIydIlIeHHBIE B3BEIICHHBIE OICHKN HAMMEHBITNX KBaIPaToB. B
pa3zesie 3 CTPOUTCH aJAIITUBHAS IIPOIELyPa BEIOOPA MOIEIeil I O1le-
HUBaHUs PYHKIINN, OCHOBAHHAS HA B3BEIIEHHBIX YJIYUIIEHHBIX OIEHKAX
HaMMEHBIUX KBaJpaToB. [lo/ly4eHo TOYHOE HEeACHMIITOTHYECKOE Opa-
KyJIbHOE HEPABEHCTBO [IJIsl PUCKa Mpoleaypbl. B pasmene 4 mpeacras-
JIeHA TeopeMa 00 aCUMITOTHYIECKON 3(hhDEKTUBHOCTU TPOIIE Ty Pl BHIOO-
pa MoJies i B MUHUMAKCHOM CMBbICIe. Pa3zesn 5 comepKuT pe3yabTaThl
YUCJICHHOI'O CPABHEHUS JAHHOU aJallTUBHON YJIydYIICHHON IIPOLE/yPbl
C TIPOTIeIy POii, TIpeIoXKeHHOMH B [4].
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2. Yayumnienubie B3BenieHHbIe orlenku MHK. Jlna onenwBanus
Hen3BecTHON dbyHKINK S B Moziesn (1) BOCIIONB3yeMCsl e Pas3IOKEeHNEM
B ps1, Pypbe 110 TpuroHoMerpudeckomy 6asucy (¢;);>1 B IPOCTPAHCTBE

£5]0, 1]
)= 0;6;(x), (2)
j>1
e Ko dunmentor Pypbe

0; = (S, ¢;)n stl ¢, (1)

— 3MIIMPUYECKOE CKAJISPHOE HpOI/ISBe,ILeHI/Ie dynxnmit S n ¢; Ha cerke
(j)1<j<n. ITOCKOIBKY OHH 3aBHCAT OT HEW3BeCTHON (yHKIME S, TO
TaK»Ke SABJISIIOTCA HEM3BECTHLIMU M ITOJJIEXKAT OICHUBAHUIO. 3aMETUM,
ITO, €CJIM N HEIETHO, TO (¢;),;>1 €CTh OPTOHOPMUPOBAHHEL 6a3KC OTHO-
CHATEJIbHO BBEJEHHOT'O SMIIMPUYIECKOTO CKAJISIPHOTO ITPOU3BEIEHUS, T.€.
a1l <j<n

((bm(bj Z(bl ) d)] xl) = 52]7

rae d;; — cumsosisl Kponekepa. I/ICIIOJ’IBSyH 9TOT (haKT, MOJIyIaeM, UTO
onenxku MHK koaddunnentos @ypoe pasHbl
aj,n = (Y7 ¢j)na
rne Y = (y1,...,Yn)" (mrpux oGosnauaer Tpancuonuposanue). 13 (1)
crmeayert, aro orerku MHK ymoBieTBopstior ciieayromemMy paBeHCTBY
n

~ 1 1
Hj,n = 9j + Eé-j,na &n = % ZUl§l¢j($l)~ (3)
=1

Tenepn, kak u B [4], oupemesum Kiace B3BerieHHbIx oneHok MHK
dyukym S cireayonum 06pa30M

ZA 01,5 (), (4)

rae © € [0,1], BeKTOp BECOBBIX Kos(i)doHuHeHTOB A= (A1, .y A\n) TIpT-
HaJUIE?KUT HEKOTOPOMY KOHeuHoMy MHOXkKecTBy A C [0, 1]™, tme n > 3.
Mycrs v = |A|. TlpeanosokumM, 9T0 CymIECTBYET LEJI0e YHUCIIO Ji =
J«(n) < n Takoe, aro A; = 1 gma 1 < j < j,. YuuTsBasg Takolt BHUT
BECOBBIX KO3 durmenTon, BMecTo B3BereHubx ornenok MHK mpemra-

raeTcd HUCIIOJIb30BaTh OIICHKHN BHUJIa
j n

=i9§,n¢j(x)+ > NGt (2), (5)
i=1 j

J=j«+1
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rie
Cn \ 7o 12 = o2
= (1775 ) B WP =202
| 0n]] =1
Yro6bl oupeseauTb KOIMMUIUEHT ¢;,, IPEINOI0KuM, 9T0 B Momesu (1)
KO3(PUIUEHTLI 0 TaKue, ITO

max ajg» <o, min o2 > o, (6)
1<j<n 1<j<n
u || S| < r, vae 0., 0* U r — HEKOTOPbIE U3BECTHBIE BeIMINHBI. Torma
; 2
(j* B 1)0—*
Cn = .

n(r + \/jx0*?/n)
Iastee 0603HAYMM PA3HOCTD SMIUPUIECKUX CPEIHEKBAIPATHUECKIX
pHCKOB npeiozkerHoit onenku (5) u onmerkn MHK (4) kax
An(S) = Es|1S5 - SII2 — Es|Sx - SII2, (7)
rie Eg — MaremaTuueckoe OKUJAHUE OTHOCUTEIHHO DPACIIPEIE/ICHHUSI
nabonennit Y = (y1, ..., yn) 1upu dbukcuposanuoii byuximu S u

1 n
I1Sl7 = - > 8% ().
=1

Ipemyokennast onenka (5) 0b1a1aeT CIEAYIOMUM CBOHCTBOM.

Teopema 1. ITycmv 6 modeau (1) xosdduyuenmo. oramuabrocmuy
(0j)1<j<n ydosaemsopsrom nepaserncmeam (6). Tozda oyenka (5) npe-
60CT00UM MO CPEOHEKBAOPAMUMECKOT, TIOYHOCTNU 636EUWEHNYI0 OUCHKY
MHK (4). Kpome moeo, pasnocmo cpednexsadpamuueckux puckos (7)

Y008ACTNEOPAEM, CACOYIOWEMY HEPABEHCMEY:
An(S) < _Ci- (8)

3. Bei6op mogesmn. B [11] npesgiozkena npore/rypa BeIGOpa MOJeN
S* misa onenusanug dbysxnuu S B Mogesau (1) Ha OCHOBE yJIydIIEHHBIX
oreHoK (5):

S* = S%., (9)
r7Ie BEKTOP BECOBBIX KO3(MDUIMEHTOB \* BBHIOMpAETCS M3 yCJIOBUS MU-
HUMU3AIUHI OIMMOKY OIEHUBAHUS U UMEeT BUJ, KaK B [4].

Jajiee moryInMM HEACUMIITOTHIECKYIO BEPXHIO TPAHUILY JJIsI CPeJl-
HEKBa[PATHIECKOr0 PUCKA IPOLELypPbl Bbibopa mMoenu (9).

Teopema 2. IIycmo nabarodenus onucoisaromes ypasnenuem (1). To-
20a dasn awbozo 0 < p < 1/4 cpednexsadpamuueckudl puck, npedio-
orcennoli npoyedypor 6ubopa modesu (9) das dyrryun S ydosaemsops-
em CAeQYIOWEMY OPAKYAOHOMY HEPAGEHCTBY

1+4 2ney, 2+ Adyo*
R(S*,8) < ~P min R(S%, §) 4 —rn t 1o T 200
1 —4p xeA on

Un(p).  (10)
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4. Acumnroruveckasi 3ppeKTuBHOCTDh. [Ipeamnomoxmm, IT0 HEn3-
BecTHast hyHKIWst S B Mozesn (1) IpUHAIIIEXKUT COBOTEBCKOMY APy

k
W ={f e Cp..[0.1], Y IIF9)* <r},
§=0
riae r > 0, k > 1 — HEKOTOpbIe TTapaMeTphl, C;f” [0, 1] mHOM)KeECTBO Kk Pas
HenpepbIBHQ—,ZLI/I(l)(bepeHL[I/IpyeMI)IX dysxmit f : [0,1] — R Takux, uaro
FO0) = fO(1) must Beex 0 < i < k.
CrpaBemmmBa, CJIeIyIOMAas TeOpeMa,

Teopema 3. Jlas modeau (1) pobacmmwiii cpednexsadpamuneckud puck
npouedypol 8v60pa modeau, S* ydosaemeopsem caedyrowemy acumMmnmo-
MUYECKOMY PABEHCTMEY
. 2k R(S*,S)
lim n2k+1 sup ————=
n—oo sewr  Vk(S)
20e v, (S) — xoncmanma Hunckepa, onpedesernas 6 [5].

:]_’

5. HucsieHHOE MOJiesIMpoOBaHue. B 3ToM pasjiesie IpouIioCTPUPY-
€M TEeOPETHYECKN YCTAHOBJIEHHBIE PE3YIBTATHI C IIOMOIIBIO YHCIEHHOIO
MojiesinpoBanus B cpejie Matlab. B kagectBe dbyukiuu S Beibepem
2 3 2 _ ‘
S(z) = x” sin(4nz) + 2° cos(4mz) + cos(27x), oF =2+ S(x;).
J17151 BIYHCIIEHUST BECOBBIX KO(MDMUITMEHTOB TOIOXKIM

1
E* =100+ VInn, e=—, m=In’n,
Inn
1
1

= wa =100+ (Agtn)2B+ 1
P 3+ln2n (B )

B rabnuie 1 npuBeieHbI pe3yIbTATH MOJIETUPOBAHUS CPETHEKBAPATH-
qeckux puckoB 1o N = 1000 peasinzanusiM Iporeayp BbIOOpa MOJIeIn
(9), MOCTPOEHHBIM HA OCHOBE TIPEJTIOKEHHBIX YJIyIIIeHHBIX OIEHOK (5)
u Ha ocHoie oneHok MHK (4):

N
D, * 1 *
R(S*,8) =+ > _ IS5, = SII,
m=1

rzue Sy, — OLEHKA IIOJIydeHHas 10 M—Oil peaIu3alul BEIOOPKU.
U3 Tabiuibl BUAUM, 9TO SMIIMPUYIECKUI PUCK TIpoleyphl (9) MeHb-

e, 4eM JiJIsl TOIeAyphl BhIGopa Mojean Sy, MOCTPOEHHOM Ha OCHOBE
onenok MHK (4).

W3 Tabsuiet 2 BUIHO, 9TO ¢ POCTOM 1. HOPMUPOBAHHBIM PUCK CTPe-
MHUTCA K 1, YTO YHUCJIEHHO IIOJITBEPKIIAET TEOPEMY 3.

Hanee na pucynke npejcrasiaensl rpaduku ucrunnoit dbynkimun S
u ee oneHok S* u Sy~ mpu n = 401.
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Tabauna 1 — dMnuprudeckue KBaIpaTUIeCKUe PUCKU

n ) 10 101 401 1001
R(S*,S) | 85911 | 3.3576 | 0.2779 | 0.0596 | 0.0196
R(Sx~,S) | 47.3385 | 10.0099 | 0.9276 | 0.1297 | 0.1011

Tabsuma 2 — HopMupoBaHnHble SMIUPUTIECKAE KBAIPATHICCKUE PUCKT

n ) 10 101 401 1001

n2k+1R§S(é)S) 58.9561 | 27.0694 | 8.1458 | 2.2210 | 1.1256
k

2
/|
Vi

Z - 3
|

Puc. 1. I'pacduku dyukuuu S, ee onenku MHK :S'\)\ ¥ YJIYHIIEHHOM OIIEHKH S npu
n=401.

Bnech cutonnag mHug — rpadux Gynximy S, MyHKTUPHAS JTHHAS —
rpaduk onenkn MHK S¥ n mrpux junus — rpaduk yirydIIeHHol oneH-
ku S*. V3 pucynka sujno, uro dynknusa S* npubmuxkaer dynkuuio S
Jydine, 4eM Sy, UTO TaK»XKe IOJTBEPXKIAeT TeopeMy 1.
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Abstract. In the paper, we consider some asymptotic properties
of the adaptive procedure proposed in the article by the authors [10]
for estimating the unknown function of heteroscedastic regression. It
is established that the estimation procedure is asymptotically efficient
in the sense of mean-square risk, i.e. it is proved that the asymptotic
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mean square risk of the procedure coincides with the corresponding
Pinsker constant, which provides the exact lower bound of the risk by
all possible estimates.

Key words: heteroscedastic regression, adaptive model selection
procedure, asymptotic quadratic risk, Pinsker constant.
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Oll;eHI/IBaHI/Ie IIapaMeTpoB B MO/JieJIn
(Y] *
perpeccmm C HeJIMHEMHbIMUA IIIyMaMH

IloB3yu M. A., ITuenununes E. A.

Tomcknit TocyTapCTBEHHBIN YHUBEPCUTET, TOMCK
e-mail: povzunyasha@gmail.com

AnHOTaMsA

B pabore paccmarpuBaeTcs 3aja4a MUHUMAKCHOTO OLIEHUBA~
HUsI d—MEPHOTO BEKTOPa HEU3BECTHBIX MAPAMETPOB PErPECCUU C
HeJIMHEHHBIME yCJI0BHO-TayccoBckumu mrymamu tuna AR /GARCH.
TIpemraraercst HOBasi OLEHKA, IPEBOCXOAIIA TI0 CPEIHEKBAJIPA-
TUYECKON TOYHOCTHU OLEHKY 110 METO/[y HAUMEHBIITNX KBaPATOB.
IIpuBoasTCst pe3yabTaThl YNCIEHHOIO CPABHEHUST SMIIMPUIECKIX
PUCKOB TIpeJijiaraemMoil yiaydnienHoi onenku u onenkn MHK.

KumroueBble ciioBa: perpeccusi, yiIydIlleHHOE OIEHUBAHUE,
CPEIHEKBa/[PATHIECKUI PUCK, YCJIOBHO—TAyCCOBCKUIA IIIyM, IIPO-
necce tuna AR/GARCH .

IlocranoBka 3amaum. PaccmoTpum 3a/ady oneHUBaHUs d-MEPHOTO
BEKTOPA PEI'PECCUU C HEJIMHEIHBIM YCJIOBHO-T'ayCCOBCKUM IIyMOoM. ITycTh
Ha BEpPOSITHOCTHOM nipoctpancrse (§2, F, P) HaboneHus OIUChIBAIOTCS
ypaBHEHUEM

Y =0+, (1)
rie § € © C R BeKTOp HEM3BECTHBIX NMAPAMETDPOB, U — M3BECTHOE
MTOJIO’KUTEIHLHOE UCIO, & — TIepBhie d 3HAYMEHUH MPOIecca TUIIA,

AR(p)/GARCH (q1,2):

P q1 92
G=+Y Vbt oo+ D> a& i+ poten (2)
j=1 k=1

i=1

q1 q2
2 __ 2 2
o; =ap+ E ajft—j + E ﬁkatflm
j=1 k=1

rae (a)o<i<qrs (Br)i<k<q — HOMOKUTEIbHBIE KOIDDHUIMEHTBI, (€4)¢>0
— Gesprit mirym. [Ipeamosoxkum, 9T0 £ UMeeT yCJIOBHO-TayCCOBCKOE Pac-
[peJieJieHne OTHOCUTEIbHO HEKOTOPOil o-ajirebpbl § ¢ HYyJIEBBIM Cpejl-
HUAM U yCJIOBHOU KOBapUAIlMOHHONM MaTpUIei D(g), Y KOTOPOii

trD(G) — Amaz(D(G)) = k(d) > 0,

*PaboTa BBIIOJIHEHA npu pUHAHCOBOM moiep2KKe MuHucTepcTBa 0O6pa3oBaHus
u nayku P®, Focsanarme No 2.3208.2017/4.6.
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a MaTeMaTH4eCKOoe OXKMUJIaHNe MaKCUMaJILHOI'O COOCTBEHHOI'O 3HAYCHUII
*
EXmaz(D(G)) < A"
Tpebyercst OleHUTH BEKTOP HEU3BECTHBIX IapaMeTpoB 6 1o HabJroje-
HUAAIM Y.

OcHoBHOIl pe3ynbrar. /3BecTHO, YTO B Kjacce JIMHEHHBIX HECMe-
IIEHHBIX OIEHOK JIVUINEeil SIBISETCS OIEHKA M0 METOMY MaKCHMAaJIbHOTO
MIPaBIOTIOA00M ST R
0 ML = Y.

Ha npakTuke 9acTo Takast OIeHKa He MOXKET CIIPABUTCSI C IIIyMaMU, KO-
TOPBIE UMILYJIbCHO BJIUSIIOT Ha JaHHble. B padorax [1-4,7] npenaraercs
MOIU(PUKAIHS STOM OIMEHKH [T IUCKPETHBIX W HEITPEPBIBHBIX MOJIEIIEIH.
CoriacHo 3TOMy IIOAXOMLY, B JAHHOI paboTe Ipeijaraercs i OLeHN-
BaHUs BEKTOPA IapaMeTPOB f UCII0JIb30BaTh CJIELY OO0 CXKIMAOIILY O

nponeaypy
C
0" = (1 - > Y, (3)
Y]

T(4tL
e ¢ = 2\, (d=1)d4, 6q = ,0+(2/\*)‘1/2VF((3)) »p = supyee {0}
2
B HaCTOSIH_LefI pa6OTe B Ka4deCcTBe€ MepPbl TOYHOCTU OIEHKU BbI6epeM
CPeIHEeKBaIPATUICCKIA PUCK

d
R(0,0) = Egl0 — 0], 2> =) a7
j=1
ITpearaemas orerka (3) 06JsaaeT CJIELYIONIUM CBOCTBOM.

Teopema 1. Cywecmeyem dy = 2 maxoe, wmo dasn ecex d > dg ouenka
(3) npesocrodum no cpednexsadpamuueckoti mounocmu ouenky MHK
0 =Y. Boaee mozo, pasnocmo puckos

Ag = R(0,0") — R(O — 0) < —c*.

Sameuanue 1. Teopema 1 ymeeporcdaem, 4mo npedrodcennas OUeHKa
(3) asasemes yaywwernoti 6 NOHUMAHUL CPEIHEK8AOPAMUYECKOT oY~
HOCMU 68 CPABHENUY € OUEHKOT MAKCUMANDHO020 npasdonodobus. Ilpu

AMOM MUHUMAADHDIT 6blupovlUL 6 TMOYHOCTNU, PABEH —62.

YuciieHHBIN aHAJAN3 SMIUPUIECKUX PUCKOB. /Jlig ymciaennoro
MIOJITBEPIKJIEHUsT TeOpeMbI 1 MTPOBEIEHO UMUTAIIMOHHOE MOJIETUPOBAHIE
B cpeae MATLAB. Ipeanosaraem, 9ro 6 — eIUHUYHBIA BEKTOP pa3Mep-
Hocr d, & — snadenus nporecca AR(1)/ARCH(1) (AR(1)/GARCH (1,0)),
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¢ koapdunmenramu Sy = apg =0, =1, a
Ey(%) = 0, Dy(&) = 7,
Eo(et) = 0,Dp(er) = 0°.
ITpu 3ToM 1rym OyIeT ONMUCHIBATHCS CAEYIONIMM yYPaBHEHUEM:

& = P& +\Joa&i e (4)

OcrasbHable TapaMeTpbl MeHsTIoTcs. [lajiee B Tab/iMIiax mpuBOJISTCS pe-
3yJIbTaThl MOJEIUPOBAHNA IIPU U3MEHEHNUN SIMINPUIECKAX PUCKOB Olle-
HOK IIapaMeTPOB IIyMa

Tabsuma 1 — [loBegeHne SMIUPUIECKUX CPETHEKBAIPATUIECKAX PUC-

KOB OIIEHOK IIPH M3MeHeHHH napameTpa o ¢ B; = 0,1;0%2 = 1;5%2 =
1;d=5

a1 | R@,0) R(6*,6) Ag —c?

0.1 | 0.6514 0.6383 —0.0131 —0.0013

0.2 | 2.3788 2.2696 -0.1092 -0.0149

0.4 | 36.5023 34.4281 -2.0741 -0.3936

0.8 | 502.7098 478.9157 -23.7941 -2.9729

Tabsmra 2 — [loBeneHne SMIUPUIECKUX CPETHEKBAIPATUICCKAX PUC-

KOB OIIEHOK IIPH H3MeHeHHu mapamerpa (B, ¢ oy = 0,1;02 = 1; 52

1;d=5
B, | R(B,06) R(6*,6) Ag —c?
0.1 | 0.6900 0.6800 -0.0100 -0.0013
0.2 | 0.6521 0.6316 -0.0206 -0.0042
0.4 | 1.0896 1.0357 -0.0540 -0.0195
0.8 | 5.4522 5.1229 -0.3293 -0.0470

Tabauna 3 — IloBenenne sMIUpUIecKux CPeTHEKBAIPATUIECKUX PHIC-

KOB OIIeHOK IIpU M3MeHeHuM mapamerpa s2 ¢ o = 0,1; 81 = 0,1;02

1;d=5
s2 | R(6,0) R(6*,6) Ag —c?
1 | 0.6582 0.6459 -0.0124 -0.0013
2 2.4482 2.3790 -0.0691 -0.0040
4 10.8724 10.5511 -0.3213 -0.0116
8 40.6176 39.4273 -1.1902 -0.0315
16 143.0420 139.0146 -4.0275 -0.0810
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Tabsuma 4 — [loBefeHne SMIUPUIECKUX CPETHEKBAIPATUICCKAX PHUC-
KOB OIICHOK IIPU M3MeHeHHH mapamerpa o2 ¢ a; = 0,1;6, = 0,1; 52 =

1;d=5

o2 | R(6,6) R(6*,6) Ag —c?

2 | 0.7752 0.7611 -0.0140 -0.0013
4 | 27.7204 27.2507 -0.4697 -0.0149
8 | 5.3665¢+04 | 5.3611e+04 | -53.6798 -0.3936
16 | 2.3232e107 | 2.3228¢+07 | -3.86e103 | -2.9729

Kak Bugao 3 Tabsmr 1-4, mpu u3MeHEHUH TapaMeTPOB PUCK YiIyd-
IIIEHHON OIeHKHW MeHbIre, deM puck orneaku MHK, «uro wncienno mosm-
TBEPZKJIaeT OCHOBHOI pe3yabTarT.

Tabsurma 5 — [loBeneHne SMIUPUIECKUX CPETHEKBAIPATUICCKAX PUC-
KOB OIIEHOK IpH M3MeHeHHH mapamerpa d ¢ a; = 0,2;8; = 0,7;s% =
1;02=1,5

d | R(6,6) R(6*,6) Ag —c?

2 7.3268 6.6627 -0.6641 -0.0657
3 10.7353 9.4675 -1.2678 -0.2025
4 15.7660 13.8821 -1.8839 -0.3863
5 20.2577 17.7924 -2.4653 -0.6079
6 24.7658 21.8361 -2.9297 -0.8609
10 25.5038 21.6807 -3.8231 -2.0996

IIpu yBenmmuenun pazMepHocTH d B TaOIHUIE 5 BUJIHO, UTO YTy IIICH-
Hasl OI[eHKa Ha MOPsJIOK TOYHEE, a Pa3HOCTh PUCKOB Ay BO3paCTaeT.

Bameuanue 2. [pu masrvix 3naveruaxr ducnepcuti o2, s2 wym & 6viem-

PO 3aMYTAEM C POCMOM pasmeprocmu d, a Koz2da Jucnepcus Yeeau -
BAIOMCA, NPOUECC BBILOOUM U3 00AACTNU CIMAYUOHAPHOCTILU.

B zaksiouennn ormeTrnmM, 9TO B CIIydYasX, KOTJA IIyMbl OKA3bIBa-
10T CUJIbHOE BJIMsIHHME Ha JIAHHBIE, [IpeJijlaraeMas oleHKa (4) Jyudrie ¢
HuMu crpasiisiercs, dem orieaka MHK. Tomyuennbie pe3yibTaThl pexko-
MEH/IyeTCsl IPUMEHSITh [IPU CTATUCTUIECKON UIeHTU(MDUKAIIIN MOIe e,
IIyM KOTOPBIX ONUCHIBACTCS PE3KO MEHSIOMUMUCH (CKAIKOOOPA3HBIMU )
BPEMEHHBIMU DSIAMU.
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Povzun M. A., Pchelintsev E. A. (Tomsk State University, Tomsk,
2017) Estimation of the parameters in regression with nonlin-
ear noises.

Abstract. This paper considers the problem of estimating the d-
dimensional vector of unknown parameters in regression with nonlinear
conditionally Gaussian noise of the AR/GARCH type. We propose
the new estimate which outperforms the LSE in mean-square accuracy.
The results of numerical modeling of the empirical risks of the proposed
improved estimate and LSE are given.

Key words: regression, improved estimation, mean square risk,
conditionally Gaussian noise, AR/GARCH process.
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NccnenoBanme kadecTBa MoJeJieil
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6YTCTpaH—MeTO,Z[OB
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Anunoranus

B pabore npemiaraercss ajaroputM OyTCTPAIIMPOBAHUS JIaH-
HBIX JIJIsI CTATUCTUIECKOIO aHAJIN3a KAdeCTBa HEJUHEHHBIX MO-
neneit Bpemennbix psanos Tuna AR/GARCH. Ycranasiusaercs,
9TO NIPEeJIIAraeMblii Oy TCTPAIl METOJI IIO3BOJISIET TIOBBICUTD JJOCTO-
BEpHOCTH crarucTudecknx BbiBonos st AR/GARCH mogeneit.

KumroueBsble ciioBa: BpeMEHHBIE Psijbl, aBTOPErPECCUOHHBIE
mozenn, AR/GARCH nporgece, 6yrcrpan-meros.

BBenenme. YacTo Ha mpakTuke 00beM JAHHBIX BEChbMa OTPAHUIEH,
9TOOBI MOXKHO OBLJIO JieJIaTh JOCTOBEPHBIE BBIBOJLI O HUX. [loaTOoMy B
ocJie/IHee BPeMsl TIOJIyIUJIN PA3BUTHE HOBBIE CTATACTUYECKUE METO/IbI
oJT OOIIUM HA3BAHUEM PeCeMILTHHT. MeTobl PeceMIIMHTa BKII0YAI0T
TPHU OCHOBHBIX TIOJIXO/A, OTJIHIAIONIAXCS 110 TeXHUKe, HO OJU3KHEe 10
cyru: Mero, "ckiagHoro Hoxka'" , Merosn "pangomusanun” u HauboJiee
nonyssipubiil - "Gyrcrpan-meron" [1]. CrpeMuTesbHBIE TIEPEMEHBI CO-
BPEMEHHOI »KU3HU, CBSI3aHHBIE C OOJIBIITUMU JIOCTUXKEHUSIMU HH(POPMa-
[IMOHHBIX TEXHOJIOTUH U BEIYUCIUTEILHON TEXHUKY, TAI0T HAM BO3MOXK-
HOCTB ObICTPOTO U 3M@PEKTUBHONO aHAIN3a OIPOMHBIX MACCHUBOB JIaH-
HBIX. B [2| mamo o6bsacHerne pa3sBUTHIO HOBOM MDY AJTbTEPHATHBHBIX
KOMIIBIOTEDHO-MHTEHCUBHBIX (computer-intensive) MeToz10B, BKIIOIA0-
mux B cebsl PaHIOMU3AINI0 U OyTCcTpal. DT TEXHOJOTUN BBITOJTHSIOT
MHOTOKPATHBIN aHAJIN3 Pa3HBIX (PArMEHTOB UCXOIHOTO MACCUBA, IMITH-
PUYECKUX JAHHBIX, KK Obl pACCMATPHUBAS UX O] PA3TMIHBIMEI YIJIAMI
3peHnsT U CPABHUBAs MOJy9YeHHbIE TAKUM OOpPa30M pPe3yJIbTaThl, UM He
Hy KHa HUKaKasi allpUOPHON HHMOpMAIK 0 3aKOHE PACIIPE/IETICHUST UC-
cJteryeMoli ciy9qaiiHoN BeJIMYnHbI, B OTJINYNE OT TOJXOJOB B [3].

[esib marHON PAOOTHI 3aKJIIOYAETCST B IIOCTPOEHUH MOJIE/IA BPEMEH-
noro paga tuna AR/GARCH u paspaborke ajgropurma GyTCTpamupo-
BaHUS JIJIs AHAJIN3a ee Kav1ecTBa.

*Pabora Beinonsena npu punancosoii nomuepxke PHD, mpoext No 17-11-01049.
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IlocTanoBKa 3a/jayu M OCHOBHOM pe3yJbTaT. MojgenrnpoBanne u
[IPOTHO3UPOBAHNE M3MEHUYMBOCTU PA3TUIHBIX IOKA3aTesell, HaIlpUMep
aKIuil, KypcoB BaJIOT Ha (PUHAHCOBBIX PHIHKAX B HAIIE BPEMsl SABJIs-
ercsi 0O'bEKTOM IOCJIETHUX UCCIeI0BAHUI 1 TeopeTndyeckux pabot. Bee
B MHpE MEHSIEeTCs, [E€Hbl He WCKJIOYEHWEe, U IPEJCKA3aTh UX IOBEJe-
HUE CTaHOBUTCS Bce cjoxKHee.Takume TpajWIMOHHBIE MOJEIN BPEMEH-
HBIX psiioB, Kak ARMA, He Bcerja MOI'YT CIPaBeJJIMBO YIUTHIBATH
XapaKTEPUCTUKH, KOTOPLIMEU 006JIaIal0T (PUHAHCOBBIE BPEMEHHBIE Psi-
net. CoorBeTCTBEHHO, TpebyeTcst paciimpenne Takux mojeseit. Oaua us
0cobeHHOCTel (PUHAHCOBBIX PBHIHKOB COCTOUT B TOM, YTO HEOIPEIEICH-
HOCTH MPUCYIIAsT PHIHKY, U3MEHsIeTCs1 BO BpeMenu. V3 aroro nabimoma-
eTcsl «KJIaCTepu3aliusi BOJIATUILHOCTHY. TePMUH «BOJATUILHOCTDY UC-
OJIb3YeTCsI, 11 HedpopMaJIbHOr0 0003HAMEHNsT PA30poca MepeMeHHOil.
DopmMasIbHOI MEPOI BOJIATHILHOCTH CJIY?KUT JUACHEPCHsT. JPDEKT Kila-
CTepU3aIy BOJIATUILHOCTA OTMEUEH JIJIsl TAKUX PSJIOB, KAK U3MEHEHUE
[IEeH akKIuil, BAJIOTHBIX KYyPCOB U Jip. VI3MeHEeHUsT B JUCIEPCUN UMEIOT
BeCbMa Ba)KHOe 3HAYEHUe JjIs TOHUMAHUS (DUHAHCOBBIX PBIHKOB, TaK
KaK HMHBECTOPBI TPeOyioT 6oJiee BBICOKYIO OXKHUJIAEMYIO JOXOIHOCTH B
Ka4eCTBE KOMIICHCAIIMU PUCKOBBIX akTUBOB. OdurmaabHbiM HA3BAHU-
eM Il U3MEHYNBOCTH JIUCIIEPCUU HA Pa3/IMYHBIX WHTEPBAJIaX HaDJIIO-
JIEHUSI SIBJISIETCSI T€TEPOCKEIACTUIHOCTE. [Ijis1 GoJtee ajieKBaTHOrO OMu-
CAHUST TAKUX CUTYAIi OBLIN TPEJJIOXKEHBI AaBTOPETPECCUOHHBIE MOJIETH
C YCJIOBHOH HEOJHOPOJHOCTHIO U X 0600menus [4,5].

Ocranosumcs Ha pacemorpennn AR/GARCH wmogesneii. Ilycrs na
BepoaTHOCTHOM IpocTpancTse (2, F, P) nabsoaenus onucoisaorcs AR/
GARCH uporieccom, T.e. ypaBHEHUSIMU

p
X = 9+Zi71 a; Xy i + &, (1)
Et = OV, (2)
p q
O'? = 50 -+ Zj:l /ngtz_j + Zk):l ’Yka_tz_k. (3)

ITepBoit ocHOBHOIT 3asadeil SBJIsIETCS OIECHUBAHUE HEN3BECTHBIX ITapa-
MeTpoB Mozesu 8, a;, B, vk, KadecTBo olleHrBaHIeA HAIPAMYIO 3aBUCHT
0T TOro, Kak J0Jyro Mbl HabsmomaeM mporece (Xi)o<i<r. Hekoropsrie
METOJIbl CTATUCTUIECKON MICHTU(MUKAIIMU MOJIeJie, 00/1a1ato1me po-
6aCTHOCTBIO U JIOCTATOYHO BBICOKOW TOYHOCTHIO MPEJJIATAIOTCS B pabo-
rax [6-10]. 3arem mocse KadueCTBEHHON MICHTU(MUKAIMHA MOIEIH BO3-
HUKAeT HEOOXOINMOCTH MCCICOBAHUS KAUECTBA YPABHEHUS B IEJIOM W
KadecTBa MPOruHo3a. VI MOCKOIBKY It 3TOTO TPeOyIOTCs JTOCTATOYHO
6OJ'[I)IHI/IG O61)€MI)I JTaHHBIX, KOTOpre qacTO He ,ZLOCTyIIHbI B IIpaKTI/I‘{e-
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CKHUX 33/1a9aX, TO aKTYaJIbHON ABJSAeTCA 3a/1a9a pa3paboTku OyTcTpar-
METOJIOB JIJIsl TAaKUX Mogzedeit [1].

Jlajiee paccMOTPHUM 3a3J1ady IIOCTPOEHHST MATEMAaTHIECKON MOJIe/IH
nuaamuky ned Ha ned s mapku WTI (nanabie B3sThI ¢ caiita finam.ru)
u ucciesoBanus ee Kadecrsa. Ilopbupaerca AR(p)/GARCH(q1,q2) -
Mozesb. VIcronp3yst aBTOKOPPEJISIIINOHHBIE U YACTHBIE ABTOKOPPEJISITH-
OHHbIe (DYHKIINAU, C IIOMOIIBIO BU3YAJIHHOIO aHAJIN3A [IOJIYIEHHBIX Ipa-
GbUKOB OBLTN OIEHEHBI TAPAMETPHI P, (1, 2. BHIOpaHHas MOJIE/Th TUHA-
MuKE 1eH siBasiercss Mozenb AR(1)/GARCH(1,1). OnenuBanue Hens-
BECTHBIX KO3(P(UIUEHTOB IIPOBOJIUIOCH IO HA30BOMY METOJy perpec-
CHOHHOI'O aHajm3a - MeTojxy HamMmeHbImux kBagparos (MHK). Taxum
00pa3oM, 3aIuIlleM ypPaBHEHUs [IPOIECCA B IBHOM BHUJIE

of = —1.9403 + 0.5589¢7 | + 4.688707_;
X, =29.7071 + 0.2218X,_; + &1, & = oyvy.

ITposesem craTucTuuecKuil aHAIN3 MOy YeHHON Mogenn [5]. BosHu-
KaeT 3aJ[a4a [IPOBEPKU I'UIIOTE3 OTHOCUTEIBHO 3HAUNMOCTH KO3 DUIm-
€HTOB JIAHHOTO IIPOIECCa U ero aJIeKBATHOCTH B 1iejioM. Paccmorpum t-
KpUTepUil, OCHOBAHHBIH Ha pacrpeaeaeHnn CThIOAEHTA, C €10 TOMOIIBIO
MO2KHO IIPOBEPUTH, HE OTJINYIAETCH JIU OIEHKA JAHHOIO KOddduimenta
perpeccun b; OT HyJISL TOJIBKO 33 CYET CJIYYANHBIX BO3MYIIEHUI.

Cdopmynupyem runoresy Hy : b; = 0 u anbreprarusy Hi : b; # 0.

Baganum ypoBenb 3HaunMocTu « = .95, Ha KOTOPOM B JaJibHEl-
meM 1 OyJeT ClIeJIaH BBIBOJ, O CIIPABEJINBOCTU THIIOTE3HI.

Broraucnsiercs t- crarucTuka m CTpOSITCs JOBEPUTEIbHBIE HHTEPBA-
JIBL JIJISI UCCJIEYEMOTO ITapaMerpa;

vn vn
TaxuM obpazoM, JIs TapaMerpa  u o JoBepUTeIbHAs 00JIaCTh:
26.652 < 0 < 32.286
0.1652 < a < 0.2824
cJIe10BaTeJIbHO, KOS(i)CbHHHeHTI)I ABJIAIOTCA 3HAYUMbIMU. C IIOMOIIIBIO
kputepust Ouilepa MpoBepseTcs a/1eKBaTHOCThL JaHHOI MOAeId B Iie-

JIOM: H()Z YpaBHEeHUE perpeccuu CTaTUCTUICCKN HE3HAYNMO, a COOTBET-

CTByIOIAs eif ajbrepHaTuBa Hp: ypaBHEHUE PErpecCurl CTATUCTUIECKN
3HAYNMO. 3373/ IM ypoBeHb 3HaunMocTu o = (.05, Ha KOTOPOM B JaJib-
HelieM u OyZeT ciesiaH BBIBOZ, O CIIPABEIINBOCTU THUIOTE3bl. Bbramc-
sasercd F-craTucruka, a Tak»Ke KBaHTUIIb pacipeenenns Puiepa npu
3a/[aHHOM YPOBHE€ 3HAYMMOCTH. 9TI/I BEJIMYUHBI CDaBHUBAIOTCA U €CJIA
F > Fp, B mamem ciydae F' = 8.3902¢ + 04 u Fpr = 0.0039, cie-
JI0BaTEbHO, MOJIEJIb CTATUCTUYIECKU He 3HaunMa. Jlayee HEOOXOMMMO
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yOeINTHCS B TOM, HACKOJIBKO JOCTOBEPHDI CTATUCTHIECKHE BHIBOIBI, I10-
JIyd€HHBIe JIJIsl UCXOHOM Mojesnu. [Ijist pemenus 9Toit 3a1a4u B pabore
IpeJIJIaraeTcs HOBasl IPOTEIypa Oy TCTPAIUPOBAHUS JIAHHDIX.

Byrcrpan-Mero; U pe3yJsibTaThbl €ro YMCJIEHHON pean3aluu.
Ha ocHOBe n3y4ueHHBIX paHee MeTOI0B Oy TCTPATIMPOBAHUS TIPE IJIATACT-
csl caeyromuii MOAuUIMPOBAHHBIA HOmMAroBbiil ajsropurm mis AR/
GARCH wmopenu:
e Ouennsaem napamerps! yactu GARCH (3) mo mMeTory HanMeHbIux
KBaJIPATOB;
e Opranusyem mporeypy 6yTCTpanupoBaHusl, HaGUpas OCTATKU v} >
U3 CTAHIAPTHOIO HOPMAJILHOTO PACIPE/IEICHNUST;

IlepecunteiBaem 1o dhopmyie (3) oF2;

L oX2 %2 *2,
ITepecunTsiBaeM octarku 1o dopmyie (2): €% = o} % v)%;
OuenuBaem mapamerpbl 9actu AR(p) 110 METOLy HAMMEHBITUX KB~

paTos:
Xe=0+ ijl a; Xy i + &¢;
e Crpoum OyTCTpAIMPOBAHHBIN DS
X; =0+ aX; el

IIpumennM 3TOT aJrOPUTM IS UCCTACTOBAHUS JTOCTOBEPHOCTH CTa-
TUTCTUYIECKUX BBIBOJOB. Mcxomabiit 06beMm BbIOOPKH 1 = 262. Takum
00pa3oM, CHAaYAJIA [TOJLYYi/I HOBYIO BHIOOPKY 0O'bEMOM PaBHbBINA MCXOJI-
HBIM JJAHHBIM, BO BTOPOM KCIIEPDUMEHTE OHa OBbLIA yBEIUIEHA TTPAKTH-
qecku B 2 pa3a 10 n = 500, 3arem 00beM MOIUMUIMPOBAHHON BHIOOPKI
monyam n = 1000 u 5000. KaoueBbIM BOIIPOCOM IIpU aHAJIA3E JIAH-
HBIX ABJsAETCA 00beM Habsogerunit. OueBuaHo, 9To yeM 60JbIle JaH-
HBIX UMEET KCCJIeJ0BATE/b, TEM TOYHEE BBIBOIBI OH MOXKET CIEJIATh.
Ij1st TOro, 9TO0BI MPOUJLIIOCTPUPOBATE 3P (HEKTUBHOCTD HOBOI MPOIie-
JypBI OyTCTpaInpOBaHusl, OIMMMCAHHON BBHIIIE, MTOKAYKeM HEKOTOPHLIE pe-
3yIBTATHI SKCIIEPUMEHTOB MOJICTMPOBAHIS:

Takum obpazom, HE3aBUCUMO OT 00beMa JAHHBIX OOIast KapTH-
Ha CTATUCTUYECKOIO aHAJIM3a MCXOJHOM Momesn coxpansiercsi. Ciiego-
BATEJIbHO, IMOJIy9YeHHBIE BBIBOJBI O KA4eCTBE MOJIEJIN MOXKHO CUUTATH
JocTaTovHo obocHOBaHHBIMU. [losTydennble pe3yabTaThl MOTYT IIPUMe-
HATHCS MPH aHAJIN3€ JAHHBIX B 9KOHOMETPHUKE, COIMOJIOTUN, HedTeI0-
ObIBaIOIEl OTPAC/IM U JAPYTUX OOJACTAX, T/ie O0bEMbI JaHHBIX UMEIOT
OrpaHUYEHHBbIE PA3MEpPHI.
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Tabmuna 1 — JloBepurenbHas objactb i napamerpa 6 u F-
CTATUCTUKA.

n t-KpuTepwuit F-xpurepnii
262 | 24.6467<60<34.7569 | F=8.5341e+10
500 | 26.0517<0<33.3581 F=29.7490
1000 | 27.1276<6<32.2840 F=27.4738

5000 | 28.5459<0<30.8556 | F'=4.3870e+03

Tabmuna 2 — JloBepurenbHas objactb i napamerpa 6 u F-
CTATUCTUKA.

n t-KpuTepmit F-xpurepmnit
262 | 0.1841<a<02595 | Fp=0.0039
500 | 0.1948<a<0.2488 | Fr=0.0039
1000 | 0.2025<«x<0.2415 | Fr=0.0039

5000 | 0.2132<w<0.2304 | Fr=0.0039
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