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1. Introduction

In quantum field theory the main object containing all possi-
ble information about a given dynamical system in quantum field
theory is the generating functional of vertex functions or, in other
words, the effective action. The usual way to introduce the effec-
tive action is by means of the Legendre transformation applied to
the generating functional of connected Green functions. The rela-
tion between the effective action and the generating functional of
connected Green functions has the form of functional Clairaut-type
equation (see recent discussion in [1]). However, the perturbative
(loop) expansion in the effective action does not preserve the men-
tioned Clairaut-type form of the Legendre transformation. This may
explain why in the quantum field theory this specific feature of the
Legendre transformation has been ignored.

In the present paper we are motivated by recent works [2,
3] devoted to the development of a new method to the func-
tional renormalization group approach [4-6] and the study of the
average effective action with composite fields. The approach to
quantum field theory with composite fields has been developed
by Cornwall, Jackiw and Tomboulis [7] in attempts to study physi-
cal phenomena (spontaneous symmetry breakdown, bound states,
etc.) which cannot be easily considered in the perturbation (loop)
expansion. Generalization of this method to gauge theories [8] de-
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tected a special form of gauge dependence of the effective action
with composite fields which in turn allowed to formulate the ap-
proach to functional renormalization group [2]| being free of the
gauge dependence problem inherent to the standard one [5,6]. In-
troduction of the effective action with composite fields requires to
use the double Legendre transformations which as compared with
the standard case cannot be presented in the form of functional
Clairaut-type equation. Nevertheless, the perturbation series in the
effective action with composite fields leads exactly to the func-
tional Clairaut-type equation.

The paper is organized as follows. In Section 2 the relations ex-
isting between the effective actions without composite fields and
with composite fields and functional Clairaut-type equations are
derived. In Section 3 we study in detail solutions to the first-order
partial Clairaut-type equations with a special form of the right-
hand side and then generalize this result to the case of functional
Clairaut-type equations. In Section 4 the way to find the one-loop
correction to the effective action with composite fields by solv-
ing an appropriate functional Clairaut-type equation is shown. The
remarkable result is that the effective action without composite
fields does not offer such a solution. In Appendix A the simplest
example of a set of matrices playing a very important role in solv-
ing the functional Clairaut-type equation which appears in field
theories with composite fields is given.

2. Effective actions and Clairaut-type equations

Let us consider a field model which is described by a non-
degenerate action, S[¢], of the scalar field ¢ = ¢ (x). The generating
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functional of the Green functions, Z[J], and the generating func-
tional of the connected Green functions, W[J], are defined in the
standard way'

Z0)] = /D¢ QISIB1+16) _ WL 1)

where ] = J(x) is usual source to ¢ and J¢ = [dx](x)¢(x). The
effective action, I' = I'[®], is introduced by the Legendre transfor-
mation of W[]J]

r[e]=w[jl-Jo, (2.2)
SWIJT ST[®]
S =0 Seg =W (2.3)

Eliminating the source J from (2.2) one obtains the equation (I" =
r'[e])

ST ST
I‘——<I>=W[——:|, (2.4)

which has exactly the form of Clairaut-type equation. The prac-
tical application of Eq. (2.4) requires solving the equation (2.1)
for W[]J]. The standard way to find a solution to Eq. (2.4) with
the functional W defined in Eq. (2.1) is related to using the per-

turbation theory. In the tree approximation, I'[®] = ' Q[®], it
follows I'@[®] = S[®]. In the one-loop approximation, I'[®] =
S[®] 4+ ' D[®], one derives
i
re) = ST InS"[®], (2.5)
where S”[®] means the functional matrix with elements
82S[®

S"[®1(x, y) = oIl , (2.6)

3O (x)8D(y)

and so on. Here and below we assume that the functional trace, Tr,
can be defined in an appropriate way for functional matrices under
consideration. In what follows we will use the following properties
of functional trace

Tr(M +N)=TrM + TrN, TrMN = TrNM, 2.7)

for any two suitable functional matrices M and N as well as the re-
lation between the functional determinant and the functional trace

Det M = exp{Tr In M}. (2.8)

In fact, specific features of Eq. (2.4) being the Clairaut-type
equation disappear within the perturbation expansion. But it is
not the case when one studies the effective action with composite
fields [7]. Indeed, let us consider the effective action with compos-
ite fields. The starting point of such an approach is the generating
functional of Green functions Z[ ], K],

Z[J,K]= / Dé el SI¢1+JP+KL(@) _ oiWIJ].K] , (2.9)

where W = W[]J, K] is the generating functional of connected
Green functions. In Eq. (2.9) J = J(x) and K = K(x, y) are sources
to field ¢ = ¢(x) and composite field L(¢) = L(¢)(x, y), respec-
tively, and the notation KL(¢) = fdxdy K(x, y)L(¢)(x, y) is used.
Let L(¢)(x, y) depend quadratically on the field ¢

1
L@)x.y)=56X)(y) . (2.10)

T We use the DeWitt's condensed notations [9] and restrict ourselves to the case
of a real scalar field for the sake of simplicity.

The effective action with composite field, I' = I'[®, F], is defined
by using the double Legendre transformation [7]

(o, F]:W[],K]—]dD—K(L(CD)—i-%F), (2.11)
SWIJ, K
UK o
§J(x)
SWIJ, K] 1
— - — (D) (x, sF(x,y), 212
SK(x.y) (®)x, ¥)+ 3 F X, y) (212)
LI P _ J(x) /d K, y)®(y)
5O YRX, Y)PY),
ST[®, F] 1
—— =—5K(x,y). 213
5F(x.y) 7K, y) (213)
Eliminating the sources | and K from the (2.11) one obtains the
equation
T T T T T
N-—®—- —=F=W|—-——+2—=¢,-2—
8P S§F 5P 6F S6F
28FL(<I>) (2.14)
5F . .

Since the right-hand side of Eq. (2.14) depends on the fields ® not
only through derivatives of functional I' = I'[®, F], the Eq. (2.14)
does not belong to the Clairaut-type equation. But, in contrast with
Eq. (2.5), the one-loop approximation for the effective action with
composite field, 'V =T [®, F], by itself satisfies the equation

ra_ 8T

€] i srM
—FF: ETr In (s”[cp] -2 ) (2.15)

8F
being exactly the Clairaut-type with respect to field F wherein the
variable @ should be considered as parameter.

3. Remarks on the solutions of Clairaut-type equations

A Clairaut equation is a differential equation of the form

y=yx=vyu", (3.1)

where y = y(x), y' =dy/dx and ¥ = v(2) is a real function of z.
It is well-known that the general solution of the Clairaut equation
is the family of straight line functions given by

y(x)=Cx+ vy (C), (3.2)
where C is a real constant. The so-called singular solution is de-
fined by the equation

v'(y)+x=0, (3.3)

if a solution to Eq. (3.3) can be present in the form y’ = ¢(x) with
a real function ¢ of x. Then the solution to Eq. (3.3) can be pre-
sented in the form

X

Y@ = y(&) + f dxp(x). (3.4)
3

Now let us examine a first-order partial differential equation

y—yix =y ), (3.5)
which is also known as the Clairaut equation [10]. Here y = y(x) is
the real function of variables x € R?, x = {x!,x2,...,x"}, ¥ =¥ (2)

is a real function of variables z={z1, z2, ..., z,} and the notation

ay(x
Y=y ==, (3.6)
ax
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is used. In terms of new function z; = z;(x) = yg(x) the equation
(3.5) rewrites

y—zix =¥ (2). (3.7)

Differentiation of Eq. (3.7) with respect to x' leads to a system of
differential equations

azj (0 ;
(W Y=o, i=12,...n. (3.8)
ox' \ 9z;
In the case of the Hessian matrix vanishing H;j =0 where
9z 3%y
Hij=—=—"—, (3.9)
ax'  dx'oxJ

zi = C; = const. Therefore the solution to Eq. (3.5) is the family of
linear functions

y(x) = Cix' + ¢ (C), ., Cn). (3.10)

If det Hy; # O then the equations (3.8) are reduced to the following
system

C={C,Cy,..

9 .

W oo, j=1.2... .n (3.11)
0z;

If there are any real solutions to the equations (3.11)

zj=¢jx), j=1,2,...,n, (3.12)

then the solution to Eq. (3.5) is reduced to the system of partial
first-order differential equations

Vi =9j®, j=1,2,....n, (3.13)

resolved with respect to derivatives. If the conditions of integrabil-
ity

0ij (%) = 0i (%) (3.14)

are fulfilled then in any simply connected domain G C R" the
system (3.13) is solvable and the solution to this system can be
presented in the form

Y = y(&) + / dx' i (x)
&

where the integration is performed along any rectifiable curve in
G having endpoints & = {&1, &2, ..., &} and x = {x1, X2, ..., Xn} (see,
for example, [10]).

Now taking into account the structure of Eq. (2.15) we consider
the Eq. (3.7) with the following choice of function

y@=aln(1- @),

where o, B are real nonzero parameters and a = {a',d?,...,a"}
forms a n-tuple constant vector in a vector space V. If the Hessian
matrix (3.9) H;; = 9;zj =0, Vi,j=1,...,n then z; = C; = const
and the solution to the Egs. (3.5), (3.16) reads

(3.15)

(3.16)

y(x) =Cix' +aln (1 - ﬁciaf). (3.17)

In case when det Hjj # 0 the equations (3.11) for z; = z;(x) have
the form

ap
1-B(za)
Specific feature of this system is that the required structure
zia' and z;x' as functions of x = {x1,x2,...,X,} can be found

ad+x=0, j=1,2,...,n. (3.18)

algebraically. Indeed, let us introduce the constant vector b =
{b1,bs, ..., by} in the dual vector space V* so that (bja') = 1. Mul-
tiplying the Eq. (3.18) by b; and summing the results one obtains

N | .
(1-BGa)) =5 ki),
= zid=p""—abix)". (3.19)

In turn multiplying the Eq. (3.18) by z; and summing the results
we have
ap (zjal)
1—B(zid)
where the equation (3.19) is used. Finally the solution to Egs. (3.5),
(3.16) can be presented in the form

+@x)=0, = zx =p"'(bix)—a, (3.20)

y(x) :ﬂ’l(bixi) —aln(b,-xi) —u+alnag. (3.21)

The results obtained above for the partial differential equations
can be immediately extended to the case of functional Clairaut-
type equations. Let I' = I'[F] be a functional of fields F™ = F™(x),
m=1,2,...,N, which are real integrable functions of real vari-
ables x € R". We use the notion of functional Clairaut-type equations
for the equations of the form

sr . oI
N-—F" =V | —|,

oFm 6F
where W = W[Z] is a given real functional of real variables Z,, =
Zm(x), m=1,2,...,N. In Eq. (3.22) the following notation

(3.22)

8T 8T
——F™ =fd"x F™(x) (3.23)
SFm SF™(x)
is used. The functional derivatives are defined by the rule
SF™(x)

=8§"'5(x—y). 3.24
(SFk(y) k ( y) ( )

We restrict ourselves to the following functional ¥

w[Z]=aln (1 —,B(ZmAm)), (3.25)
where A™ = A™(x), m=1,2,...,N is the set of given integrable

functions of real variables x and «, B are real nonzero param-
eters. Omitting the case of a linear functional I' and repeating
almost word for word the arguments made above we derive the
non-trivial solution to the Egs. (3.22), (3.25)

T[F1=B"'BnF™ —aln(BuF™ —a +alnap, (3.26)

where By = Bp(x), m=1,2,...,N, are field variables satisfying
the condition B A™ = [ dxBm(x)A™(x) = 1.

4. The effective action with composite fields

In this Section we generalize the results obtained in [7] to the
case of a field model described by a set of scalar bosonic fields
¢4 (x), A=1, .., N, with a classical non-degenerate action S[¢]. Let
Li(¢p) =Li(p)(x,y),i=1,2,..., M, be composite non-local fields,

) 1 .
L@ y) =5 Aug P (), (41)

where A;B = AiB 4 are constants. The generating functional of
Green functions, Z[J, K], is given by the following path integral

Z1J.K] =/D¢ei(5[¢]+JA¢A+K,-L"<¢>) — WK (42)
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where 'K,~ = Kix,y), i=1,2,...,M, are sources to composite
fields L'(¢)(x, y). Here the notations
149" = [ dxgaosco. (43)
KiL'(¢) = / dxdy Ki(x, )L (¢) (X, ). (44)
are used. From Eq. (4.2) we can construct the following relations
1, 8Z1J,Kl  8ZIJ,K]
5Y1AB =1 ) (4.5)
2 3Ja(x)3]p(y)  SKi(x,y)
or, in terms of the functional W[]J, K],
1 i [—i 82W[J, K] SW[J,K]SW[J,K]]
2 3Ja(x)8 ] (¥) 8Jax)  8]p(y)
SWI[J, K
_ SWILJ. KT (4.6)
3Ki(x, y)

~We define the average fields ®A(x) and composite fields
F'(x, y) as follows

SWIJ K]

Tl 0 47
57 () ®) 47

SWIJL KT _ .

8Ki(x, y) =L@y +2F&xy). (4.8)

The effective action with composite fields, I' = I'[®, F], is defined
by using the double Legendre transformation of W[], K1, (4.7) and
(4.8),

T[®, Fl=W[],K]— Ja®* — Ki(L'(¢) + 3 F'). (4.9)

One can eliminate the sources from Eq. (4.9) using

ST[®P, F] i B
i = —1aw = [y ki) Aot ), (410)
ST[®D, F]
——=-1Kixy). (4.11)
SF'(x,y)
The relation (4.6) rewritten in terms of I'[®, F] reads
Fix,y) — (G (x, y) A} =0, (4.12)
where (G~1) is the matrix inverse to G,
G ={Gapx, y)},
Caplx, y) = g, Fl(x, y) — 220 L2 Py (413)
AB\X, =1 aB s s 8Fi(x,y) AB > .
and we have used the notation
8°T'[®, F]
I[P, FI(x, y) = ————. 414
apl®, F1(x, y) 5oA ()5 PE(y) (414)

In the one-loop approximation, I'[®, F] = S[®]+ T D[, F], the
equation for one-loop contribution, 'V, to the effective action can
be found using procedure similar to [3]. It has the form

sT sT .
SFi SFi AB)’
being the exact functional Clairaut-type equation.
According to the general scheme which is discussed in the pre-
vious section, to solve the Eq. (4.15) we introduce new functions
Zi(x,y)
Sr[®, F]
SFix,y)

r®_

Fi:%Trln( r (] —2 (4.15)

Zi(x,y), (4.16)

and substituting them to the Eq. (4.15) we obtain

r<1>=z,-Fi+%Tr nQ, (417)
where the matrix Q ={Qap(x, y)} is defined as
Qas(X. y) = Sigl®IX. y) — 2Zi(x, y) Alp. (4.18)

Then varying the functional (4.17) with respect to F! we obtain

ST = 52,Fi + Z;5F + %Tr Q- 150Q. (419)
where Q ~! is the inverse to Q
/ dz(Q )4 (x, 2)QcB(z, y) =85 8(x — ¥). (4.20)

Taking into account the explicit form of Q (4.18) and keeping in
mind Eq. (4.16) from Eq. (4.19) it follows

STD[®, F]
SFi(x,y)

8Zi(z,7)
SFi(x,y)
82i(Z,2) ;

SFi(x,y)” P4

=Zjx,y)+ / dzdz' Fi(z,Z) —

—i/dzdz’(Q_l)AB(z, Z)
=Zjx,y). (4.21)

Thus the equation defining non-trivial functions Z;(x, y) reads
Fix,y) —i(@ ) (y, 04}, =0.

Note that in the approximation considered here this equation co-
incides with (4.12).

To solve the equation (4.22) we introduce a set of matrices
Bj= {B}“B} by the relations

(4.22)

A BEP = % (agag + aA’?ag) . (4.23)
Then we have

Flx, pB® —i(Q ™ HPA(y, % =0, (4.24)
or, due to the symmetry property of Q ag(X, y) = Qga(y, x),

Flx, B —i@ " (x, y) =0. (4.25)
From Egs. (4.22) and (4.25) one deduces the relations

B AL, =65 or trBA =6} (4.26)

In turn Egs. (4.23) and (4.26) lead to the restriction on parameters
N and M
1
EN(N—i—l):M. (4.27)
The condition (4.27) has a simple sense: in a given theory with the
set of N fields ¢# there exist exactly the (1/2)N(N + 1) indepen-
dent combinations of ¢pA¢5.

The solution to the equation (4.25) has the form

. 1 i .
Zix, 1) Ap = 5S4l @16 1) = S (FB) 1A ), (4.28)
where
/dz(F"Bi);g(x, 2)(Fi(z, )B) B =sfs(x—y). (4.29)

We can express the Z;F! as a functional of ®, F multiplying
Eq. (4.22) by Z; and using (4.28) with the result
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1 . i
ZjF = 1r ((FJBj)s“[cp]) ~ S6ON. (4.30)
Finally substituting (4.28) into (4.17) and using (4.30) we find the
one-loop effective action, TV [®, F], in the form

rOre, F1= %Tr ((Fij)SU[CD])

_ %Tr In (i(FJBj)) _ %S(O)N. (4.31)
The expression for 'V (4.31) generalizes the known result of [7]
in the cases A=B=1and j=1 when A}, =1 and B]! = 1.
This generalization involves the introduction of the set of matri-
ces B; obeying the properties (4.23). In Appendix A we give a
simple example of matrices A/ and B ; satisfying all required prop-
erties.

5. Discussions

In the present article we have studied relations existing be-
tween the Legendre transformations in quantum field theory and
the functional differential equation for effective action which has
the form of functional Clairaut-type equation. We have found that
specific features of this equation do not hold within the perturba-
tion theory in a quantum field theory without composite operators.
But it is not the case within the approach to the quantum field
theory based on composite fields when perturbation expansion
of the effective action leads exactly to a functional Clairaut-type
equation with a special type of the right-hand side. Partial first-
order differential equations of Clairaut-type were our preliminary
step in the study of solutions to the problem. It was shown that
in case when the right-hand side of the equation has the form
inspired by the real situation in quantum field theory with com-
posite fields the solution to that functional Clairaut-type equation
can be found with the help of algebraic manipulations only. In our
knowledge the solution (3.21) to the equations (3.5) and (3.16)
can be considered as a new result in the theory of partial first-
order differential equations of Clairaut-type. This result has been
easily extended (see (3.26)) to the case of functional Clairaut-type
equation (3.22) with the special right-hand side (3.25). We have
found an explicit solution to the functional Clairaut-type equation
appearing in the quantum field theory with composite fields to
define one loop contribution to the corresponding effective action
(4.31).

We have studied the case with maximum number of compos-
ite fields, M = %N(N + 1), being quadratic in the given scalar
fields ¢4, A=1,...,N. In a similar manner one can consider
the situation when the number of composite fields is less than
the maximum one, L'(¢)(x, y) = 3 AL, 7 (X)p®(y), i=1,....M <
%N(N +1),a=1,...,n < N. Now the matrix of second derivatives
of the classical action, S;/‘B[d)], should be presented in the block
form

S//b S//
a
Sipl®@1x, y) = ( Sff o ) , (5.1)
ab | apB
where a,b=1,...,n and o, =n+1,...,N. The equation for

the one-loop contribution, IV [®, F], to effective action takes the
form

ST

M
M _ . 18 . )
SF!

S -
F'=§Tl‘ln(gb—2w :Ib
i "
+§Trln ap (5.2)

where

Sy = Sup — Saa (8" 1P, . (5.3)

o

The solution to the Eq. (5.2) reads
1 R i .
rO@, Fl=1r (FB)™ 3 (1) - STrin (icFiBp™)
i TrinS/ (@ i8 0 54
+§rnaﬁ[ ]—5()’1- (54)

Here the matrixes Bf’b are introduced in the same way as in (4.23)
but for the .Af]b ones.

Extension of the results obtained above to gauge theories can
be easily performed in a way used in papers [2,3] on the basis of
supermathematics [11,12]. We are going to present such kind of
generalizations in our further studies.
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. . . i AB
Appendix A. The simplest example of the matrices .A’, ; and B;

In solving the equation (4.22) the existence of matrices BiAB
satisfying the properties (4.23) and (4.26) plays a crucial role. To
support this assumption we consider a simple example. Namely,
let us consider the matrices .A; p for the case of two fields, N =2,
thus A, B =1,2 in the Eq. (4.1). According to the Eq. (4.27) we
have M =3 and i =1, 2, 3. The simplest choice of matrices Al =
{A%B} reads

10 0 0 1/0 1
A1=<O 0), A2=<O 1), ,43=5<1 O),(A.l)

or in the condensed notation

Al = (f{;ll %33> ) (A2)
293 9

Then it is easy to construct the matrixes B; = {38}
8 8}

s=(3 ) Y

which satisfy the conditions (4.23) and (4.26).
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