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ITYACCOHOBCKHE ITIOTOKH B CUCTEME C IOBTOPHBIM OBCJIY KNUBAHUEM

PaCCManI/IBaIOTCﬂ CHUCTCMBI MaCCOBOI'O 06CJ'Iy)KI/IBaHI/I$[ ¢ OCCKOHCYHBIM YHCJIOM KAaHAjJOB H TIOBTOPHBIM
06CJ'Iy)KI/IBaHI/I€M 06H1€F0 BHA. OTH CUCTEMBI MPEACTABIAIOTCA B BUIIC ceTelt ¢ OECKOHCYHBIM YHCIOM KaHAJIOB B y3i1ax
1 UMCIOT BUJ OPUCHTUPOBAHHBIX NCPCBLCB. C TIOMOIIBIO TCOPEMBI BypKe YCTaHABJINBAIOTCA YCJIOBUSA, KOrJia IIOTOKHU B
CECTH ABJIAIOTCA ITyaCCOHOBCKMMHU U HE3aBUCUMBIMU.

KuoueBble cj10Ba: MHOrOKaHaJIbHAas M OCGCKOHEYHO KaHalbHAsi CUCTEMBI MaCCOBOTO 06CJ'Iy)KI/IBaHI/I$[; BI/IHCpOBCKI/Iﬁ
TIPOLCCC; YUCIIO 3aHATHIX KaHAIOB.

CuctemMbl MaccoBOro OOCITYXHBAaHHS C TIOBTOPHBIM OOCITYKUBAaHHEM 3asiBOK BBI3BIBAIOT OOJIBIION
WHTEpeC Yy CIEHHaliCcTOB MO MaccoBoMmy obcmyxuBanuio [1, 2]. OcoOblli MHTEpec B MOCIEAHUE TOABI
BBI3BIBAIOT CUCTEMBI C TIOBTOPHBIM OOCTY)KHBaHHWEM M OCCKOHEYHBIM YHCIOM KaHasioB [3, 4]. B atux paborax
WHULMUPYETCS] TIOCTPOCHHE JOCTATOYHO OOIMIMX MOJENed OOCTyKMBAaHHS B CETAX C OECKOHEUYHBIM YHCIOM
KaHaJIOB B KoM y3Jie. OCOOCHHOCTBIO TaKUX CETeH SBJISIETCA WX MPEACTaBICHNE B BUJEC OpUEHTUPOBAHHOTO
nepeBa. llpum aHamm3e 3THX ceTell C IYaCCOHOBCKMM BXOJHBIM IOTOKOM TMOSABISETCS HEO0XOIUMOCTH
UCTONB30BaTh TeopeMy bypke © NOpuUMEHSATh TeopeTHKO-rpad)oBble MOCTPOCHHUS ISl OmpeneicHus
HE3aBHUCHMOCTH OTHCNBHBIX MOTOKOB ceTH. B Hacrosmeill pabore mpennpuHUMAcTCsl TMOMBITKA PEIICHHS
MOoJO00OHBIX BOIIPOCOB B HanOosiee o01eM BUIE.

1. IloTokH, BBIXOASAIIIME H3 OJHOTO y3J1a

PaCCMOTpI/IM OECKOHEUHO KaHaJIbHYIO CUCTCMY MacCCOBOI'O 06CJ'Iy>KI/IBaHI/I$I C ITYaCCOHOBCKHUM BXOJHBIM
IOTOKOM M IMOKa3aTCIIbHBIM PACIIPCACICHUCM BPCMCHU 06CJ'IY)KI/IB3HI/I$I 3asBOK. HonaraeM, YTO KaXJas 3asBKa
IIOCJIC OKOHYaHUA 06CJ'Iy>KI/IBaHI/I$I MOKET OBITh IMOBTOPHO 06cny>KeHa (pI/IC 1) Bo3MoxxHEI cambie pa3inuHbIC
IMPOTOKOJIBI pa60TI>I TaKOH CUCTCMbI, HaNpuUMEp, BpPCMA TMMOBTOPHOIO 06CJ'IY)KI/IB3HI/I$I MOXET HMCTb
pacmnpencicHue, oTian4daroneeca OT BpPCMCHH IICPBOHAYAJIBHOIO 06CJ'Iy>KI/IBaHI/I$I, YUCJI0 TOBTOPHBIX
06CJ'Iy>KI/IBaHI/Il>’I MOKET OBITh OTJIHYHEIM OT COWHMUIEBI 1 T. 1.

Puc. 1. [Ipeobpa3zoBaHme CUCTEMBI C OMHOKPATHBIM IIOBTOPHBIM OOCIY>KHBAaHHEM B CETh

Camoit 06]1{6171 MOKET OBITh MOZCIb IMPOXOXKACHUA 3adBKHU UCPE3 CCTh, B KAXKIOM Y3JIC KOTOpOf’I HUMECTCA
OECKOHEUHOE YHCI0 KaHAJIOB C IMOKA3aTE€ILHBIM pacnopCaAciICHUCM BPEMCHU 06CJ'Iy>KI/IBaHI/I$L Takas cerb
OMUCBIBACTCA OPUCHTUPOBAHHBLIM JACPCBOM D, B KOTOPOM KaXXJ0¢ pe6p0 HampaBJICHO OT KOpHA ACpCBa r
(BepH_II/IHI:I, B KOTOPYIO HC BXOAUT HAIIPABJICHHOC pe6p0) K €ro JIUCThAM (BepH.II/IHaM, N3 KOTOPBIX HC BBIXOOAT
HaIlpaBJICHHLIC pe6pa) Iloce oxoHuaHus 06CJ'IY)KI/IB3HI/I$I B y3JIC 3as1BKa MOXKCT OBITH HampaBJICHa B OAWH H3
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y3JI0B JIepeBa, KyJa YyKa3bIBaIOT €ro HampaBieHHbIe peOpa. EcTecTBeHHBIM 0000IIeHMEM STOW MOMAETH
SIBJIICTCSI TIPEJITIONIOKEHHE, YTO BpeMs 00CITYKUBaHHS 3asBKU Ha MPUOOPE SBISIETCS TUIIEPIKCITIOHECHITUATBHBIM
(BEpOSITHOCTHOM CMECBIO 3KCIIOHEHITMABHBIX pacrpenenceHuii). JlanHoe o00OIeHre HUKaK HE MEHSET BH]I
CETH, Y KOTOPOI BHOBB MEPEXOJIbI 3aBOK MEXAY y3JIaMU OMUCHIBAIOTCS OPUCHTUPOBAHHBIM JACPEBOM.

W3 u3BecTHOM Teopembl bypke [6] cienyeT, 4To eciu ceTh (YHKIMOHUPYET B CTAI[MOHAPHOM PEKHUME,
TO BBIXOAHOM MOTOK U3 KaXKJOr0 y3J7ia, PABHO KaK M BXOAHOU MOTOK B KaXKJIbIM y3€l1, SIBJISETCS ITyacCOHOBCKHUM.
OnHako BO3HUKAET BOIIPOC O 3aBUCUMOCTH HJIM HE3aBUCUMOCTH 3TUX IMOTOKOB.

Paccmotpum  Temepb myaccoHOBCKMHM moTok Touek A ={0<f <t,<..} HHTEHCUBHOCTH A.
[Tpennonoxum, 4To Kaxkaas TOUKa IOTOKA A HE3aBHCUMO C BEPOSTHOCTBIO p;, 0 < p; <1, CTAaHOBUTCS TOUKOU
NOTOKAa A; M C BEPOATHOCTBIO p, =1— p; — Toukoi noroka A, (puc. 2). U3BectHo [5], uro motoku A;, A,

TaKXKEC ABJIAIOTCA IIYaCCOHOBCKMMHU C HHTCHCUBHOCTAMU kpl’ 7\,p2 COOTBCTCTBCHHO.

s
Y

Puc. 2. BepossTHOCTHOE pa3IBOCHHE ITyaCCOHOBCKOTO MOTOKA

Teopema 1. IToroku A, A, HE3aBUCUMBIL.
Hokazamenscmeo. Bo3bMeMm npousBoibHbIA 0Tpe3ok [f,t+71],¢120,7>0, u obozHauuMm n,n, n,

KOJIMYECTBO TOYCK ITIOTOKOB A, Al’ A2 Ha 3TOM OTPC3KE. Beruncianm BCPOATHOCTD
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Takum o0Opa3zom, mapbl CIIy4alHBIX BEIHYUH (nl(l),ngl)),(nl(z),ngz)),(nl(l),ngz)),(ngl),nl(z)) COCTOAT U3

HE3aBUCHMBIX KOMIIOHEHT. ClIe0BaTENbHO, IIyaCCOHOBCKUE IOTOKH A, A, HE3aBUCHMEI.
3ameuanne 1. YTBepxkaeHNE TEOpEMBI 1 pacnipocTpaHseTcs Ha ciiy4yail, Kor/ia MyacCOHOBCKUM MOTOK A

JCIUTCA Ha l >1 IMyaCCOHOBCKHUX MOTOKOB € MOMOLIBIO BCPOATHOCTHOI'O MPOCCHUBAHUA, IPHU KOTOPOM KaXasd
/

TOYKa IIOTOKa A C BEpOATHOCTBLIO >0 nonagacTt B ITIOTOK A,j=1,... l =1.
J j° > st j

Jj=1
2. He3aBHCHMOCTL KOHEYHOI'0 YHCJIA IOTOKOB CeTH

Ha MHOXecTBe BepIIMH OPUSHTUPOBAHHOTO JiepeBa D (B KaAyr0 BEPUIMHY KOTOPOTrO BXOAHT TOJIBKO
OZIHO HANpaBIEHHOE pedpO) ONpEAENUM OTHOLIEHHE YacCTUYHOIO MHOpsiKa u, >u,, €clu B JepeBe D
CyILECTBYET ITyTh U3 BEPLIMHBI U, B BEPIIUHY U, (34ech u > u ). ConocTaBUM Kax 10 BeplIMHE U AepeBa D
MHOXecTBa BepiuH P(u) ={v:u>v}, Q) ={v: v>=u} U P(u).

Teopema 2. IlpennonokuM, dYTO BEPUIMHBL U,...,4;, JepeBa [ TaKkoBbl, 4YTO MHOXECTBA
P(uy),...,P(u;) He mnepecekatorcs. Torma panst moObix BepmuH v, € P(y)),...,v, € P(u,) noTOKH
A(v),...,A(v;), BXoasIIUE B BEPLIMHEL V,,...,V,, COOTBETCTBEHHO, HE3aBUCUMBI.

Jlokazamenscmeo. VI3 onipenenenus nepeBa D ClieAyeT, 9TO B HEM CYIIECTBYET BEpIIUHA U TaKas, 4To
Helepecekaromuecss MHoxectBa P(u)),...,P(u;) comepxarcs B MHOxectBe P(u). B kxauectBe u MOXHO
B35Th, HAIPUMEpP, KOpeHb nepeBa. ClaenoBaTenbHO, B CHITY TeOpeMbl | 1 3aMeuaHus | MOTOKHM, BRIXOSIIUE U3
BEpILUHBI U, He3aBHUCUMbL. OTCI0/1a aBTOMATUYECKHU CIEAYeT HE3aBUCUMOCTb NOTOKOB A(V)),...,A(V;).

Bcerongy nmanee 6e3 orpaHmdeHusi oOIIHOCTH OyAeM Mpenmnonarath, 4To JiioOas BeplIMHa AepeBa D 3a
WCKITIOYEHHUEM JINCTHEB MMEET OTBJICTBJICHHE (M3 HEe BBIXOAWUT HECKONBKO HampaBieHHBIX pedep, puc. 3).
[TocTpouM anropuT™M BBIAEIEHHS KIIAcTEpOB Ha MHOXKECTBE BepmimH nepea D. Ilycte B nepese D

3a()UKCHPOBaHA BEpIINHA U , HE COBIAJAOMIAs C KOPHEBOH BEPLIMHOMN, U ONPEAEIEHbl COOTBETCTBYIOIHE el
mHoxkectBa P(u;), O(u;), S, = O(u;). Ecnn Ha mare i>1 3agasbl u;,S;, TO BO3bMEM BEpLUIMHY U;, &S; U
nonoxuM S, =S; UO(y;). B cuity koHeuHOCTH 4uclia BEpUIMH B JiepeBe D 3Ta MpolLeaypa 3aKOHYUTCS Ha

HEKOTOpOoM 1iare / >1 mocTpoeHueM BEpIIUH Uj,...,U; 1 COOTBETCTBYIOLUIUX UM MHOXECTB S,..., ).
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Puc. 3. JlepeBo ¢ OTBETBICHUSMH

Teopema 3. MuoxectBa BepmiuH P(u,),...,P(u;) B nepeBe D He mepeceKkaroTcsL.

Hokazamenscmeo. llycts Ha mare i</ 3aJaHbl BepIIUHBL U,...,U,

; WA COOTBCICTBYIOIIHC HM

MHOXecCTBa S,...,S;; P(1;),...,P(u;). Torga Ha mare i+1 BBINOIHAETCS COOTHOIIEHHUE U, &.S; W, 3HAUMT,

mHo)kectBo P(u,,,) He mepecekaercs ¢ MHOXectBaMd P(u,),..., P(u;). B IpOTHBHOM ciiydae CYLIECTBYOT
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takue k, 1<k<i, ve P(u;), uto ve P(u;,). CnenoBarenbHo, u,  >=V,u, = V,uU;, #U, H, 3Ha4UT, D He
ABJISIETCS OPUEHTUPOBAHHBIM JEPEBOM.
OOGo3HauuM m uHciO pedep, BBIXOAAIIUX U3 KOPHEBOM BEpLIMHBI JepeBa [ U IMOHNAJaloOLUX B
BEpILUHBI V|,...,V,, , 1 IOIOKUM M 4YUCIIO JIUCTHEB ITOTO AEPEBa.
Teopema 4 CripaBeaiuBO HEPABEHCTBO
m<I<M. (1
Hokazamenscmeo. O6o3HauuM V|,...,V,, HaOopbl BepminH JepeBa D, yJOBIETBOPSIONIME

m

COOTHOIIECHHUSIM Vj=P(vj), Jj=1,...,m. N3 onpenenenuss MHoxkecTB V),...,V, ~clemyer, 4To OHHU He

MIEPECEKAIOTCs, @ UX OOBEAMHEHUE COBMAJaeT C MHOKECTBOM BCEX BEpUIMH JepeBa D 3a MCKIIOYCHUEM
KOpHeBo# BepmmHbL. [TosTomy s moboro j,1< j<m, cymectsyer takoe i,1<i</[, uro P(u;) < P(v;).
B nporuBHOM ciydae MHOXECTBO §; He OymeT COBIajaThb C MHOXECTBOM BeEpIIMH JepeBa D, UTO
npotuBopednt ompenenennto S,. CrenoBatenbHo, crpaBemtuBo HepaBenctBo M < /. Tlo omnpeneneHuio
!
obovenunenue |J P(u;) HemepeceKkawooLUXcs B CHIy TeopeMbl 3 MHOxkecTB P(u;),...,P(u;) conepxut Bce
i=1
JUCThsl OpUEeHTHPOBaHHOTO AepeBa D . CnenoBarensHo, [ < M.
3ameuanue 2. PekyppeHTHas mpoleaypa, Koraa Ha KaKJIoM Liare BbIOMpaeTcs BEpIIMHA, B KOTOPYIO
BXOIUT peOpPO-CTpENKa M3 KOPHEBOH BEpIIWHBI, MPUBOIAMUT K paBeHCTBY m =/[. PekyppeHTHas mporuenypa, B
KOTOPO# Ha Ka)K/IOM IIare BEIOMPAeTCsi OuepeIHOM JHCT nepeBa D, IPUBOINUT K paBeHCTBY [ = M.
3ameuanue 3. IIpeamonoxum, dYTO BEPUIIMHBI U,...,U; JepeBa [ TaKOBBL, YTO MHOXECTBA
k
P(uy),...,P(u;) He mepecekaroTcs U oObeanHeHue MHoecTB |J O(u;) coBmagaer ¢ MHOXECTBOM BEpIIUH
i=1
nepesa D . Tornma onucaHHas BBIIIE PEKypPEHTHAs MpoLEaypa MOXKET ObITh peasn30BaHa C UCIOIb30BaHHEM

3TOro Habopa BepiinH (puc. 4).
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Puc. 4. [Ipumepsl COBOKYITHOCTEH y37I0B C HE3aBUCHMBIMU ITIOTOKAMU

4
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3akjIoueHne

TeOpeMLI 2-4 CIIpaBCIJIMBBI IJIA CeTeI\/'I, MNPpCACTABIIACMBIX OPUCHTUPOBAHHBIMU JACPCBbAMU 06]1[61"0 BuUaa
0e3 Tpe60BaHI/I$I HaJIW4Ms OTBJICTBJICHHUS B KaxKIOM BCpLINHC. HonyquHHe B pa60Te pE3yabTaThl MOXHO
pacrnpoCTpaHuTh Ha CETHU, B KaXJIOM Y3JIC KOTOPBIX COACPKUTCA KOHCUHOC YN CJIO KaHAJIOB. OT HHUX BO3MOXKXCH
nepexon K CeTam C OECKOHEUHBIM YHCJIOM KaHAJIOB IMyTEM BBIACICHUA CUHCPTI€TUYCCKUX 3(1)(1)CKTOB. B cirydac
HEMMYaCCOHOBCKOI'0 BXOJAHOI'O MOTOKA MOKHO HMCIIOJIB30BATH PE3YJIbTAThI pa60TI:I [7] I aCUMIITOTHYCCKOI'O
aHaJIM3a Yrciia 3aHATBbIX KaHAJIOB B KaKAOM Y3JIC CCTH.
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Queuing systems with retrial queues represent large interest in manifold applications of the queuing theory. Especially last years it is
connected with infinite server queuing systems and retrial queues. These models may be considered in terms of queuing networks which
have a structure of directed tree. An analysis of such networks may be based on the Burke theorem and the graph theory concepts in a
definition of independence of random flows. In this paper an attempt to solve this problem in the most general terms is realized.

Consider infinite server queuing system with Poisson input flow and exponentially distributed service times. Assume that each
customer after a service may be served iteratively. The different protokols of functioning for such system may be realized. For example,
a distribution of repeated service time may differ from a distribution of initial service time, a number of repeated service may be
different and so on.

The most general model of such system is a model of queuing network in which each node has infinite number of servers with
exponential distribution of service times. Such network is described by a directed tree D in which any edge is directed from a tree root
(a node which have not incoming edges) to its leaves (nodes which have not outgoing edges). On service finishing a customer may be
directed to some nodes where its outcoming edges show. Natural generalization of this model is based on an asumption that service
times have hyperexponential distributions (probability mixtures of exponential distributions). This asumption does not change a view of
this network in which transitions between nodes are discribed by oriented tree also.

From the Burke theorem we have that if the network is in a stationary regime then its outcomig and incoming flows of each node are
Poisson. But a problem is on dependent or independent for these flows. This problem is solved as follows.

Consider now Poisson point flow A ={0<¢# <t, <..} with the intensity A . Assume that each point of the flow A independently
with a probability p;,0< p; <1, becomes a point of a flow A, and with a probability p, =1-p, —a point of a flow A, It is well
known that the flows A, A, are Poisson flows also with intensities Ap;, Ap,, accordingly.

Theorem 1. Flows A, A, are independent.

On a set of the directed tree D (in which each node has a single incoming edge) define a relation of partial order u; > u,, ifin the
tree D there is a way from the node to the node u, (here # > u ). Contrast each node # of the tree D the nodes sets
Pw)y={p:u=v}, Quw)=4{p:v>upuPu).

Theorem 2. Assume that nodes Uy,...,u; of the tree D satisfy the condition that the sets P(u,),...,P(u;) do not intersect.Then for

any nodes v, € P(uy), ...,v;, € P(u;) flows AW,),...,A(v;), incoming to the nodes v,...,V;, appropriately are independent.

Obtained results may be spread onto networks with final number of servers in their nodes and to transit from these networks to
networks with infinite nimber of servers by analyzing synergetic effects. If input network flow is recurrent then it is possible to use
results on asymptotic analysis of numbers of occupied servers in network nodes.
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