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Takum obpazom, mpoberasi 10 BceM OUEKTUBHBIM (DYHKITUSM, MOYKHO MPE/IOKCHHBIM
CIIOCODOM TIOJIYIUTH BCE TPAH3UTUBHBIE (DYHKIIUU.

WNraxk, mjs reHepaliiu 1ocC/ieJ0BaTe/IbHOCTEH OOJIBIINX IEePpUoI0B OneKTuBHBIE audde-
peHIumpyeMble TI0 MOJTYJIi0 p" (DYHKIUU MOTYT OBITH MCIIOJIBb30BAHBI KAK COMPSATAIONINE JIJIs
TpaH3UTUBHLIX pyHKIUi. [IpeacraBisdior nnrepec TakzKe CTATUCTUYECKUE CBOMCTBA TaKUX
nocsiesioBaressbuocteit. [losromy rpyrima nuddepeHupyeMbix Mo Momysto p” OyHKITH 3a-
cayxkuBaerT BHUMaHudA. OHAKO MOKA HE OMMCAHO IPEJCTaBJICHUE, MO3BoJIsonee b dek-
TUBHO BBITUC/IATH JaHHBIE (DYHKITHH, UX PeabHOE NCIIOIh30BaHNEe He TPAKTUIHO. [losTomy
B JIaJTbHENIIIEM CTOUT 3a/1a4a MOoNcKa 3 OEKTUBHOTO MPeJCTaBIeHN I (DYHKITHI U3 KIac-
ca nuddepeHImpyeMbIX 10 MOIYIII0 p™ hyHKIUiI nn u3 ero nojksaaccon. [Ipeamonaraercs,
YTO JIAHHOE MIPEJICTABJICHIE MOXKHO TIOJIYy YU TD JIJIsl 9TUX (DYHKIUH 110 MOJIyJTI0 2™, UCIIOJIb3Y S
snemeHTapuble oneparnuu, Takne, kak AND, XOR, RIGHT SHIFT.
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OBPAIIIEHUE JU®PEPEHIIMPYEMBIX IIEPECTAHOBOK
HAJ T'PVIIIION

A. B. Kapnos

BBomurcst monsitue nuddepenniumpyeMoii GyHKIINKM HaI TPYIIIONR ¢ HOPMaJILHBIM PSIIOM,
obobImaroree MOHITHE TOJTUHOMUATBLHON byHKInn. /{151 abeeBbiX, HUJILIOTEHTHBIX U
PA3peMMMBIX TPYTI JTOKa3bIBACTCsT (DOPMYJIa JIJIsT HAXOXKIEHUsT OOpATHOM B CMBICTIE
KOMIIO3UINH TIePECTAHOBKY K 3aJI[aHHON T depeHnupyemMoit mepecTraHoOBKe.

KuaroueBbie ciioBa: nepecmanoska, nNoOAUHOM Had epynnot, Jduddeperyupyemat
PyHKUUA.

[Iycts 3ajana rpynna G ¢ wopmasibubiM psjiom G = Ho > Hy > ... > H, = e.
Yepes ¥ oboznatnM MHO)KeCTBO (pyHKIHi, oToOpaxkaomux G B cedst, KOTOpbIe JAefiCTBYIOT
Ha dakropax Hy/Hii1 (k€ {0,...,n — 1}) kax sHmOMOpGhU3MBL

Onpenenenne 1. Oyuknua [ : G — G nazwbBaerca dupdepenyupyemoti B TOUKe
a € G ornocurensuo nHopmasibuoro psajga G = Hy> Hy > ... > H, = e, ec/iu CcyIIecTBy-
er dysrua ¥;, € ¥, Takad, 4T0 [ JI0O0r0 UjeHa HOPMAJIbHOIO pafa Hj u moboro
anieMenTa h € Hj BBIIOJIHAETCS PABEHCTBO

fla+h)= f(a) +¢pq(h) (mod Hiyq).

Qyukiusa HazbiBaeTcs auddepeHnupyeMoii, eciu ona juddepeHiumpyemMa B Kax/JI0i TOUKe
rpynnsl G. Oynkiusa 1, HasbIBaeTCA MPOU3BOAHON DyHKIMN [ B TOUKeE a.

B kauecrBe mpumepos guddepeHnupyeMbix (byHKINUNA MOXKHO MPUBECTH CJIEJIYIOIIHIE:
HOJTMHOMHAJIbHBIE (DYHKIUN HaJ| IPUMAPHBIM KOJIBIIOM BBIYETOB Zjn, Te B KadecTBe G BbI-
crynaer (Zpn, +), Hy = p"Zyn, V10 = f'(a) n ppo(h) = hx f'(a); moanHoMuabHbIE BEKTOD-
dbysKIHH, T. €. CHCTEMBI U3 11 TOJIMHOMOB OT 11 IIEPEMEHHBIX ¢ KodddummenTaMu u3 Zyn , TIe
G = (Z, +), y,q cOBIaIACT ¢ MATPHUIIEH YACTHBIX TIPOM3BOIHBIX, BHIYUCICHHBIX B TOUKE @;
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HOJIMHOMBI H&J| Pa3pemmMoil rpyumoit suga u(x) = g1 gox® ... gpa®' ¢ Py, q(h) = hi;1 -
B CJIydae IEeHTPaIbLHOIO Psijia.

Crenyromas Teopema 06001aer Kpurepuii 6uekruBHocTr u3 1] Ha cayqait nuddepen-
nupyeMoit (pyHKIINH.

Teopema 1. Ilycts u : G - G — auddepennupyemasi OTHOCHTETEHO HOPMAJIBHOTO
pana G = Hy> H,>...> H, = e yaknusa. Toryma u buektusaa Ha G, eciin 1 TOJIBKO ecn
BBITIOJIHSIIOTCS CJIE/IYTOIINE JIBA YCJIOBUS:

1) w 6uekruBHA 110 MO0 Hy;
2) mna Beex @ € G mpousBognast 1, , ABIAETCS aBTOMOPGMU3MOM Ha BeeX (akTopax

pana.

EcrecrBenno nazwiBath guddepeniupyemyo OuekTuBHyo (GyHKIN0O Juddepenyupye-
Mot nepecmanoskol. Bymem roBoputh, aro v — obpamnas (no modymo Hy) K u nuddepen-
pyeMasi IIepecTaHOBKa, ecyiu it BeeX + € (G BhIMOTHSIETCSA

v(u(z)) =z (v(u(x)) =z (mod Hy)).

B pabote permraercsa 3ajada HaxoxKJieHUsd oOpaTHON uddepeHImpyemMoil mepecTaHOBKH
K 3ajannoit. Hopmasbuberilt psam B rpynne G 3a7aér cTpyKTypy, aHAJOTUYHYIO ITOCJIEI0-
BaTeJILHOCTH MOJyJIeil p, p?,...,p" B cllydae HPUMApPHOrO KOJbIA, YTO JaéT BO3ZMOXKHOCTD
IPUMEHSITh CXOXkKHUe ¢ [2] MeTosbl obpaireHus mepecTaHoBoK. OCHOBHAST Ujlesl 3aK/II0IaeTCs
B CBeJIEHUM 3aJia9u oOpallleHusd HaJ| BCeil IPYNIoil K oOpalleHnio HaJl «MaJIeHbKOI» (ak-
TOP-TPYIIIION C MOCJIEIYIONUM OTLEMOM peIeHus. JTO yIaéTcs ¢enarh, ecan rpymnmna G
paspelmMa 1 U3BECTHO MMPOMEYKYTOYHOE peITeHre M0 MOJY/II0 HEKOTOPOi MOATrPYIIILI U3
HOPMAJILHOT'O PsiJia.

Teopema 2. Ilycts u— mepecraHoBKa 3jeMeHTOB paspermumoii rpymnmnbl G, andde-
peHnupyeMasi OTHOCUTEIbHO HopMasibHoro psajga G = Hy > Hy > ... > H,, = e, v — 00-
paTHasd mepecTaHoBKa K u 110 Momyso Hy. Torma obpatHoii K u 110 Mojtytio Hy,q saBisercs
repecTaHoBKa

Vg1 () = vg(z) — ;ik(x)(_x + u(vr(z))),

1 o
e ¢, (@) — OOPATHBIN K 1y 4, (z) aBTOMOPDU3M B Aut(Hy/Hyiq). Ecin ononsnrensao
Yy v (z) T Yuy,e — B3AHEMHO 0OpaTHbIe aBTOMOpbU3MEl haxTopa Hy/Hj, 1, TO

Uks1(2) = ve(@) — vp(u(ve(x))) + vi().

Bosmozkno Takzke obpartenne nuddepeHnnpyemMoii IepecTaHoBKH, €CIi H3BECTHO 00pa-
menne Apyroil quddepeHIupyemMoii IepecTaHOBKY, OTIIMYAIOINIEHCsT OT 3aIaHHON Ha OIpe-
JICJIEHHYTO JI00ABKY.

Teopema 3. Ilycts u u v — B3auMHO oOpaTHbIe 110 MOAyI0 Hy muddepenimpyemble
repecTaHoBKU 1 i Bcex © € G muddepennupyemast (pyHKIMSA g YAOBIETBOPSIET CJIELY-
FOTIIM Y CIIOBHSIM:

1) wo(z) € Hy—1;

2) wuo,x : Hk—l — Hk
Torpa obparsoit K u*(z) = u(z) + ug(z) no momymo Hy sBisieTcs nepecraHoBka v*(x) =

= v(w) = Yy (uo(v(z))).
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B kauectse npumepa pacemorpum G = T3(Z7) ¢ paspemnmbim psajgom G = T3(Z;) >
> UTs(Z7) > UT{(Z7) > UT3(Z7) = e, vne UTi(Z7) — noprpynma, cocTodinasi U3 yHUTPe-
YTOJBHBIX MATpuIl ¢ (i — 1) HyJeBbIME JTHATOHAJISIME HA/JT TJIABHOIL.

2 4 3 1 25 1 6 4
Beeaém dynxmmo u(z) = [0 3 520 1 6]z |0 1 2|z Curauana obpa-
006 001 001
tuM u(x) B iepBoM daxrope 13(Zq)/UTy(Zr) ~ 7% @ 7 @ 7%:
4 00 3 6 2 3 0 4 3 6 2
vi(z)=0 5 0|z, vy {u| |0 2 5 =0 2 6]=|0 2 5] (mod UTs(Z)).
006 00 4 00 4 00 4

Tak Kak IPOU3BOIHAA 1y, ; — TOXKJCCTBEHHBIN aBTOMOPMU3M, 110 TeopeMe 2 MmoJrydaeM

va(2) = vi (@) (e u(vi(2)) 7 vy = va(a) (@ u(va(2)))
3 6 2 36 6 3 6 2
volul |0 2 5 =(0 2 5]=[0 2 5| (mod UTZ(Z)),
00 4 00 4 00 4
36 2 36 2
vs |uf [0 2 5 =(0 2 5
00 4 00 4

YMHO)KHM ciipaBa u(x) Ha 106aBKY Ug(T), YAOBICTBOPSIONLYIO YCJIOBHAM 1 1 2 TeopeMbl 3:

o = O

1 6
up(r) =271 | 0 0]z, u(x)=u(x)uy(z).
0 1

[Tocrpoennas panee vs(x) He obparaer u*(x):

3 6 2 3 6 5
vy | u* 0 2 5 =10 2 5
0 0 4 0 0 4
[Tocrponm obparnyio K u*(x) dyHKImIO:
v () = v3(2) (VYo (w0 (v3(2)))) ™ = v3(2) (uo(vs())) 7,
3 6 2 3 6 2
v | ut 0 2 5 =10 2 5
0 0 4 0 0 4

Taxkum obpaszom, 3a1ada obparenus auddepeHmpyeMoil mepecTaHoBKI HaJl pa3pern-
MO# TPYIIOi CBOJAUTCA K OOpaleHuio HaJi (haKTOP-TPYIIION € MOCJIEIYIONUM O IbEMOM
pemenus. Ecin n3BecTHa 0OpaTHas MEePEeCTAHOBKA 110 MO0 Hj, TO MOXKHO CTPOUTD JIpY-
rue 1apbl B3aUMHO OOPATHBIX TIEPECTAHOBOK 10 MO0 Hj, NCIOIb3ysd TeopeMy 3.
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