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Cubupckuit pusuxo-rexundecknit uHCTUTYT 1. HoBoco6ophast, 1 634050 Tomck

B pa60Te IIPEJIOKEHDI BBIYMIC/INTENbHAA TEXHOIOINA, peann3yroiiasd 3agadn JIMHETHON TeOpUM yIIpyrocTy B QUINHApNIE-
CKIX KOOpAMHATaX. Ocoboe BHUMaHUE YAENnAETCsa 30HE KOHTAaKTa ABYX TEl. IH)'I}I €€ PaCKpbITIA IIPENTIOKEHO VCIIO/Ib30BaTh
CETKM C 9KCIIOHEHIVAa/IbHBIM PACIIOTIOKEHVEM Y3/I0B IO KAXKIOMY 13 TPEX KOOPAMHATHBIX HaHpaB)’IeHI/Iﬁ[. Pacueramn ycTa-
HOBJICHO CYIIE€CTBEHHOE BIIVIAHNIE q)OprI CIAB/IMBAIOIIETO 3/IEMEHTA HA pacCIIpeeneHne HaHpH)KeHI/H/uI B 30HC KOHTaKTa.

KiioueBble c10Ba: KOHTAKTHOE BO3[IEIICTBHE, YIIPYTHe IlepeMellleHNsI ToUeK, 00001eHHbIT 3aK0H IyKa, KacaTelbHble I HOPMa/IbHbIe
HAIPSDKEHVA, PeKypPeHTHBIe GOPMYJIbI, METOJ, IPOCTON MTEPAIIUI.

Asymmetric deformation of linear elastic cylindrical
shape material

A.M. Bubenchkov, M.A. Bubenchkov, T.I. Nikipelova, V.B. Tsyrenova,
N.R. Shcherbakov, A L. Potekaev

Siberian Physical-Technical Institute P1. Novosobornaya 1 634050 Tomsk

This paper describes a computational technology realizing the problem of linear elasticity in cylindrical coordinates . Particular
attention is paid to the area of contact between two bodies . Using the grids with exponential nodes location in all three
coordinates is proposed. A significant effect of the pressure element shape on the stress distribution in the contact zone is
proposed

Keywords: contact impact ; elastic points displacement; generalized Hooke's law; the tangential and normal stresses; recursion formulas; a
simple iteration.

Orlpenemnoml/le YpaBHEHUA ) 2 au V 1 ae p
B Hacroseit pabote Hac OyAyT MHTEPeCOBaTh MAKCHUMAallb- Viv- Ty A T S AL _fr =0,02)
Hble JIOKa/IbHble HOPMa/IbHbIe U KaCaTe/IbHbIe HAIIPSDKEHIS, r 8([) r 1-2vor G
BO3HMKAIOIE B 30HEe KOHTAKTA LVIMH/PA C )KECTKIM 9J1e- 1 06 p
MEHTOM, TO €CTb JPYTUM TE/IOM, 00/MafjaloliyiM MeHee Bbl- Vzw 4 —f = O, (3)
PaKEHHOI CIOCOOHOCTBIO K fedopMupoBanmio. Benanna 1-2voz G°°
9TUX HAIPSDKEHMIT OyfieT 3aBIUCETh OT CTeleHu Aedopma-
LMK ¥ OT YIIPYTUX CBOJCTB MaTepyuana IUManHapa. [lostomy 1 ovr 1 ou ow
U3HAYa/IbHO pellleHVe OyfeM CTPOUTH B IepeMelleHMAX, a 6= ;E ;% + g, (4)
3aTeM, MCIIONb3YsT PEOJIOTMYECKYI0 MOJe/Ib JIMHETHOTO YII-
Pyroro Tena, HaiifjleM KOMIIOHEHTHI TEH30pa MCKOMBIX Ha-
IPsDKEHNIT BHYTPU Te/la U Ha TPaHMuIe. T7ie U, ¥, W — OKPY’>KHOe, pajiMa/ibHOe M 0CeBOE CMelleHMs
YpaBHeHUA paBHOBeCKA B IlepeMelleHNAX, 3anucaHlple  TOIKIL 7, @, 2 — OUIMHAPUYICCKIE KOOPAMHATDL O — IIOT-
B LM/IMHAPYYECKIX KOOPAMHATAX, nMeioT Buz, [1]: HOCTb CpenipL f, f ” f, - IpoeKIMM MacCoBOi CUIBI HA OCH BbI-
OpaHHOI CHCTEMBI KOOPAMHAT; - obpemHast fedopma-
V2 20v u 1 oo p . 0 G= E
u 7_2% B r_z + I"(TZV)% + Efcp =0-(1) LIS 2(1 + V) — MOAYIb YIPYTOCTH IpPU CHBUTE;
v - xoadpouument Ilyaccoma; E - wmopgymp IOura;
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B pmanpHeimem 6yneM Ioj1araTh, 4TO HArpysKu, IpHu-
JaraeMble K KOHTAKTUPYIOIIMM 3/IeMEeHTaM CHCTeMbl, Ha-
CTONBKO 3HAYMTENIbHBI, YTO UX COOCTBEHHBIM BECOM IIO
CPaBHEHUIO C HArpy3KaMyl MOXHO IIpeHeOpedb, a CIUJIBI
9/IEKTPOMArHUTHOI IPUPOJbI BOOOIIE He OyaeM IPUHIMATD
K PacCMOTPEHMIO, TaK 9TO

J.=1,=1.=0.

[Mopcrasmss (4) B (1)-(3) n packpsiBast oneparop Jlara-
ca, OJIy4YMM CIIefYIOIIYI0 CUCTEMY OIpefe/IA0MNX YpaBHe-
HUII B TIepeMeleHMsX:
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Crnefyer ckasarb, 4TO Hpyu (GOPMYIMPOBKE 3afiad TEOPUN
YIPYroCcTV B KOMIIOHEHTAaX IePeMelleHMII KaK OCHOBHBIX
GYHKIUIT ypaBHEHMsT COBMECTHOCTH fepopMaLuil yHEOBIe-
TBOPSIIOTCSI aBTOMaTU4ecKn [2, ¢. 50].

63

BbIpa3yIM 3HAa4Y€HNA HEPEMGIJ.IGHI/II/UI B IIEHTPA/IbHOM Y3J1€ Ia-
6110Ha Ye€pe3 3HA4YE€HMA B Y3/1aX OKPYXXEHMA, TIOTYIVIM
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Puc. 1. CFYmeHMe CETKM B OKPECTHOCTYU 30HBI KOHTAKTa
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®opmynst (8)-(10) peanusyroT pelIeHUS MPOCTPaH- A
CTBEHHDIX ypaBHeHMit JIAMe, U ucronb3yembie coBMecTHo ¢ (), = ln[— + yj + (k - I)AC, (k = I,K)
paSHOCTHbIMI/I rpaHI/I‘IHbIMI/I YCTIOBI/[HMI/I HPMTOHHBI oA pe- 2
IIEHNs BCEX 3a/ja4 IMHEHOI TEOPUM YIPYTOCTH. .
v —R+6—exp(pj), (] —I,N)
IIocTpoenue pa3sHOCTHON CETKM
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21

TaKTa CeTKY, CIeAys IpeoOpasoBaHMAM
{(p,r,z}—){@,p,@}: =ln((p+8),
pzln(R—r+8), §=ln(z+y).

ITyctp N - uncro Tovek paséuenns o paguycy, M -1 — quc-
7I0 Pa3HOCTHBIX CEKTOPOB BIIEPBON 4eTBepTH, 2K — 4mcio
TOYeK pa3bueHN 10 oceBoil kooppuHare. Torma
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3pecn h, R - BpIcOTa U papuyc nyHApa; §, €, y — IapaMe-
TpbI IpeobpasoBanmst (Majble BETMYNHBI).

®opmynbl (19)-(21) H03BONAIT IOCTPOUTD IKCIIOHEH-
I[MaJIbHO CTYINAIOIIYIOCS PA3HOCTHYIO CETKY 110 KaKIOMY 13
Tpex KOOpAMHATHBIX Harpasnennii. OmHako Ha puc.] moka-
3aHa KapTUHA, IONy4eHHasA B CeYeHUY, IIePIEHANKYIIPHOM
OCH LVIMHJIPA, T7ie BUAHBI CTYIEHUA CeTKY JMIID 110 pajy-
QJIPHOMY ¥ OKPY>KHOMY HaIIpaBJ/ICHUAM.

O606meénnbIi 3akon I'yka

3amnumreM 06061eHHbIN 3aKoH [yka [2]:

o, =Ad, &, +2ug, . (22)
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37ech IpeAonaraeTcs, 9To Ho NHAEKCY Kk BBIIIOTHEHO CyM-
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COOTHOULICHMA HAaXOOUM, YTO
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[TIpu 5TOM KOMIIOHEHTbI TeH30pa JedOopMaLnii B IMINH/PY-
4eCKMX KOOPAMHATAX ONPENEAITCS CTIENYIOLMMI COOTHO-
menuamu [1, 3]:
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Puc. 2. PactipernienieHe OKpy>XKHOJ KOMIOHEHTHI B TECTOBOM ITpUMepe

- 00/1aCTh IPUIOXKEHISI BHELITHETO CMIOBOTO BO3/IEVICTBIS
(TATHO KOHTAKTA); BEMMYMHA 22, — OTPEJeNIAET pa3Mep TAT-
Ha KOHTaKTa B oceBoM Hampasnenmn. QU Q, (r = R) -
60KOBas TIOBEPXHOCTD LMINHIPA; Ql (Z = ()) — HIDKHASA
Topuesas rpanb; {2, (z = /) - BepxHss TOpLeBas rpaHs.

Torpa rpaHMYHbIe YCIOBMA, VICHIONb3yeMble IIPY pellle-
HUU TIPOCTPAHCTBEHHOM 3a/{auyM KOHTAKTHOTO BO3JENCTBIS
Ha TeJI0 IVJIMHAPUYIECKOT pOPMBI MO>KHO 3aIlUCaThb C/IEYI0-
myM ob6paszom:
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or r roop
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SHer C = T N VO — IIOCTOAHHAA BEIMYMHA pam/{anb—

HOTO HepeMemeHI/m Ha IIATHE KOHTAKTAa. KOOpIH/IHaTHaH
0COGEHHOCTD Ha TOJISIPHOI OCK PA3PelIaeTCsl CIeNYIOLM
obpasom [4]:
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\ § 0 -0.3
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Puc. 3. Pacnipenienenne OKpy»XHOI KOMIIOHEHTBHI TPV KOHTAKTHOM
BO3/Ie/ICTBUY KECTKOTO 37IEMEHTA
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YcnoBue TIEPMOANIHOCTI IMEET BI]

Uprjrk Wik Ve =Vijo

=Wk (] :L_]V;k :ﬁ)

. (30)
Witk
ITepBoe ycmoBue B (25) u (26) BbIpakaeT paBeHCTBO HYIIIO
HaIPKEHNUS O, , TPEThe — PaBEHCTBO HY/I0 HAIPKEHNS
o . Bropoe cooTHomeHnne B (26) ompenienseT paBeHCTBO
HY/TIO HOPMA/IbHOTO HATIPSKEHNA O .

PCSYJIbTaTI)I pacuyeTroB

TectmpoBaHue 3ajaun IPOBOAVIOCH HAa TPMBUMAIBLHOM pe-
IEeHNN, OTBevaroIeM crydano v, = 0. B aTom mpumepe Mb
IOTy4aeM HyJ/eBble pacIlipefielieHNs [Is BCeX KOMIIOHEHT

1 05 0

nepemelieHnii. Eue ogyH TpUBUANIbHBINA TeCT (vo =0) or-
HOCIJICA K TIPUMEpY, KOI[ja OGHOPOIHbIE YCIOBYA II€PBOTO
pofa ik KOMIIOHEeHT repeMeniennit (27), (28) 6 3ame-
HEHBbI Ha COOTBETCTBYIOIIVIE YC/IOBUA BTOPOro popa (ycmo-
BIsI CBOOOJIHOI TOPL[EBOIT IOBEPXHOCTH LIM/INHAPA), a Iep-
Boe ycnoBue B (25) saMelieHo ycmoBueM u = u = const. B
3TOM CITy4ae MBI IIO/Ty4aeM ITOBOPOT IVUIMHAIpA KaK IIeoi
¢urypsl, 4To oTpaxkeHo Ha puc.2. Ilpu saToM kakue-m60
fmewwdopMalyy ¥ HaIpsDHKEHUA B Tejle OTCYTCTBYIOT. Pu-
CyHKaMy 3-7 MJUIIOCTPUPYETCs pacdeT, OTBEYAOLMIL Tpa-
HUYHBIM YCTIOBUAM (25)-(28).

Lnnuugpudeckoe Teno, OTBevalolee IIpefCTaB/IeH-
HBIM JJaHHBIM, MMEJIO CIefyloliue pasMmepbl: R = 5:107 M,
h = 5-107 m. [IATHO KOHTaKTa PaCIOIarasoch B IieHTPasIb-
HOJI1 4acTi 60KOBOII IIOBEPXHOCTH U ONIPENENANOChH [IMHA-
mu Az = 3,925-107 m, Al = 6,578-10~° m. Huxe Ha rpadmxax
BCe 3HAYCHUI IepeMeIleHNUIl IIPefCTaBIeHbl B MIUKpPOHAX,
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Puc. 4. Pactipenienenne paaimanbHOil KOMIIOHEHTDI TIPM KOHTAKTHOM  Puc. 5. PacripesesieHie 0ceBOil KOMIIOHEHTBI [IPU KOHTAKTHOM BO3-

BOS;[I€I7[CTBI/H/I JKECTKOro 39JIEMEHTA.

2.x 10"~

1 0.5

Puc. 6. Pactipenenenne KacaTeNbHOTO HANIPsKEHNUA 0, , IPY KOHTAaKT-
HOM BO3JIE/ICTBUY YKECTKOTO 9JIEMEHTa.

TEeVICTBUM >KECTKOTO 37IEMEHTA.
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2. % 106~

~4.% 106

_6.% 1062
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1% 107]
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~14 % 10™]

1 05 0 -05 -l

Puc. 7. Pacnipeienierie HOpMAZbHOTO HANPAXEHUA O IPU KOH-
TaKTHOM BO3JIE/ICTBUM JKECTKOTO 37IEMEHTa.
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HaIpsDKeHUs TpuBesieHbl B cucteMe Cl, papmanbHas Koop-
IMHaTa faeTcA B 6espasMepHOM Bupe: r/R.

Kak BuguM ¥3 IIpefiCTaBIeHHBIX pacIpefielieHnit, 3a-
JaHHbIe pafMasbHble INepeMelleHNd Ha IIATHe KOHTAaKTa
MHAYIMPYIOT OKPY>KHBIEe M OCeBble IlepeMelleHMs Ha II0-
BepXHOCTHU U BHYTpHU Tena. Kak cenyer us puc.3, okpyxHas
KOMITOHEHTa TIepeMelleHNs OBICTPO BO3pacTaeT € yaleHN-
eM OT IIeHTpa IIATHA KOHTAKTa, a 3aTeM Ha HEKOTOPOM yfia-
JIeHNY OT TUIOCKOCTM CHMMeTPMM HabIiofjaeTcsl CphIB (13-
JIOM C I3MeHeHNeM 3HaKa IPOU3BOMIHOI).

He BpaBasch B MOfpoOHOCTY aHA/MN3a MOMYYEHHOTO pe-
IIeHVs, 00 paTM BHMMAaHUe Ha paclipefie/ieHrie HOpMaIbHbIX
(0 OTHOIIEHUIO K OKPY)XXHOI KOOPAMHATE) HaIlpsDKEHMIT
0, TMPEACTABNICHHBIX B TOPU3OHTAILHOM CEYCHNI, IIPOX0-
IAlIeM Yepes cepeflMHy IATHA KOHTaKTa (puc.7). BHyTpen-
HsA T1apa «yCoB» Y 9TOI (UTYPHI OIpefiesIeTCsA U3I0MOM B
pacrpene/ieHny pajyanbHONl KOMIIOHEHTHI IlepeMeleHui
(pnc.4), To ecTb KpasAMU NATHA KOHTaKTa. BHeIIH:AA mapa —
CPBIBOM B IIOBEPXHOCTHOM PACIIpefle/IeHNI OKPY>KHOI KOM-
TIOHEHTHI IIepeMelteHus (puc.3, iBa CpbIBa — C7IeBa 1 CIIpaBa
OT IJIOCKOCTY CUMMETPUIN).
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