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Abstract

Phenomenological constitutive equations of relaxation type have been constructed and applied to simulate plastic
deformation of heterogeneous media. Both the dislocation kinetics and the viscous model with function of relaxation
times were used to calculate the plastic strain rate. The deformation at the meso scale level of polycrystals subjected to
dynamic loading (including shock waves) has been numerically investigated. The results obtained are reported and
discussed. © 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
Stress relaxation in dynamically loaded material
is most intensive and should be taken into con
sideration in numerical modelling. Nonequilib
rium (viscous) stress seems to be important,
especially through the shock wave front [1] and
should be correctly described by the constitutive
equations. For instance, the nonequilibrium stress
for aluminium alloys and steels loaded by weak
shock waves (5-10 GPa) is comparable with the
Hugoniout yield stress. For Al60061-T6 shocked
by 9 GPa, the Hugoniout yield point is 0.12 GPa
and the nonequilibrium stress is 0.1 GPa through
the steady wave front [2].
Thus, constitutive equations used for modelling
the dynamic loading should include the nonequi

librium shear stress and, hence, should be formu
lated in a relaxation form.
Let us define total stress as
^ii = -PS.J +

+ s],,

(1)

where P is the pressure, se. the elastic (equilibrum)
stress deviator and sv, is the nonequilibrium (vis
cous) stress deviator.
Let us write the constitutive equations for plane
shock waves and uniaxial tension in terms of the
main shear stress т= 1 (a\ — o2) and the main
plastic strain rate yp = 1 (ep —ep). In the main axis
these are:
eT —2yp

^1 = - p

eT = eT = 0
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(3)
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for uniaxial tension, with both the hypothesis of
plastic incompressibility gp + gp + gp = 0 and
gT = ge + gp (i = 1,2,3) being taken into account.
Here gT is the total strain rate, ge and gp are the
elastic and plastic strain rates, respectively.
Thus, the nonequilibrium stress ^v, is determined by the law of relaxation, particularly by
the rate of accumulation of plastic shear yp in
Eqs. (2) and (3). In other words, the increment of
stress for the two special cases in relaxation
equations (2) and (3) specifies both elastic and
nonequilibrium parts of the total stress increment
under dynamic loading. This approach will be
extended to include common cases of 2D and 3D
deformation. The constitutive equations (2) and
(3) will be used for simulation of model experi
ments to define the model parameters that specify
plastic strain rate yp.
This approach seems to be especially important
for the description of deformation of rate-sensitive
materials. If the time of relaxation is essentially
lesser than the average characteristic time of
loading of macro or meso volumes of a material,
the model of instant relaxation (reduction of shear
stress on an equilibrium yielding surface) is fre
quently used. It is also used for materials which
show a weak sensitivity to strain rate. The model is
a specific case of the approach suggested.
Shock wave loading differs essentially from
other types of loading by the characteristic time of
loading. The deformation rate through the shock
wave front is very high and commensurable with
relaxation rate, and the nonequilibrium stress is
considerable. Inner structures of shocked and
quasi-statically loaded materials evolve in different
ways. For instance, a cellular structure was found
in aluminium and its alloys shocked by 5-15 GPa
and while it was not observed under tension even
up to several tens of percent. Twins are observed
for a number of shocked materials that do not
twinned under lower rates of deformation [2]. To
take into account these peculiarities, both the
dislocation kinetics parameters and the function of

relaxation time were determined from the experi
ments at different rates of loading, such as plane
shock wave propagation and tension.
The relaxation constitutive equations (2) and
(3) can be numerically solved, provided the plastic
shear rate yp is defined. Both the dislocation ki
netics and viscous phenomenological model with
relaxation time will be used for that.

2. Dislocation model of medium
Let us define the plastic strain rate yp in con
stitutive equations (2) and (3) as a flow of similar
defects in the Orowan law. This is considered in
[3]:
yp = \g\bNfv.

(4)

Since the movement of defects occurs mainly in
the planes of maximum shear stress [2], the ori
entation factor \g\ in (4) is equal to 0.5. The ex
pressions for the dislocation density N were
obtained in the form [4]
N = N * + (^0 - N*) exp

\g\^"

(5)

where N* can be interpreted as a limiting disloca
tion density under loading and yp = /0 \yp\ dt de
scribes the strain history. A similar expression is
written for the fraction of mobile dislocations:
f = f * + (f 0 - f *)■ exp

В
Jg\b (yp - yp;) .

(6)

Given yp^ = yp (1 —N /N *) at the change of
—Tj^) sign, the calculations would describe the
nonideal Bauschinger effect correctly.
Calculations under different strain rates show
that there is a good reason to use the following
semi-empirical expression for dislocation veloci
ties:
(t

V = V0 ■
^

ST2
ST = (t - T ^/^1,
ST2 ’

(7)

where t0 is the value up to which the stress relaxes.

3. Strain hardening
Both the remote back stress and meso sub
structure formation depress the defect movement
and result in the work hardening.
^o(yP) = ^0 + Xb, ^ ^ K j P j { y 'p),

(8)

mental data and profiles calculated by means of
the above dislocation kinetics, the function was
constructed for AL6061-T6 alloy
0.352
ffefT - 0.24
■10-4 GPa s,
exp

0.01751
- 11.0
/
‘'eff + 0.005

J

(14)

where ffeff = 2t and £pff = 4 yp.

where
Tbs =

(9)
5. Constitutive equations of relaxation type for 2D
and 3D simulation

and
fyp
PJ (^P) = Jo

Ф

^j ' e^P

^ e^P

d ^P’

(10)

■(yp - yP)

is of a meaning of the probability of meso sub
structure formation at the corresponding defor
mation stage, y^p is the degree of deformation
corresponding to the beginning of certain meso
substructure formation (J = 1,2, 3 ... - for cells,
bands, fragmented structures, respectively). Thus,
relations (4)-(7) determine the plastic strain rate in
(2) and (3) through the evolution of dislocation
continuum, and Eq. (8) determines the dislocation
(9) and meso substructure (10) strain hardening.
4. Model of medium with function of relaxation time

Let us write the total deviatoric stress in the
relaxation form

where ц is the shear modulus; V the specific
volume; sTJ the total strain rates and spj are the
plastic strain rates. Here spj are defined according
to the flow theory using the von Mises yield cri
terion [5]:
_ 33 gp
seff ^
= 2 ffeff ^'j ’
where
Sp1 - Sp2 ) + (sp2 - Sp:
1/2
sp £53

+ 6 £p2 + £p3 + £p1
(17)

ffeff = “1=F ( (^11 - ^22^ + (^22 - 5*33)^
2
+ (5*33 —^11

(12)

Then, for 1D simulation we have
yp = T - To
2^

(16)

(11)

The first term in (11) has a meaning of the yield
point under strain hardening (8) and the second
term in (11) may be determined as
Tv = 2^yp.

/

\

According to the second approach, the plastic
strain rate yp in Eqs. (2) and (3) may be associated
with the viscous stress through the function of
relaxation time (or viscosity factor ^). Using
Eq. (1), let us write for shear stress:
T = Te + Tv.

(15)

^>ij = 2^

(13)

The viscosity factor is the function of the plastic
strain yp and the shear stress T. Using the experi-

■6{512 + 523 + 531^

are the eff^ective plastic strain rate and the eff^ective
stress, respectively.
In view of (16), rewrite Eq. (15) as
^5(/' = 2ц

(19)

Eq. (19) implies that all components of the deviatoric stress tensor S.j relax in similar fashion
according to the effective stress relaxation.
To simulate the 2D deformation at the meso
level, one has to solve a set of equations in x, y
coordinates numerically. It includes:

.
xy = ^ g - 2^ ^

- ^7eff
7^ У
, xy

(24)

Here the viscosity factor ^ = ^(^eff, epff) is defined
by (14) and 70 = 70(epff) = 2t0((4/3)yp) has a
meaning of the current yield stress.

the equations o f motion
0ux

6. Calculation results

07xx 07yx
= ■dx +' b- y '

^ +Ox
by

0t

(20)
6.1. Modeling o f uniform deformation

the equation o f continuity
.

.

.

— = gxx + gyy + gZZ5

(21)

the equations for strain rates
0Mx
Ox ’

0y ’

2 \ Ox

Oy
(22)

the constitutive equations
xx — ~P + ^^xx5

y^ — ~P + ^^yy

xy = ^^xy.
(23)

The subject under study is a meso volume
loaded by weak shock waves and tension. In this
case, heat effects are neglected and the medium
may be considered as barotropic, that is, P = P (p)
or P = P (0), where в = , p is the mass density.
Hence, the set of equations (20)-(23) may be
closed without the equation of conservation of
energy (as the problems of dynamic elasticity). It is
necessary, however, to note, that for this approach
we have no information related to heat flow and
temperature distributions. Based on the experi
mental data, equations of state have been con
structed in [6] for a great number of materials.
Using constitutive equations of relaxation type
(19) and viscous relaxation model of plastic strain
rate (13), write deviatoric stress as
:- 1
^Sxx = 2^ g T - 1 —
xx 3 — 2^
^Syy = 2^

-

1
3

—
:—

1

1(1
^
2

The deformation is assumed to be uniform
macroscopically. The set of equations (10)-(17)
was numerically solved under total strain rate.
Fig. 1 shows the stress-strain curve under cyclic
quasistatic loading with -T = 10-4 s-1. It reflects
all main peculiarities of material behavior under
plastic deformation.
Stress-strain curves under quasistatic and dy
namic loading at -T = 10-4 s-1 and -T = 104 s-1,
respectively, are presented in Fig. 2 in comparison
with the experiment. Parameters of the model are
defined by means of independent experiments,
where the material microstructure is studied. These
are presented in Table 1 for steel, Fe and Al6061T6 with the average grain size d0 = 50,75,110 ^m
and the average cell diameter of the cellular
structure dc = 0.5,1,2 ^m, respectively.
6.2. 1D and 2D simulation o f shock wave loading
To test the dislocation kinetics, a 1D problem
was solved. The dislocation kinetics parameters

7effJ

7effy

Syy
Fig. 1. Cyclic loading of the steel; • - experiment [7].

Fig. 2. Stress-strain curves for iron under diff^erent strain rates.
(1) £ = 10- 2 s-1; (2) dynamic loading £ = 104 s-1. Dots and
dashed lines - experiments [8].

were chosen to fit the experimental data for elastic
precursor decay (Fig. 3). Then the results obtained
were used to construct the function of relaxation
time (or viscosity factor).
We consider a material meso volume, with the
meso structure being taken into account in an
explicit form. Grains, grain boundaries, inclusions
of different type, pores, cracks, etc., may be con
sidered as meso structure components. Such an
approach allows us to study features of plastic
deformation at the meso level: plastic strain loca
lisation, movement of grains and grain blocks,
formation and evolution of other meso fragments,
which result in stress relaxation. As a first ap
proximation, the meso volume of polycrystals is a
conglomerate of grains distinguished by mechani
cal properties, such as yield points and relaxation
time (Fig. 4).
2D calculations have shown that the qualitative
strain pattern depends only slightly on the shock
wave amplitudes. One observes only quantitative
difference. We present here the results for meso
volumes of aluminium alloy AL6061-T6 with dif

ferent average grain size. The meso volume was
shocked by 3.7 GPa.
A reference meso structure (Fig. 4(a)) deter
mines the strain distribution in the meso volume
and the formation and development of shear
bands. However, notice that the strain degree in
the shear bands increases as the shock wave moves
away from the surface impacted. This is associated
with the fact that the relaxation model describes
the actual shape of the shock wave front, except
the artificial viscosity mechanism. Immediately
after collision a very steep and narrow shock wave
front is formed near the surface impacted. This
front is not capable of enveloping meso structure
elements and of sensing the meso structure fea
tures; so, the bands of localised plastic strain near
the surface impacted are rather a blur. However,
high stress in the elastic precursor near the surface
impacted result in intensive nucleation and motion
of dislocations and fast stress relaxation. As the
shock wave propagates away from the surface
impacted, the front becomes progressively more
gradual and wider due to development of plastic
strain (Fig. 3). Then the shock wave front involves
meso fragments (grains and grain groups) as a
whole into motion. The plastic strain at the meso
level manifests itself as the rotation of meso
structure fragments (Fig. 4(b)) and shear band
formation (Fig. 4(c)). In the case, when the width
of a shock wave front and the average grain size
are comparable, the shear bands are confined to
the grain boundaries and the shear bands lie along
all the grain boundaries (Fig. 4(c)).
6.3. 2D simulation o f tension with different rates
The behavior of a meso volume of Al6061-T6
was investigated at different strain rates. Uniaxial

Table 1
Parameters of the dislocation model
Material

a

T0
(GPa)

^0
(cm-2)

N*
(cm-2)

Л (cm)

/0

/ *

Steel
Fe
Al6061-T6

0.24
0.1
0.2

0.16
0.085
0.15

108
108
108

2 X 1011
2 X 1010
1011

3.2
10
1.2

1
1
1

0.05
0.75
0.13

-A .

Iglb
280
190
40

P (GPa)
5
4
0.7

Fig. 3. The calculation of plane shock wave propagation in Al
6061-T6 with amplitude 3.7 GPa.
Fig. 5. Stress-strain curves of Al 6061-T6 under tension of
different strain rates.

Fig. 4. Aluminium meso volumes shocked by 3.7 GPa: (a) calculated maps with different grain size (about 80 and 500 ^m); (b) fields of
particle velocities; (c) plastic strain distributions (■ - 4.5%, □ - 0-2%).

Fig. 6. Plastic strain distribution after stretching up to 3% (■ - 20%, о - 0-0.7%) with (a) 8 = 10 ^ s ^ and (b) 8 = 10"^ s ^

tension was simulated by displacement of bound
aries at a constant velocity. Fig. 5 shows the
stress-strain curves, which are the total stress over
all nodal points divided by the number of nodal
points vs. percent elongation. The deformation
rates were varied from £ = 10- 2 s- 1 to £ = 105 s-1.
The calculations have shown that plastic strain
distribution strongly depends on the strain rate.
Low strain rates result in localisation of plastic
deformation with clearly expressed shear bands
which are shown in Fig. 6(a). The higher the strain
rates the wider the bands of localised deformation
(Fig. 6(b)). This was experimentally observed, e.g.,
in [2], and explained by the fact that a certain time
is necessary for shear bands to be formed.

7. Conclusion
Constitutive relaxation equations have been
constructed to simulate 1D and 2D deformation.
The equations include both the stress relaxation
and the strain hardening. All components of the
deviatoric stress tensor relax in similar manner
according to the effective stress relaxation. A ref
erence meso structure was taken into consideration
in an explicit form. 2D calculations have shown
that the plastic strain at the meso level manifests
itself as the rotation of meso structure fragments

and shear band formation. The higher the
strain rates the wider the bands of localised de
formation.
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