




1 Introduction

In this paper, we apply quantum graph analysis to the theory of scatter-

ing to calculate the eigenfunctions zeros of quantum graphs. We consider

the scattering of waves on a system with two different wavelengths 𝐿 and

𝑙. This device is an interferometer [8], [7]. Interferometer - is a device for

measuring the wavelength, the action of which is based on the phenomenon

of interference (scattering). The principle of operation of the interferom-

eter is that the ray of electromagnetic radiation is spatially divided into

two or more coherent rays, each of them goes through different optical

paths directed to the screen, creating an interference pattern by which,

you can set the phase difference of the interfering rays at a given point in

the picture. Such device is being used to detect gravitational waves pre-

dicted by the general theory of relativity in big international experiment,

which called The Virgo experiment [4], [6], [11]. The Virgo interferometer

is a large interferometer designed to detect gravitational waves. Virgo is

a Michelson interferometer that is isolated from external disturbances: its

mirrors and instrumentation are suspended and its laser beam operates in

a vacuum.

Gravitational waves are changes in the gravitational field that propa-

gate like waves. They were proposed by Henri Poincare in 1905 and sub-

sequently predicted in 1916 by Albert Einstein on the basis of his general

theory of relativity. Gravitational waves transport energy as gravitational

radiation, a form of radiant energy similar to electromagnetic radiation.

The Virgo interferometer is a large interferometer designed to detect grav-

itational waves.

Metric graphs, also known as “quantum graphs,” are a growing subfield
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of mathematical physics, which covers a wide range of applications, such as

Anderson localization, universality of spectral statistics, nodal statistics,

scattering and resonances, and etc [2]. Metric graphs are a good thing to

move from a complex physical problem to a simplified graphs model [1],

[5].

The standard theory of interferometer is well studied. There are a lot

of types of interferometers, which are also observed in this theory, however

in this paper we will study on the special type of the interferometer, which

includes the scattering solution and the bound states. We will try to apply

the quantum graph analysis to it. After finding the poles of the reflection

and transmission coefficients (𝑅 and 𝑇 ), we will examine in detail the

obtained singularities, their zeros, properties and conditions. The results

will be compared with the standard theory [10].
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2 The model

We consider the electrical network, constructed by two infinite lines con-

nected by two lines of respective lengths 𝐿 and 𝑙 as shown in Fig. 1. The

orientations are arbitrary. This device is an interferometer, what means

that one part of the energy is transmitted and another one is reflected.

Figure 1: Schematic drawing of the interferometer device.

In each branch, the equation describing the model is

𝜓𝑡𝑡 − 𝜓𝑥𝑥 = 0. (2.1)

At the interfaces, we have continuity of 𝜓 and Kirchhoff law. Since the

problem is linear we write 𝜓 = 𝑒−𝑖𝑘𝑡𝜑 and get the Helmoltz equation:

𝜑𝑥𝑥 = −𝑘2𝜑. (2.2)

Part of an incident wave will be reflected and part will be transmitted. To

describe this scattering process, we write the solution as:

∞1 : 𝜑−(𝑥) = 𝑒𝑖𝑘𝑥 +𝑅𝑒−𝑖𝑘𝑥,

1− 2 : 𝜑1(𝑥) = 𝐴𝑒𝑖𝑘𝑥 +𝐵𝑒−𝑖𝑘𝑥,

2− 1 : 𝜑2(𝑥) = 𝐶𝑒𝑖𝑘𝑥 +𝐷𝑒−𝑖𝑘𝑥,

∞2 : 𝜑+(𝑥) = 𝑇𝑒𝑖𝑘𝑥.

(2.3)

To solve (2.3) we use the interface conditions (continuity and Kirchhoff)

yield a system of linear equations satisfied by the unknown parameters:
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𝐴,𝐵,𝐶,𝐷,𝑅, 𝑇 . At the left end of the loop we have:

𝜑−(0) = 𝜑1(0), 𝜑−(0) = 𝜑2(𝑙), 𝜑′−(0) + 𝜑′1(0)− 𝜑′2(𝑙) = 0. (2.4)

At the right end of the loop we have:

𝜑+(0) = 𝜑2(0), 𝜑+(0) = 𝜑1(𝐿), 𝜑′+(0) + 𝜑′2(0)− 𝜑′1(𝐿) = 0. (2.5)

Using (2.4) and (2.5), we get the following linear system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 +𝑅 = 𝐴+𝐵

1 +𝑅 = 𝐶𝑒𝑖𝑘𝑙 +𝐷𝑒−𝑖𝑘𝑙

1−𝑅 + 𝐴−𝐵 − 𝐶𝑒𝑖𝑘𝑙 +𝐷𝑒−𝑖𝑘𝑙 = 0

𝑇 = 𝐶 +𝐷

𝑇 = 𝐴𝑒𝑖𝑘𝐿 +𝐵𝑒−𝑖𝑘𝐿

𝑇 + 𝐶 −𝐷 − 𝐴𝑒𝑖𝑘𝐿 +𝐵𝑒−𝑖𝑘𝐿 = 0

. (2.6)

We will use Macsyma computer algebra system [9] to solve this linear

system. For it, write this system (2) in the matrix form:⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 −1 0 0 1 0

0 0 −𝑒𝑖𝑘𝑙 𝑒−𝑖𝑘𝑙 1 0

1 −1 −𝑒𝑖𝑘𝑙 𝑒−𝑖𝑘𝑙 −1 0

0 0 −1 −1 0 1

−𝑒𝑖𝑘𝐿 −𝑒−𝑖𝑘𝐿 0 0 0 1

−𝑒𝑖𝑘𝐿 𝑒−𝑖𝑘𝐿 1 −1 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝐴

𝐵

𝐶

𝐷

𝑅

𝑇

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1

−1

−1

0

0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (2.7)

The solution of this system is:

𝐴 =
1

𝐸
(6𝑒−𝑖𝑘𝑙𝑒−𝑖𝑘𝐿 + 2𝑒𝑖𝑘𝑙𝑒−𝑖𝑘𝐿 + 4), (2.8)

𝐵 = − 1

𝐸
(2𝑒−𝑖𝑘𝑙𝑒𝑖𝑘𝐿 − 2𝑒𝑖𝑘𝑙𝑒𝑖𝑘𝐿 + 4), (2.9)
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𝐶 =
1

𝐸
(4𝑒−𝑖𝑘𝑙𝑒𝑖𝑘𝐿𝑒−𝑖𝑘𝐿 + 2𝑒−𝑖𝑘𝐿 + 2𝑒𝑖𝑘𝐿), (2.10)

𝐷 =
1

𝐸
(4𝑒𝑖𝑘𝑙𝑒𝑖𝑘𝐿𝑒−𝑖𝑘𝐿 − 6𝑒−𝑖𝑘𝐿 + 2𝑒𝑖𝑘𝐿), (2.11)

𝑅 =
1

𝐸
(𝑒−𝑖𝑘𝑙(3𝑒−𝑖𝑘𝐿 + 𝑒𝑖𝑘𝐿) + 𝑒𝑖𝑘𝑙(𝑒−𝑖𝑘𝐿 − 𝑒𝑖𝑘𝐿) + 4), (2.12)

𝑇 =
1

𝐸
(4𝑒−𝑖𝑘𝑙𝑒𝑖𝑘𝐿𝑒−𝑖𝑘𝐿 + 4𝑒𝑖𝑘𝑙𝑒𝑖𝑘𝐿𝑒−𝑖𝑘𝐿 − 4𝑒−𝑖𝑘𝐿 + 4𝑒𝑖𝑘𝐿), (2.13)

where 𝐸 is the denominator, which is equal to:

𝐸 = 𝑒−𝑖𝑘𝑙(3𝑒−𝑖𝑘𝐿 − 3𝑒𝑖𝑘𝐿) + 𝑒𝑖𝑘𝑙(𝑒−𝑖𝑘𝐿 + 3𝑒𝑖𝑘𝐿)− 4. (2.14)

To detect what happens in solution field, we are interested in the reflec-

tion and transmission coefficients (𝑅 and 𝑇 ).
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