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method, a new estimation procedure is constructed, for which it is shown that the rate of 

convergence, up to a certain logarithmic coefficient, is equal to the parametric one, i.e., 

super-efficient property is provided. Moreover, in this case, the Pinsker constant for the 

Sobolev ellipse with the geometrically increasing coefficients is calculated, which turns 

out to be the same as for the case of complete observations. 
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Аннотация. Рассматривается задача непараметрического оценивания в модели не-

прерывной регрессии с негауссовским шумом Леви малой интенсивности. Задача 

оценивания изучается при условии, что наблюдения доступны только в дискретные 

моменты времени. На основе метода непараметрического оценивания строится новая 

процедура оценивания, для которой показано, что скорость сходимости до опреде-

ленного логарифмического коэффициента равна параметрической, т.е. устанавлива-

ется свойство суперэффективности. Более того, в этом случае вычисляется константа 

Пинскера для соболевского класса с геометрически возрастающими коэффициен-

тами, которая оказывается такой же, как и для случая полных наблюдений. 
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1. Introduction 

In this paper, we consider a non-Gaussian Lévy regression model in continuous 

time, introduced in [1], i.e., 

 ( )t tdy S t dt d= +   , 0 1t  , (1.1) 

where ( )S   is a nonrandom unknown  0,1 →  function from  2 0,1 , ( )
0 1t t 

  is an 

unobserved noise defined through a Lévy process and 0   is the noise intensity. We 

study the estimation problem for this model in nonparametric setting, i.e., we assume that 

 
1

( ) ( )j j

j

S t t


=

=   , 0 1t  , (1.2) 

where the Fourier coefficients 
1( )j j  belong to some set Θ defined later and 

1( )j j  is 

an orthonormal basis in  2 0,1 , i.e., for any , 1i j   

 ( )  

1

0

, ( ) ( )i j i j i j
t t dt


  =   = 1 . (1.3) 

The problem is to develop efficient estimation methods for the regression function 

S, as 0 → , based on the discrete observations   

 0( )
lt l ny    and 

l

l
t

n
= , (1.4) 

where the number of observations n is a function of the parameter ε, i.e., n n= , such 

that 2( )n O −

 =   as 0 → . The condition 0 →  means that the signal/noise ratio goes 

to infinity. Note that, if ( )
0 1t t 

  is a Brownian motion, then we obtain a “signal+white 
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noise” model which is very popular in statistical radio-physics (see, for example, [2–4] 

and the references therein). 
We assume that the stochastic component in the model (1.1) is given by a Lévy pro-

cess with jumps. The reasons for the appearance of pulse noises in stochastic dynamic 
systems can be, for example, a sudden change in environmental conditions like the 
emergence of epidemics in sociological systems, crisis phenomena in economic systems, 
all kinds of failures and disruptions in the functioning of technical systems, etc. Note 
that the pulse noises for the continuous time regression models have been introduced in 
[5–7] on the basis of the compound Poisson processes for parametric regression models, 
and in [8, 9] such noises are used for nonparametric signal estimation problems. Later, 
to include all possible impulse noises, in the observation model (1.1) in [1] it is pro-

posed to use general non-Gaussian Lévy processes ( )
0 1t t 

  whose distribution Q is un-

known and belongs to the distribution family *Q
 defined in the next section. For these 

reasons, in this paper, to study the quality of estimation, we use the robust risk 

 
*

* ˆ ˆ( , ) sup ( , )Q
Q Q

R S S R S S





= , (1.5) 

where Ŝ  is an estimator (i.e., any measurable function of 0( )
lt l ny   ), 

 
2

ˆ ˆ( , ) :Q QR S S S S= −E  and 
1

2 2

0

( )S S t dt=  . (1.6) 

Here 
QE  stands the expectation with respect to distribution Q. We consider the 

minimax estimation problem, i.e., our main goal is to minimize the maximal value risk 

(1.5) over all possible estimation procedures Ŝ , i.e., 
*

ˆ

ˆsup ( , ) min
SS

R S S


→  as 0 → . 

To this end we use the exact lower bounds obtained in [10] for the nonparametric 

estimation problems on the basis of the complete data 0 1( )t ty   . It should be noted 

that in [10] the first time it was constructed super-efficient nonparametric estimation 
procedures, i.e., estimators for which the minimax convergence rate coincides with the 
parametric one up to a logarithmically increasing coefficient. In this paper, we show 
that the same lower bounds provide the super efficiency properties on the discrete ob-
servations (1.4) in the robust estimation setting. 

The rest of the paper is organized as follows. In Section 2 we give the main condi-
tions which will be assumed for the model (1.1). In Section 3 we construct the estima-
tor. In Section 4 we state our main results on the adaptive efficiency. Section 5 contains 
the main proofs. Section 6 contains all necessary auxiliary results. 

 
2. Main conditions 

 

Let the unknown function S in (1.1) belong to the ellipse in  2 0,1  defined as 

   2

2

1

0,1 : j j

j

S a r


=

 
 =    

 
 , (2.1) 

where 2 j

ja e
=  with fixed constants 0 1    and 0  . For this set we need the 

following condition. 
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A1) S   there exists continuous derivate S  such that sup
S

S


  . 

To estimate unknown function S in (1.1) we use its Fourier expansion on the time 

grid  1,..., nt t  defined in (1.4) for which we use empiric inner product and the norm in 

n  defined as  

( )
1

1
,

n

j jn
j

x y x y
n =

=   and 
2

( , )nn
x x x= . 

As to the basis in (1.2) we assume that the first n functions 
1( )j j n   are orthonor-

mal with respect to this product, i.e., 

  
1

1
( , ) ( ) ( )

n

i j n i l j l i j
l

t t
n

=
=

  =   = 1 . (2.2) 

For example, one can take spline basis defined in [11] or the trigonometric basis 

1( )j jTr 
 with 1 1Tr   and for 2j   

 
cos(2 [ / 2] )  for even ,

( ) 2
sin(2 [ / 2] )  for odd ,

j

j x j
Tr x

j x j


= 


 (2.3) 

where [x] denotes the integer part of x. Note, that if n is odd, then the trigonometric 

basis possesses the orthonormality property (2.2). In this case we set 22[ ] 1n −=  + . 

Now, for any  1,..., nt t t , we represent function S as  

 ,

1

( ) ( )
n

j n j

j

S t t
=

=    and 
, ( , )j n j nS =  . (2.4) 

A2) For any 0  , the coefficients 
, 1( )j n j n   satisfy the following inequalities  

 
,

1
11

sup max sup
j n j

j nn S

q n
j  

 −
=    (2.5) 

and 

 2 2 2

2 ,
1

sup sup (1 )
n

j n j
N n S j N j N

q n
   = 

 
=  − +     

 
  . (2.6) 

Now we set 

 

1

, , 1

1

( ) ( )( ( ) ( ))
l

l

tn

j n j n j l l

l t

S t S u S t du

−

−

=

 =  =  −  . (2.7) 

A3) The vector ( )
1n j n 

  is uniformly bounded in n , i.e. 

 2 2

3 ,
1 1

sup sup
n

j n
n S j

q n
  =

=    . (2.8) 

Remark 2.1. Note that one can check directly that for the trigonometric basis (2.3) 

for all functions S from Θ and for any 1k   there exists the continuous derivative of 

order k such that 
2

( )sup k

S

S


  . Therefore, Lemmas A.4–A.6 from [9] imply that the 

conditions A2) – A3) hold for the trigonometric basis. 
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Furthermore, as to the noise process ( )
0 1t t 

  similar to [1] we set 

 1 2t t tw z =  +  and ( )t tz x=   − , (2.9) 

where 1  and 2  are some unknown constants, ( )
0 1t t

w
 

 is a standard Brownian mo-

tion, “*” denotes the stochastic integral with respect to the compensated jump measure 

(see, for example, in [12], Chapter 3), ( )ds dx  is a jump measure with deterministic 

compensator ( ) ( )ds dx ds dx −  , and ( )   is the unknown Lévy measure such that 

 2( ) 1x =  and 4( )x   , (2.10) 

where 
\{0}

(| | ) | | ( )m mz z dz =  . Note that the measure ( \{0})  could be equal  

to + . In the sequel we will denote by Q  the distribution of the process ( )
0 1t t 

  and 

by *Q
 the family of such distributions in the Skorokhod space [0,1]D  for which 

 

       and 2 2 *

1 2 +    (2.11) 

where the unknown bounds *

*0      can be functions of ε, i.e., * * ( ) =    and 

* * ( ) =   , such that for any 0   

 *
0

liminf ln ( ) 0


→
     and *

0
liminf ln ( )

−

→
     . (2.12) 

In this case the expectation 
2 2 2

1 2( ) ( )( )Q t s t s −  =  − −E  for any 0 1s t    and, 

therefore, in view of the property (2.11) 

 
2 *sup ( ) ( )Q t s

Q Q

t s


 −    −E . (2.13) 

The bounds *

*    may be any positive fixed constants. 

 

3. Estimation procedure 

 

In this paper, as in [13], to estimate the function S, we use discrete Fourier expan-

sion (2.4) in which we estimate the coefficients ( ), 1k n k n 
  through the least squares 

estimation method, i.e., 

 
1

ˆ ( )
j

n

k k j t

j

t y
=

 =   . (3.1)  

Using here the model (1.1), we obtain 

 , ,
ˆ

k k n k n k =  + +  , (3.2) 

where 
1

( )
j

n

k k j t

j

t
=

 =   . The orthonormality property (2.2) implies 

2 2

1

( )
j

n

Q k k j Q t

j

t
=

 =  E E , 

and, therefore, in view of the bounds (2.13) 

 
2 *

1

sup sup Q k
k n Q Q  

  E . (3.3) 
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Now, using the weighted least squares estimate from [10], we estimate the function S by 

 
*

1

ˆ( ) ( )
n

k k k

k

S t t

=

=    ,  *

( )

1
(1 )n k

k k n
e

 − −

 
 = − 1  (3.4) 

and 

  2 2

* max 1 : ( )ln l n e g l r
 −=     , (3.5) 

where ( )
1

( ) ( )

1

( ) 1
l

l j l j

j

g l e e
   

−
− − − −

=

= − . 

 

4. Main results 

 

First, we study the upper bound for the robust risk (1.5) corresponding to the esti-

mation procedure (3.4). 

Theorem 4.1. Assume that the conditions A1)–A3) hold. Then 

 * * 1/

0

limsup sup ( , )
S

R S S − 

  
→ 

   , (4.1) 

where the rate 
1/2 ln
− −

 =    and * =   . 

Now, to compare with other estimators we need to introduce the class of possible 

estimators, i.e., let Ξ be the set of all estimators Ŝ  measurable with respect to the -

field generated by the observation (1.1), i.e.,  ,0
lt

y l n   . 

Theorem 4.2. The robust risk (1.5) admits the following lower bound 

 
* 1/

ˆ0

ˆliminf inf sup ( , )
S S

R S S − 

 
→  

   . (4.2) 

These theorems imply the following efficient property. 

Theorem 4.3. The estimate (3.4) is asymptotically efficient, i.e., 

 

*

ˆ

* *0

ˆinf sup ( , )

lim 1
sup ( , )

S S

S

R S S

R S S




 

→
 



=  (4.3) 

and, moreover, 

 * * 1/

0
lim sup ( , )

S

R S S − 

  
→ 

 =  . (4.4) 

Remark 4.1. For the model (1.1) the optimal convergence rate for parametric 

problems is 
2 , here we obtained 

1/2 ln


  , i.e., almost parametric convergence rate up 

to the logarithmically increasing coefficient 
1/

ln


 . The same effect was found in [10] 

for the case of continuous observations. For this reason, the estimation procedure (3.4) 

is called super-efficient. 

 

5. Proofs 

 

5.1. Proof of Theorem 4.1. First note, that from (2.4), (3.2), and (3.3) one can de-

duce directly that 
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2
* 2 2 2

1

n

Q j Q j nn
j

S S U

=

− =    +E E , 

where 2

, , ,

1

( )
n

n j j n j n j j n

j

U
=

=   − +   . Moreover, in view of the bound (3.3), we obtain 

 
2

* 2 2

1

sup
n

Q j nn
Q Q j

S S U



 =

− =   +E . (5.1) 

As to the last term, here note that for any 0 1    

 1 2

,

1

(1 ) (1 )
n

n n j n

j

U T −

=

 +  + +   , (5.2) 

where 2 2

,

1

(1 )
n

n j j n

j

T
=

= −    for which from (3.4) it follows that 

*

*

2 2 2

, , 1, 2,

1 1

(1 ) :
n n

n j j n j n n n

j j n

T T T
= = +

= −   +  = +  . 

Note here that for any 0   
2 2 1 2

, ,(1 ) (1 )( )j n j j n j

−  +   + +   − . 

In view of the condition (2.5), we obtain for any 0 1    

* *

2 2 1 2 2

1, , 1

1 1

(1 ) (1 ) (1 )
n n

n j j n

j j

T q n j− −

= =

 +  −   + +   

*

2 2 1 3 2

, 1 *

1

(1 ) (1 ) (1 )
n

j j n

j

q n n− −

=

 +  −   + +  . 

Through the condition (2.6) we have 

*

2 1 2

2, 2

1

(1 ) (1 )n j

j n

T q n− −

 +

 +   + +   

and, we obtain 
* 1 3 2

1 * 2(1 ) (1 )( )n nT T q n q n− − + + +  + , 

where the first term * 2 2

1

(1 )n j j

j

T


= −   . To study the last term in (5.2), note that the 

condition (2.8) implies 

2 2

, 3

1

sup
n

j n
S j

q n−

 =

  . 

From Lemma 6.2 
*

0 0

limsup sup limsup supn n
S S

U T 
→  → 

   . 

To estimate the term *

nT , we apply the definition in (3.4). Then, it can be estimated as  

*

* ** * *

* 2 2 2

1 1

1 1
n

n j j j j j

j j n j nn n n

r
T a a

a a a=  + 

=  +       . 

From the definition of *n  in (3.5) it follows that  

*

2

1 */ ( 1)na r g n−

+   +  and *

*

1* 2

*( 1)
n

n

n

a
T g n

a

+
  + . 
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Taking into account here that 
* *1

0
lim / 1n na a+
→

= and using the last property in (6.2), we 

obtain that for any 0      
*

2 1
0 *

limsup nT

n −
→

 


. 

Therefore, the first property in (2.12) and Lemma 6.2 imply 
*

0
lim 0nT
→

 = . 

Using the property (6.3) and Lemma 6.2 in the upper bound (5.1), we obtain that  
2

* 1/

0

limsup sup sup Q n
S Q Q

S S


− 

 
→  

 −  E . 

Now Condition A1)  and Lemma 6.3 imply the upper bound (4.1).  

5.2. Proof of Theorem 4.2. First of all, note that  

0

2
* *ˆ( , ) QR S S S S  −E , 

where 0Q  is the distribution of the noise ( )
0 1t t 

  in (1.1) with *

1 =   and 2 0 = , 

i.e., under the distribution 0Q  we obtain the “signal+white noise” model, i.e., 

( )t tdy S t dt dw= +   with the small parameter * =   . So, Theorem 1 and Theorem 5 

from [10] imply immediately the lower bound (4.2).  

 

6. Auxiliary results 

 

Lemma 6.1. The function g(n) defined in (3.5) satisfies the following properties  

 1liminf ( ) 0
n

n g n− +

→
 , (6.1) 

for any 0      

 1limsup ( )
n

n g n− +

→

  . (6.2) 

Moreover, for the weight (3.4) 

 2

1

1
lim 1

n

j
n

jn→
=

 = . (6.3) 

Proof. Setting ( )j n n j  = − −  we can represent g as 

( ) ( )
1

1 1

( ) 1 1j j j j

n m

j j

g n e e e e
−

− − − −

= =

= −  −  , 

where 1[ ]m n −= . For 
1/2n   and 1 j m   through the Taylor expansion one can 

obtain that  
2

1 1 2 1
1j

j j j j

n n n n− − − −
     +   + . 

Moreover, taking into account that 
1 2m n m−  , we obtain that 

2

1

( ) 1
j jm

m m

j

g n e e e


− −
−

=

 
 − 

 
  

and, therefore,  
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1

2

0

( )
liminf 1 0

u
u

n

g n
e e e du

m


−

− −

→

 
 −  

 
 . 

This implies the lower bound (6.1). Moreover, note also that for any 0 1    

 
( ) (1 )

1

( ) (1 ) 1 (1 ) 1

n

n j n

j

g n n e n ne
   



− − − −

=

 − + +  − + + . 

Choosing 1 n− = −  with 0      and noting through Taylor expansion that 

1 n −−   , as n → , we obtain the upper bound (6.2). Moreover, from this 

through the definition of weights 
j  immediately follows the property (6.3).  

Lemma 6.2. The function *n  defined in (3.4) satisfies the following limit property 

1/*

1/
lim

ln

n − 

→
= 


. 

Proof. First note that *n →  as 0 → . Moreover, from (3.5) and (6.1) it follows 

that for a sufficiently small ε 
2

*2 lnn r −    and 2

* *2 ( 1) ln ( 1) lnn g n r − + + +   . 

From here we can deduce immediately that 
1/ 1/

* / lnn
  →   as 0 → . Using here 

the bounds (2.12), we obtain this lemma.  

Lemma 6.3. Let : [0,1]f →  be an absolutely continuous function with square  

integrable derivative f , i.e., f    and : [0,1]g →  be a piecewise constant func-

tion of the form 
1( , )

1

( ) ( )
j j

n

j t

j

g t c t
− 

=

=  , where 
jc  are some constants. Then, for any 

0   the function f g = −  satisfies the following inequality 

2

2 2 1

2
(1 ) (1 )

n

f

n

−  +   + +  . 
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